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Introduction

Fluid flow problems can be analyzed using one of three basic 
approaches:  differential, experimental, and integral (or control 
volume, CV).

Control volume forms of the mass and energy equation were 
developed and used.

In this section, we complete control volume analysis by 
presenting the integral momentum equation.

Review Newton's laws and conservation relations for momentum.

Use RTT to develop linear and angular momentum equations for control 
volumes.

Use these equations to determine forces and torques acting on the CV.
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Newton’s Laws

Newton’s laws are relations between motions of 
bodies and the forces acting on them.

First law: a body at rest remains at rest, and a body in 
motion remains in motion at the same velocity in a straight 
path when the net force acting on it is zero.
Second law: the acceleration of a body is proportional to 
the net force acting on it and is inversely proportional to its 
mass.

Third law: when a body exerts a force on a second body, the 
second body exerts an equal and opposite force on the first.
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Choosing a Control Volume

CV is arbitrarily chosen by fluid dynamicist, however, 
selection of CV can either simplify or complicate 
analysis.

Clearly define all boundaries.  Analysis is often 
simplified if CS is normal to flow direction.

Clearly identify all fluxes crossing the CS.

Clearly identify forces and torques of interest 
acting on the CV and CS.

Fixed, moving, and deforming control volumes.

For moving CV, use relative velocity,

For deforming CV, use relative velocity all 
deforming control surfaces,
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Forces Acting on a CV

Forces acting on CV consist of body forces that act 
throughout the entire body of the CV (such as gravity, electric, 
and magnetic forces) and surface forces that act on the 
control surface (such as pressure and viscous forces, and 
reaction forces at points of contact).

•Body forces act on each volumetric 
portion dV of the CV.
•Surface forces act on each portion 
dA of the CS.
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Body Forces

The most common body force is 
gravity, which exerts a downward 
force on every differential element 
of the CV

The differential body force

 

Typical convention is that 
acts in the negative z-direction,  

Total body force acting on CV
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Surface Forces

Surface forces are not as simple to analyze 
since they include both normal and tangential 
components

Diagonal components σxx, σyy, σzz are called 
normal stresses and are due to pressure 
and viscous stresses

Off-diagonal components σxy, σxz, etc., are 
called shear stresses and are due solely to 
viscous stresses

Total surface force acting on CS  



ì

Linear Momentum Equation

Newton’s second law for a system of mass m subjected 
to a force F is expressed as

Use RTT with b = V and B = mV to shift from system 
formulation to the control volume formulation

!
F∑ = d

dt
m
!
V( ) = ddt ρ

!
V dV

sys
∫

d
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Angular Momentum

Motion of a rigid body can be considered to be the 
combination of

the translational motion of its center of mass (Ux, Uy, Uz)

the rotational motion about its center of mass (ωx, ωy, ωz)

Translational motion can be analyzed with linear momentum 
equation.

Rotational motion is analyzed with angular momentum 
equation.

Together, the body motion can be described as a 6–degree–of–
freedom (6DOF) system.
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Review of Rotational Motion

Angular velocity ω is the angular distance θ 
traveled per unit time, and angular 
acceleration α is the rate of change of 
angular velocity.

ω = dθ
dt

= d(l / r)
dt

= 1
r
dl
dt

= V
r

Newton’s second law requires that there must be a force acting in the tan-
gential direction to cause angular acceleration. The strength of the rotating
effect, called the moment or torque, is proportional to the magnitude of the
force and its distance from the axis of rotation. The perpendicular distance
from the axis of rotation to the line of action of the force is called the
moment arm, and the torque M acting on a point mass m at a normal dis-
tance r from the axis of rotation is expressed as

(6–32)

The total torque acting on a rotating rigid body about an axis can be deter-
mined by integrating the torques acting on differential masses dm over the
entire body to give

Torque: (6–33)

where I is the moment of inertia of the body about the axis of rotation,
which is a measure of the inertia of a body against rotation. The relation M
! Ia is the counterpart of Newton’s second law, with torque replacing
force, moment of inertia replacing mass, and angular acceleration replacing
linear acceleration (Fig. 6–28). Note that unlike mass, the rotational inertia
of a body also depends on the distribution of the mass of the body with
respect to the axis of rotation. Therefore, a body whose mass is closely
packed about its axis of rotation has a small resistance against angular
acceleration, while a body whose mass is concentrated at its periphery has a
large resistance against angular acceleration. A flywheel is a good example
of the latter.

The linear momentum of a body of mass m having a velocity V is mV, and
the direction of linear momentum is identical to the direction of velocity.
Noting that the moment of a force is equal to the product of the force and
the normal distance, the moment of momentum, called the angular
momentum, of a point mass m about an axis can be expressed as H ! rmV
! r2mv, where r is the normal distance from the axis of rotation to the line
of action of the momentum vector (Fig. 6–29). Then the total angular
momentum of a rotating rigid body can be determined by integration to be

Angular momentum: (6–34)

where again I is the moment of inertia of the body about the axis of rota-
tion. It can also be expressed in vector form as

(6–35)

Note that the angular velocity v→ is the same at every point of a rigid body.
Newton’s second law F

→
! ma→ was expressed in terms of the rate of change

of linear momentum in Eq. 6–1 as F
→

! d(mV
→

)/dt. Likewise, the counterpart
of Newton’s second law for rotating bodies M

→
! Ia→ is expressed in Eq. 6–2

in terms of the rate of change of angular momentum as

Angular momentum equation: (6–36)

where M
→

is the net torque applied on the body about the axis of rotation.

M
→

! Ia
→

! I  
dv

→

dt
!

d(Iv
→

)
dt

!
dH

→

dt

H
→

! Iv
→

H ! !
mass

 r 2v dm ! c!
mass

 r 2 dmdv ! Iv

M ! !
mass

 r 2a dm ! c!
mass

 r 2 dmda ! Ia

M ! rFt ! rmat ! mr 2a

249
CHAPTER 6

Mass, Mass, m Moment of inertia, Moment of inertia, I

Linear acceleration, Linear acceleration, a Angular acceleration, Angular acceleration, a

Linear velocity, Linear velocity, V Angular velocity, Angular velocity, v

Force, Force, F Torque, Torque, M

Moment of force, Moment of force, M Moment of momentum, Moment of momentum, H

mVmV lv

Linear momentumLinear momentum Angular momentumAngular momentum

F = maF = ma M = lM = la

M = r M = r " F F H = r H = r " mV mV

→→

→

→ →

→

→ →

→

→ → →→

→ → →→→→

FIGURE 6–28
Analogy between corresponding 

linear and angular quantities.

H = rmV
 = rm(rv)
 = r2mv
 = Iv

v

r
m

mV = mrv

V = rv

FIGURE 6–29
Angular momentum of point mass m

rotating at angular velocity v at
distance r from the axis of rotation.
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Review of Angular Momentum

Moment of a force:

Momentum of  momentum:

For a system:

Therefore, the angular momentum equation can be 

written as: 
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linear momentum of flow streams, and the rotational effects caused by
them. Such problems are best analyzed by the angular momentum equation,
also called the moment of momentum equation. An important class of fluid
devices, called turbomachines, which include centrifugal pumps, turbines,
and fans, is analyzed by the angular momentum equation.

The moment of a force F
→

about a point O is the vector (or cross) product
(Fig. 6–31) 

Moment of a force: (6–40)

where r→ is the position vector from point O to any point on the line of
action of F

→
. The vector product of two vectors is a vector whose line of

action is normal to the plane that contains the crossed vectors (r→ and F
→

in
this case) and whose magnitude is

Magnitude of the moment of a force: (6–41)

where u is the angle between the lines of action of the vectors r→ and F
→

.
Therefore, the magnitude of the moment about point O is equal to the mag-
nitude of the force multiplied by the normal distance of the line of action of
the force from the point O. The sense of the moment vector M

→
is determined

by the right-hand rule: when the fingers of the right hand are curled in the
direction that the force tends to cause rotation, the thumb points the direc-
tion of the moment vector (Fig. 6–32). Note that a force whose line of
action passes through point O produces zero moment about point O.

Replacing the vector F
→

in Eq. 6–40 by the momentum vector mV
→

gives the
moment of momentum, also called the angular momentum, about a point O as

Moment of momentum: (6–42)

Therefore, r→ ! V
→

represents the angular momentum per unit mass, and the
angular momentum of a differential mass dm " r dV is dH

→
" (r→ ! V

→
)r dV.

Then the angular momentum of a system is determined by integration to be

Moment of momentum (system): (6–43)

The rate of change of the moment of momentum is

Rate of change of moment of momentum: (6–44)

The angular momentum equation for a system was expressed in Eq. 6–2 as

(6–45)

where aM
→

"a (r→ ! F
→

) is the net torque applied on the system, which is
the vector sum of the moments of all forces acting on the system, and
dH

→
sys /dt is the rate of change of the angular momentum of the system.

Equation 6–45 is stated as the rate of change of angular momentum of a
system is equal to the net torque acting on the system. This equation is valid
for a fixed quantity of mass and an inertial reference frame, i.e., a reference
frame that is fixed or moves with a constant velocity in a straight path.

aM
→

"
dH

→
sys

dt

dH
→

sys

dt
"

d
dt

 !
sys

 (r
→

! V
→

)r dV

H
→

sys " !
sys

 (r
→

! V
→

)r dV

H
→

" r
→

! mV
→

M " Fr sin u

M
→

" r
→

! F
→

Direction of
rotation

O

r

F

M = r × F

M = Fr sin

θ

θ

r sinθ

→ → →

→

→

FIGURE 6–31
The moment of a force F

→
about a

point O is the vector product of the
position vector r→ and F

→
.

Sense of the
moment

F

M = r  × F
→ →→

→
ω 

Axis of
rotation

r→

FIGURE 6–32
The determination of the direction of

the moment by the right-hand rule.
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Angular Momentum Equation for a CV

To derive angular momentum for a CV, use RTT 
with                           .General form

Approximate form using average properties at 
inlets and outlets 

Steady flow


