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Continuity Equation - FD

General differential form: ρ is the density of a quantity q, j is the 
flux of q, σ is the generation of q per unit volume per unit time

E.g. in fluid dynamics, the continuity equation states that, in any 
steady state process, the rate at which mass enters a system is 
equal to the rate at which mass leaves the system:

∂ρ
∂ t

+ div(ρV ) = 0

∂ρ
∂ t

+ div( j) =σ

https://en.wikipedia.org/wiki/Fluid_dynamics
https://en.wikipedia.org/wiki/Steady_state
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Summary of Heat transfer Process

Difference in 
term of

Way of heat transfer

Conduction Convection Radiation

How is heat 
transferred 

Heat flow from 
vibration (solid)/

collision (liquid & gas) 
between molecules 
due to temperature 

difference

Heat is carried by 
molecules that move, 

following the 
convection current 
due to temperature 
difference (density)

Heat is transferred in 
the form of 

electromagnetic waves

Medium Solids & fluids(static) Liquids or gases
Does not need a 
medium (vacuum)

Law involved in 
the heat transfer 

process

Fourier’s law of heat 
conduction

Newton’s law of 
cooling

Stefan-Boltzmann  & 
Kirchhoff’s laws
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Heat flow

Imagine an infinitely wide and long solid plate 
with thickness δz .


Temperature above is T + δT


Temperature below is T


Heat flowing down is proportional to:


The rate of flow of heat per unit area up 
through the plate, Q, is: In the limit as δz goes to zero:

Q(z) = −k ∂T
∂z

(T + δT) −T
δz

Q = −k T + δT −T
δz

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

Q(z) = −k δT
δz
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Heat flow

• Heat flow (or flux) Q is rate of flow of heat per unit area.
• The units are watts per meter squared, W m-2

• Watt is a unit of power (amount of work done per unit time)
• A watt is a joule per second
• Typical continental surface heat flow is 40-80 mW m-2

• Thermal conductivity k 
• The units are watts per meter per degree centigrade,    W m-1 °C-1

• Typical conductivity values in W m-1 °C-1 :
• Silver                420
• Magnesium   160
• Glass      1.2
• Rock      1.7-3.3
• Wood      0.1
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The mechanisms of heat 
conduction in different phases of 

a substance.
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The range of 
thermal 
conductivity of 
various materials 
at room 
temperature.
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Heat flow

Consider a small volume element of 
height δz and area a


Any change in the temperature of 
this volume in time δt depends on:


•Net flow of heat across the 
element’s surface (can be in or out 
or both)


•Heat generated in the element


•Thermal capacity (specific heat) of 
the material
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Heat flow

The heat per unit time entering 
the element across its face at 
z is aQ(z) .


The heat per unit time leaving 
the element across its face at 
z+δz is aQ(z+δz) .


Expand Q(z+δz) as Taylor series:


The terms in (δz)2 and above are 
small and can be neglected

The net change in heat in the element 
is (heat entering across z) minus (heat 
leaving across z+δz):Q(z + δz) =Q(z) + δz ∂Q

∂z
+
δz( )

2

2!
∂2Q
∂z2

+
δz( )

3

3!
∂3Q
∂z3

+ ...

= aQ(z) − aQ(z + δz)

= −aδz ∂Q
∂z
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Suppose heat is generated in the volume element at a rate H per 
unit volume per unit time. The total amount of heat generated per 
unit time is then      


H a δz

Radioactivity is the prime source of heat in rocks, but other 
possibilities include shear heating, latent heat, and endothermic/
exothermic chemical reactions.


Combining this heating with the heating due to changes in heat flow 
in and out of the element gives us the total gain in heat per unit 
time (to first order in δz as:


This tells us how the amount of heat in the element changes, but 
not how much the temperature of the element changes.

Haδz − aδz ∂Q
∂z
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The specific heat Cp of the material in the element determines the 
temperature increase due to a gain in heat. 


Specific heat is defined as the amount of heat required to raise 1 kg of 
material by 1°C. 


Specific heat is measured in units of J kg-1 °C-1 .


If material has density ρ and specific heat Cp, and undergoes a 
temperature increase of δT in time δt, the rate at which heat is gained is:


We can equate this to the rate at which heat is gained by the element:

C
p
aδzρδT

δt

C
p
aδzρδT

δt
= Haδz − aδz ∂Q

∂z
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In the limit as δt goes to zero: Several slides back we defined Q as:

1D heat conduction equation

Simplifies to:

Q(z) = −k ∂T
∂z

C
p
aδzρδT

δt
= Haδz − aδz ∂Q

∂z

C
p
ρδT
δt

= H − ∂Q
∂z

C
p
ρδT
δt

= H − ∂Q
∂z

C
p
ρ ∂T
∂t

= H + k ∂
2T
∂z2

∂T
∂t

= k
C

p
ρ
∂2T
∂z2

+ H
C

p
ρ
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The term k/(cpρ) is known as the thermal diffusivity ⍺. The thermal diffusivity 
expresses the ability of a material to diffuse heat by conduction.


The heat conduction equation can be generalized to 3 dimensions:

The symbol in the center is the gradient operator squared, aka the Laplacian 
operator. It is the dot product of the gradient with itself.

Heat equation

∇ = ∂
∂x

, ∂
∂y

, ∂
∂z

⎛

⎝
⎜

⎞

⎠
⎟

∇T = ∂T
∂x

, ∂T
∂y

, ∂T
∂z

⎛

⎝
⎜

⎞

⎠
⎟

∇2 = ∇ ⋅∇ = ∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2

∇2T = ∂2T
∂x2

+ ∂2T
∂y2

+ ∂2T
∂z2

∂T
∂t

= k
C

p
ρ
∂2T
∂z2

+ H
C

p
ρ
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This simplifies in many special situations. 


For a steady-state situation, there is no change in temperature with time. 
Therefore:

In the absence of heat generation, H=0:

Scientists in many fields recognize this as the classic “diffusion” equation.

∇2T = −
H
k

∂T
∂t

= k
C

p
ρ
∇2T + H

C
p
ρ

∂T
∂t

= k
C

p
ρ
∇2T
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Continuity and Heat Equation

Conservation of energy says that energy cannot be created or 
destroyed: there is a continuity equation for energy U, is heat per 
unit volume, and its flow:

When heat flows inside a medium, the continuity equation can be 
combined with Fourier's law, where k is thermal conductivity (W/(m K))

U = ρCpT

∂U
∂ t

+ div(Q) = 0

Q = −k  grad(T )

https://en.wikipedia.org/wiki/Conservation_of_energy
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When heat flows inside a solid, the continuity equation can be 
combined with Fourier's law to arrive at the heat equation, 
defining 𝛼 (m2/s) the heat diffusivity:

The equation of heat flow may also have source terms: 
Although energy cannot be created or destroyed, heat can be 
created from other types of energy, for example via friction or 
joule heating:

∂T
∂ t

− k
ρCp

Δ(T ) = ∂T
∂ t

−αΔ(T ) = 0

∂T
∂ t

−αΔ(T ) =σ

Continuity and Heat Equation

https://en.wikipedia.org/wiki/Heat_equation
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Transport Equation

The convection–diffusion equation is a combination of the 
diffusion and advection equations, and describes physical 
phenomena where particles, energy, or other physical 
quantities are transferred inside a physical system due to two 
processes: advection and diffusion.

It can be derived in a straightforward way from the continuity 
equation, which states that the rate of change for a scalar 
quantity in a differential control volume is given by flow and 
diffusion into and out of that part of the system along with 
any generation or consumption inside the control volume

∂ρ
∂ t

+ div( j − Dgrad(ρ)) =σ

https://en.wikipedia.org/wiki/Continuity_equation#Differential_form
https://en.wikipedia.org/wiki/Continuity_equation#Differential_form
https://en.wikipedia.org/wiki/Scalar_(physics)
https://en.wikipedia.org/wiki/Scalar_(physics)
https://en.wikipedia.org/wiki/Differential_(infinitesimal)
https://en.wikipedia.org/wiki/Control_volume


Convection

• Convection arises because fluids expand and 
decrease in density when heated


• The situation on the right is gravitationally 
unstable – hot fluid will tend to rise


• But viscous forces oppose fluid motion, so 
there is a competition between viscous and 
(thermal) buoyancy forces

Cold - dense

Hot - less dense

Fluid

• So convection will only initiate if the buoyancy forces are 
big enough




Peclet Number
• It would be nice to know whether we have to worry about 

the advection of heat in a particular problem


• One way of doing this is to compare the relative timescales 
of heat transport by conduction and advection:

• The ratio of these two timescales is called a dimensionless 
number called the Peclet number Pe and tells us whether 
advection is important


• High Pe means advection dominates diffusion, and v.v.*

• E.g. lava flow, u∼1 m/s, L∼10 m, Pe∼107 ∴ advection is 

important
* Often we can’t ignore diffusion even for large Pe due to stagnant boundary layers

t
adv

~ L
u

t
cond

~ L2

α
Pe ~ uL

α



Cooling a planet (cont’d)
• Planets which are small or cold will lose heat 

entirely by conduction


• For planets which are large or warm, the interior 
(mantle) will be convecting beneath a (conductive) 
stagnant lid (also known as the lithosphere)

Temp.

De
pt

h.

Stagnant 

(conductive) lid

Convecting

interior



Rayleigh number

Here ρ is density, g is gravity, β is thermal expansivity, ΔT is the temperature contrast, 

l is the layer thickness, α is the thermal diffusivity and η is the viscosity. Note that η is 
strongly temperature-dependent.

When the mass density difference is caused by temperature difference, 
Ra is, by definition, the ratio of:


- the time scale for diffusive thermal transport to 

- the time scale for convective thermal transport at speed

<latexit sha1_base64="+gYQm4aRE/hNNCgx6OZF/Fw58L0="></latexit>
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u ⇠ �⇢l2g/⌘
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Continuity and Moment Equation

Other than advecting momentum, the only other way to 
change the momentum in our representative volume is to exert 
forces on it. These forces come in two flavors: stress that acts on 
the surface of the volume (flux of force) and body forces (acting 
as a source of momentum): 

∂ ρV( )
∂ t

+ div(ρVV ) = div(τ )+ grad(ρφ)

or

ρ ∂V
∂ t

+ ρ V i grad( )V = div(τ )+ ρg
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Navier-Stokes & Transport equations

advective  
inertial term

diffusion like 
viscosity term

buoyancy   
gravity term

advective 
term

conductive 
term

Coupled description, necessary for studies of convection 
inside the Earth at long time scales:

ρ ∂V
∂ t

+ ρ V i grad( )V =ηΔV − grad(P)− ρgαT  

∂T
∂ t

=αΔ(T )− div(VT )+ H
Cp

when the mass density difference is caused by 
temperature difference, Rayleigh number (Ra) is, the 
ratio of the time scale for diffusive thermal transport 
to the time scale for convective thermal transport

internal 
heating term
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Convection in the Mantle

Values of Ra above the Rac curve are associated with 
the conductive layer being convectively unstable 
(perturbations grow), while below the curve the layer 
is stable (perturbations decay). The minimum in the 
Rac curve occurs at the wavelength of the first 
perturbation to go unstable as heating and Ra is 
increased, often called the most unstable mode.

Encyclopedia of Solid Earth Geophysics Mantle Convection, David Bercovici
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Figure 3: The critical Rayleigh number Ra for the onset of convection is a function of wavelength or size
of the thermal perturbation to a static conductive state. For a layer with isothermal and free-slip (shear-
stress free) top and bottom boundaries, the relationship is Racrit = (k2 + π2)3/k2 where k = 2π/λ and
λ is wavelength [Chandrasekhar, 1961]. Values of Ra above the Racrit curve are associated with the
conductive layer being convectively unstable (perturbations grow), while below the curve the layer is stable
(perturbations decay). The minimum in the Racrit curve occurs at the wavelength of the first perturbation
to go unstable as heating and Ra is increased, often called the most unstable mode.

Thermal boundary layers and the Nusselt
number
For a Rayleigh number Ra above the criti-

cal value Rac, convective circulation will mix
the fluid layer, and the mixing and homogeniza-
tion of the fluid will become more effective the
more vigorous the convection, i.e., as Ra is fur-
ther increased. With very large Ra and vig-
orous mixing most of the layer is largely uni-
form and isothermal. (In fact, if the layer is
deep enough such the pressures are comparable
to fluid incompressibility, the fluid layer is not
isothermal but adiabatic, wherein even without
any heating or cooling, the temperature would
drop with fluid expansion on ascent and increase
with fluid compression on descent.) Most of
the fluid in the Rayleigh-Bénard system is at
the mean temperature between the two bound-
ary temperatures. However the temperature still

must drop from the well-mixed warm interior to
the cold temperature at the top, and to the hot-
ter temperature at the bottom. The narrow re-
gions accomodating these jumps in temperature
are called thermal boundary layers (Figure 4).
Thermal boundary layers are of great impor-

tance in thermal (and mantle) convection for two
reasons. First, most of the buoyancy of the
system is bound up in thermal boundary layers
since these are where most of the cold material
at the top and hot material at the bottom resides
and from where hot and cold thermals or cur-
rents emanate. Moreover, with regard to con-
vection in the mantle itself, the top cold thermal
boundary layer is typically associated with the
Earth’s lithosphere, the 100km or so thick layer
of cold and stiffer mantle rock that is nominally
cut up into tectonic plates.
Second, since fluid in these boundary layers

4

Encyclopedia of Solid Earth Geophysics Mantle Convection, David Bercovici

Figure 1: Graphic renditions of cut aways of Earth’s structure showing crust, mantle and core (left) and
of the convecting mantle (right). The relevant dimensions are that the Earth’s average radius is 6371km;
the depth of the base of the oceanic crust is about 7km and continental crust about 35km; the base of the
lithosphere varies from 0 at mid-ocean ridges to about 100km near subduction zones; the base of the upper
mantle is at 410km depth, the Transition Zone sits between 410km and 660km depths; the depth of the base
of the mantle (the core-mantle boundary) is 2890km; and the inner core-out core boundary is at a depth of
5150km. Left frame adapted from Lamb and Sington [1998]. Right frame, provenance unknown.

tem is also referred to as Rayleigh-Bénard con-
vection.

Although Bénard’s experiments were in a
metal cavity, Rayleigh-Bénard convection actu-
ally refers to Rayleigh’s idealized model of a
thin fluid layer infinite in all horizontal direc-
tion such that the only intrinsic length scale in
the system is the layer thickness. The Rayleigh-
Bénard system is heated uniformly on the bot-
tom by a heat reservoir held at a fixed temper-
ature (i.e., the bottom boundary is everywhere
isothermal) and the top is likewise held at a
fixed colder temperature by another reservoir
(see Figure 2). If the layer were not fluid, heat
would flow from the hot boundary to the cold
one by thermal conduction. But since the fluid
near the hotter base is (typically) less dense than
the fluid near the colder surface, the layer is
gravitationally unstable, i.e., less dense material
underlies more dense material. To release gravi-

tationaly potential energy and go to a minimum
energy state, the layer is induced to turn over.

Convective onset and the Rayleigh number
While the fluid in a Rayleigh-Bénard layer

might be gravitationally unstable, it is not nec-
essarily convectively unstable. Convective over-
turn of the layer is forced by heating but resisted
or damped in two unique ways. Clearly the ther-
mal buoyancy (proportional to density contrast
times gravity) of a hot fluid parcel rising from
the bottom surface through colder surroundings
acts to drive convective overturn. However, vis-
cous drag acts to slow down this parcel, and
thermal condcution, or diffusion, acts to erase its
hot anomaly (i.e., it loses heat to its colder sur-
roundings). Thus while the fluid layer might be
gravitationally unstable, hot parcels rising might
move too slowly against viscous drag before be-
ing erased by thermal diffusion. Similar argu-
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https://www-udc.ig.utexas.edu/external/becker/teaching-tc.html

https://www-udc.ig.utexas.edu/external/becker/teaching-tc.html
https://www-udc.ig.utexas.edu/external/becker/teaching-tc.html

