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Equivalent Forces

The scope is to develop a representation of the displacement 
generated in an elastic body in terms of the quantities that originated 

it: body forces and applied tractions and displacements over the 
surface of the body.

The actual slip process will be described by superposition of equivalent 
body forces acting in space (over a fault) and time (rise time).

The observable seismic radiation is through energy release as the fault 
surface moves: formation and propagation of a crack. This complex 

dynamical problem can be studied by kinematical equivalent approaches.
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cle dislocation. Each point on the rupture 
surface may also have a slightly different 
slip vector. In general, these slip vectors 
are expected to be nearly parallel, but the 
amount of slip can vary spatially within the 
rupture zone and must vary at the edges of 
the final rupture surface (where the dis-
placement goes to zero). While fault slip-
page results from the earthquake process, 
we ignore many other phenomena, such as 
local heating and perhaps mehing of rock, 
hydrologic pressure variations, and rock 
fracturing, to conceptualize the kinematic 
rupture history. Our goal is to replace this 
kinematic rupture process with a useful 
force system that produces equivalent seis-
mic-wave radiation. 

We proceed by "standing back" from 
the fault and considering the average 
properties of the rupture. We are mainly 
interested in gross characteristics such as 
the total rupture area, ^,_the average dis-
placement over the fault, D, and the aver-
age velocity and direction of rupture prop-
agation, y.. For seismic waves with periods 
longer than or comparable to the duration 
of rupture and for wavelengths that are 
large relative to the fault dimensions, we 
can visualize replacing the complex fault-

ing by a simple dislocation representation 
(Figure 8.9). In its simplest form the dislo-
cation model idealization will involve a 
point source (i.e., no spatial extent), with a 
simple dislocation time history to approxi-
mate the process of seismic-wave radiation 
during particle dislocation and expansion 
of the rupture area. More complex models 
of spatial distributions of dislocations can 
be constructed from this end-member case. 
Model complexity increases as the ratio of 
seismic-energy wavelength to fault length 
decreases. 

The average dislocation model in Figure 
8.9 now looks like a simple enough system 
to be replaced by a force system that would 
be dynamically equivalent, meaning one 
that produces equivalent seismic-wave ra-
diation. Indeed, it would appear that we 
simply need a time-varying force couple 
applied within the elastic medium to simu-
late the dislocation. The level of approxi-
mation implied in Figure 8.9 clearly de-
pends on the sensitivity of the seismic 
waves to the details of the faulting com-
plexity, which is frequency and wavelength 
dependent, and on the extent to which one 
wants to determine actual stresses on the 
fault. Both dislocation and equivalent 
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FIGURE 8.9 Concepts underlying equivalent body forces. Actual faulting involves complex 
cracking and frictional sliding over a surface in a short t ime that results in a space-t ime 
history of slipping motion. The finite spatial-temporal faulting process can be approximated 
by a dislocation model with dislocation time history D{t]. In turn, this dislocation model can 
be idealized by an equivalent force system that can be directly incorporated in the equations 
of motion. 
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Final source representation

And if the source can be considered a point-source (for distances greater than 
fault dimensions), the contributions from different surface elements can be 

considered in phase. 
Thus for an effective point source, one can define the moment tensor:
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Moment tensor decomposition 

For a shear dislocation, the equivalent point force is a double-couple, since internal 
faulting implies that the total force f[u] and its total moment are null. The seismic 
moment has a null trace and one of the eigenvalues is 0. 

The moment tensor is symmetric (thus the roles of u and ν can be interchanged 
without affecting the displacement field, leading to the fault plane-auxiliary plane 
ambiguity), and it can be diagonalized and decomposed in an isotropic and deviatoric 
part: 

M0 is called seismic moment, a scalar quantity related to the area of the fault and to 
the slip, averaged over the fault plane. 
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Moment tensor components

Point sources can 
be described by 
the seismic 
moment tensor 
Mpq, whose 
elements have 
clear physical 
meaning of forces 
acting on 
particular planes.
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FIGURE 3.7 
The nine possible couples that are required to obtain equivalent forces for a generally oriented 
displacement discontinuity in anisotropic media. 

applied at 5 is F(r, r ) ,  then we can sum over p and write F, * G,, for the n-component 
of displacement at (x, t ) .  For displacement discontinuities as in (3.18), there are instead 
derivatives of G,, with respect to the source coordinates tq. Such a derivative, we saw in 
Section 3.2, can be thought of physically as the equivalent of having a single couple (with 
arm in the tq-direction) on C at r .  The sum over q in (3.18) is then telling us that each 
displacement component at x is equivalent to the effect of a sum of couples distributed 
over C. 

For three components of force and three possible arm directions, there are nine general- 
ized couples, as shown in Figure 3.7. Thus the equivalent surface force corresponding to an 
infinitesimal surface element d C ( r )  can be represented as a combination of nine couples. 
In general, we need “couples” with force and arm in the same direction (cases (1, l), (2,2), 
(3, 3) of Fig. 3.7), and these are sometimes called vector dipoles. 

Since [ui] ujcijpq * aGn,/at, in (3.18) is the n-component of the field at x due to 
couples at C, it follows that [ui] ujcijpq is the strength of the ( p ,  q )  couple. The dimensions 
of [ui] ujcijpq are moment per unit area, and this makes sense because the contribution 
from r has to be a surface density, weighted by the infinitesimal area element d C to give a 
moment contribution. We define 

The nine possible couples that are required to obtain equivalent forces 
for a generally oriented displacement discontinuity in anisotropic media. 
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the seismic 
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Convention for 
naming blocks, 
fault plane, 
and slip 
vector, i.e. 
strike, dip and 
rake   

Angle and axis conventions

Force system or a double 
couple in the xz-plane 


T and P axes are the 
directions of maximum 
positive or negative first 
break.



Moment tensor and fault vectors
The orthogonal eigenvectors to the above eigenvalues give the directions of the 
principal axes: b, corresponding to eigenvalue 0, gives the null-axis, t, 
corresponding to the positive eigenvalue, gives the tension axis (T) and p gives 
the pressure axis (P) of the tensor. 

They are related to the u and ν vector, defining respectively the slip vector and 
the fault plane:
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Moment tensor and fault plane solution
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Moment tensor and fault plane solution

The slip vector and the fault normal can be expresses in terms of 

strike (φ), dip (δ) and rake(λ):

Then the Cartesian components of the simmetric moment tensor can be written as:
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[u] cos λ sinφ − cos δ sin λ cos φ( ) êy
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Far field term

Near field term

Solution for elastodynamic GF

We have to a) solve the wave equation for the Lamè potentials of body 
force and then b) to calculate the displacement.  

After some heavy algebra (Stokes, 1849), generalizing from the xj 
direction and using direction cosines (γi=xi/r=∂r/∂xi)
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Near field term

The near-field expression of the point force delta function GF is:

Figure 2: Time Dependence of Near Field Terms at a Source Distance of r.
Delta Function Force in Isotropic Whole-Space
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and the response has a static (time-independent) 
component that corresponds to a permanent deformation 
of the medium, both in radial and transverse directions.
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Far field term

The far-field expressions of the point force delta function GF are  
characterized by: 

1) decay as 1/r; 

2) are made of P and S waves;

3) the displacement waveform is proportional to the applied force at 
the retarded time;


4) have a radiation pattern


Figure 2: Time Dependence of Near Field Terms at a Source Distance of r.
Delta Function Force in Isotropic Whole-Space
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Figure 3: P and S Far-Field Displacement Radiation Patterns for a Delta Func-
tion Force in an Isotropic Whole-Space
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uP
FF ∝ γ 1γ j=cosθ

uS
FF ∝ −γ j’=sinθ



GF for double couple (DC)
An important case to consider in detail is the radiation pattern expected when 
the source is a double-couple. The result for a moment time function M0(t) is:
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NF DC (static) Radiation pattern 
The static final displacement for a shear dislocation of strength M0 is:
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Figure 7: Near-field Static Displacement Field From a Point Double Couple
Source (⌃ = 0 plane); � = 31/2, ⇥ = 1, r = 0.1, 0.15, 0.20, 0.25, ⇧ = 1/4⌅,
M⇥ = 1; self-scaled displacements

The near-field term gives a static displacement as t⇥⇤
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where M0(⇤) is the final value of the seismic moment. Interestingly, this ex-
pression contains two terms with the same angular dependence as those for the
far-field, but decays as r�2. The strain field, which is the usual observable used
to study such permanent near field terms, will correspondingly decay as r�3.
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Coseismic deformation



Co- & Post- seismic: Tohoku-oki 

a, Coseismic displacements for 10–11 March 2011, relative to the Fukue site. The black arrows indicate the 
horizontal coseismic movements of the GPS sites. The colour shading indicates vertical displacement. The star marks 
the location of the earthquake epicentre. The dotted lines indicate the isodepth contours of the plate boundary at 

20-km intervals28. The solid contours show the coseismic slip distribution in metres. 
b, Postseismic displacements for 12–25 March 2011, relative to the Fukue site. The red contours show the afterslip 

distribution in metres. All other markings represent the same as in a.
From: Ozawa et al., 2011,, Nature, 475, 373–376.

http://www.nature.com/nature/journal/v475/n7356/full/nature10227.html#ref28


Far field for a DC point source

From the representation theorem we have:

that, in the far field and in a spherical coordinate system becomes:

and both P and S radiation fields are proportional to the time 
derivative of the moment function (moment rate). If the moment 
function is a ramp of duration τ (rise time), the propagating 
disturbance in the far-field will be a boxcar, with the same 
duration, and whose amplitude is varying depending on the 
radiation pattern.

 un(x,t) = Mpq ∗ Gnp,q
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FF DC Radiation pattern



Fault types and focal mechanisms

Basis fault 
types and their 
appearance in 
the focal 
mechanisms. 
Dark regions 
indicate 
compressional 
P-wave motion. 



The Principal Mechanisms



FM & stress axes



DC Radiation pattern & surface waves



Haskell, 1964
sumatra

　　        Ishii et al., Nature 2005 doi:10.1038/nature03675

Rupture

Sumatra earthquake, Dec 28, 2004 　

Haskell dislocation model

Bulletin of the Seismological Society of America. Vol. 61, No. 1, pp. 221-223. February, 1971 

MEMORIAL 

NORMAN A. HASKELL (1905--1970) 

Norman A. Haskell, a former Research Physicist and Branch Chief at Air Force 
Cambridge Research Laboratories, and President of the Seismological Society of 
America, died at Hyannis, Massachusetts on April 11 1970 after a long illness. He is 
survived by his wife and two children. 

Dr. Haskell was one of the world's leading theoretical seismologists, perhaps best 
known for his development of the matrix method of computing the seismic effects of 
multiple horizontally-layered structures. His research interests spanned an extra- 
ordinarily broad geophysical range including the development of computational tech- 
niques in seismic, prospecting, the extension of seismic prospecting techniques to the 
mining industry, mechanics of the deformation of granitic rocks, underwater ballistics, 
atmospheric acoustics, blast phenomena, operations research, crustal structure and 
nuclear test detection. 

NORMAN A. HASKELL 

221 

Haskell N. A. (1964). Total energy spectral density of elastic wave radiation from propagating faults, 
Bull. Seism. Soc. Am. 54, 1811-1841



Haskell source model: far field

For a single segment (point source)

 u
r
(r, t) = u

i
r

i
, t −r

i
/α − Δt

i( )
i=1

N

∑ =

=
R

i
Pµ

4πρα3
W

!D
i

r
i

t − Δt
i( )

i=1

N

∑ dx ≈

≈
R

i
Pµ

4πρα3

W
r

!D(t) ∗ δ t − x
v

r

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

i=1

N

∑ dx ≈

≈
R

i
Pµ

4πρα3

W
r
!D(t) ∗ δ t − x

v
r

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
dx

0

L

∫ =

=
R

i
Pµ

4πρα3

W
r

v
r
!D(t) ∗B(t;T

r
)



Haskell source model: far field

resulting in the convolution of two boxcars: the first with 
duration equal to the rise time and the second with duration 

equal to the rupture time (L/vr)
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Haskell source model: directivity
The body waves generated from a breaking segment will arrive at a receiver before 

than those that are radiated by a segment that ruptures later. 
If the path to the station is not perpendicular, the waves generated by different 
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Rupture velocity
Earthquake ruptures typically propagate at velocities that are in the range 70–90% of the 
S-wave velocity and this is independent of earthquake size. A small subset of earthquake 
ruptures appear to have propagated at speeds greater than the S-wave velocity. These 
supershear earthquakes have all been observed during large strike-slip events.

http://pangea.stanford.edu/~edunham/research/supershear.html

http://pangea.stanford.edu/~edunham/research/supershear.html


Directivity example



Ground motion scenarios

The two views in this movie show the cumulative velocities for a 
San Andreas earthquake TeraShake simulation, rupturing south to 
north and north to south. The crosshairs pinpoint the peak velocity 

magnitude as the simulation progresses. 
www.scec.org

http://www.scec.org


Source spectrum

The displacement pulse, corrected for the geometrical spreading and the 
radiation pattern can be written as:

and in the frequency domain:
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Source spectrum
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Magnitude saturation

Nature limits the maximum size of tectonic earthquakes which is controlled by 
the maximum size of a brittle fracture in the lithosphere. A simple seismic shear 

source with linear rupture propagation  has a typical "source spectrum". 

Ms is not linearly scaled with M0 for 
Ms > 6 due to the beginning of the so-

called saturation effect for spectral 
amplitudes with frequencies f > fc. This 
saturation occurs already much earlier 

for  mb which are determined from 
amplitude measurements around 1 Hz. 


