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Theoremn 3.6.4 Let X be a Jamily of functions, uniformly bounded and
equicontinuous on a compact metric space X. T, hen any sequence {f,} of functions
of X has a subs‘e?z}}?fc‘éuthat is uniformly convergent in X to q continuous
Junction. ' '

] Proof. Let {x,} be a dense sequence in X. Since the sequence {f,(x,)}
! is bounded, there is a subsequence {/fu.1(x)} that is convergent. Next, the
sequence {f, ;(x,)} is bounded. Hence it has a subsequence {f, ,(x,)} that
is convergent. We proceed in this way step by step. In the kth step, we extract
a convergent subsequence {f, ,(x,)} of the bounded sequence {f, ,_;(x)}.
Consider now the diagonal sequence {fun} of the double sequence {f, .},
and write g, = £, ,. Then {g,(x,)} is convergent for every k, since, except for
the first k terms, it is a subsequence of { /o x(x0)}.

We shall prove that {g,} is uniformly convergent in X. Since the family
{g.} is equicontinuous, for any ¢ > 0 there isa § > 0 such that

[9.(x) —9.(»)| <&  whenever p(x,y) < 4,

for all x,y in X and 1 < n < 0. For any x € X we now write

195(%) = gn(0)] < [9(x) — gu(x)] + |ga(x) — gu(x)] + 19m(xi) = gm(x)],
where x, is such that p(x,x,) < 8. Then
19:(%) — gm(X¥)] < 2& + [g, (%) — gulx)I- (3.6.4)

We now claim that there is a finite number of the points X, say xi,...,x,,
such that for any x € X there is a point X, with 1 < k < A such that p(x,x) < 6.
Indeed, take a finite (6/2)-covering of X by balls B;,...,B, and choose in each
ball B; a point x, , from the sequence {x,,}. Then the claim above holds with
h = max (ay,...,a,).

Foreach k, 1 <k < h, thereis a positive integer n, such that

19m(X) — gu(x2)| < & ifm>nx>n,.

Using this in (3.6.4), we get 19s(X) — gm()| <3cif m>n> n, where n =
max (ny,...,n,). Thus {g,} is uniformly convergent. Denote by f(x) the
uniform limit of {g,(x)}. Then, for any &> 0,

LfG) =S < 1/ (x) = 9,0)] + 19.x) — .| + 19,(y) -/
<2+ |g.x) — g,(»)l
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if n is sufficiently large. We now fix n. The uniform continuity of g, then

J implies that [g,(x) — g,(y)| < ¢ if p(x,y) < 8. Hence |f(x) —f(y)| < 3¢ if
p(x,y) < 4. Thus, f(x) is continuous, and the proof of the theorem is complete.
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