Basic IIR Digital Filter
Structures

The causal 1IR digital filterswe are
concerned with in this course are
characterized by areal rationa transfer
function of z-1or, equivalently by a constant
coefficient difference equation

From the difference equation representation,
it can be seen that the realization of the
causal IR digital filtersrequires someform
of feedback
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Basic IIR Digital Filter
Structures

* An N-th order IR digital transfer functionis
characterized by 2N+1 unique coefficients,
and in general, requires 2N+1 multipliers
and 2N two-input adders for implementation

* Direct form I IR filters: Filter structuresin
which the multiplier coefficients are
precisaly the coefficients of the transfer
function
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Direct Form IIR Digital Filter
Structures

Consider for smplicity a 3rd-order IR filter
with atransfer function

H(=P@ Pt mz +poz *+ psz ?
D(2 1+diz +dyz 2+dyz 3

We can implement H(2) as a cascade of two
filter sections as shown on the next dlide
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Hq(2)=
H,(2) =

Direct Form IIR Digital Filter
Structures

><(z)—| Hy(2) |M| H,(2) I—Y(Z)
where

WEZ; =P()=po+ mZ 1+ pz2+pyz®
z

Y(2) _ 1 _ 1
W(Z) D(Z) 1+ dlz +d22 +d3Z
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Direct Form IIR Digital Filter
Structures

Thefilter sectionH,(2) can be seento be
an FIR filter and can be realized as shown
below

] = poX{n]+ px[n- 1 + pX{n- 2] + pgx{n- 3|
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Direct Form IIR Digital Filter
Structures
* Thetime-domain representation of H,(2) is
givenby
yin=wn] - diy[n- 1]- dp)[n- 2] - dgy[n- 3]

Redlizationof Hy(2)  wi—@
follows from the

yn-11
above equation ul .
and is shown on
theright

yinl
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Direct Form IIR Digital Filter
Structures

* A cascade of thetwo structuresredlizing H,(2)
and H,(2) leadsto the realization of H(z)
shown below and isknown asthe dir ect
form | structure

<
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Direct Form IIR Digital Filter
Structures

¢ Note: Thedirect form | structureis
noncanonic asit employs 6 delaystoredize
a 3rd-order transfer function

A transpose of the -
direct form | structui
isshownontherigt
andiscaled thedir:
form | structure
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Direct Form IIR Digital Filter
Structures

* Various other noncanonic direct form
structures can bederived by simpleblock
diagram mani pulations as shown bel ow
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Direct Form IIR Digital Filter
Structures

¢ Observeinthedirect form structure shown
below, the signal variable at nodes(® and@
arethe same, and hence the two top delays
can be shared

10
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Direct Form IIR Digital Filter
Structures

o Likewise, the signal variables at nodes(®
and (@ arethe same, permitting the sharing
of themiddle two delays

* Following the same argument, the bottom
two delayscanbeshared

» Sharing of al delaysreducesthetotal
number of delaysto3 resulting inacanonic
realization shown on the next slide along
with its transpose structure
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Direct Form IIR Digital Filter
Structures

 Direct form redizations of an N-th order IR
transfer function should be evident
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Cascade Form IIR Digital
Filter Structures

» By expressing the numerator and the
denominator polynomials of the transfer
function asaproduct of polynomials of
lower degree, adigital filter can be realized
as acascade of low-order filter sections

 Consider, for example, H(2) = P(2)/D(2)
expressed as

H(2 =P - R@R@RE)
D(z) Di(2)D2(2)Ds(2)
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Cascade Form IIR Digital
Filter Structures

» Examples of cascade realizations obtained
by different pole-zero pairings are shown

below
B | | @ | | A
D, ) Dy(2) Dy(2)
R(2) By (2) P@
D, | D[ ]| @
A B@| | B R(2) B P
DG | | B[ |0, pe | | 0,0| | e
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ra| | RO | B@
Dy(2) Dy(z) D, (@)

Cascade Form IIR Digital
Filter Structures

e Examples of cascade realizations obtained
by different ordering of sectionsare shown
below

<

(2 2@ 2 (2 % (2) )
Py(2) R@ 1A B(2) B@ R@
D,(2) Dy(z) Dy(2) D,y(2) Dy(2) Dy(2)
h@ R B P@) B(2) R
b, | | @[ | D@ | | 2,0 | DG
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Cascade Form IIR Digital
Filter Structures

* Thereareatogether atotal of 36 different

cascade realizatiopn(s)o;( o)
1 (Z) o\ Z) 5o Z
HE=5 om0

based on pole-zero-pairings and ordering

» Dueto finite wordlength effects, each such
cascade redlization behaves differently from
others
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Cascade Form IIR Digital
Filter Structures

» Usually, the polynomiasarefactoredinto a
product of 1st-order and 2nd-order
polynomials:

2+ b]kZ- e + b2kz- 2 9

H(2) =pO& *
@=p K Eltagz Trayz 2§

* Intheabove, for afirst-order factor
ag =by =0
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Cascade Form IIR Digital
Filter Structures
¢ Consider the 3rd-order transfer function

H (Z) — @*‘bnz_l@ I+byoz” l+b222_2 9
B p081+a Z'lgl+ pdl -2
11 ApZ tanZig

* Onepossiblerealization isshown below

18 IS22
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Cascade Form IIR Digital
Filter Structures

» Example - Direct form Il and cascade form
realizationsof
H(2) = 0447 1_’;0.3622'_2;0.022_'3 S
1404271401827 2-0.2z
_39.44+0.3622 1+0022 °Gee 7' ©
14087 1+0.52°2 &l 04715
areshownonthenext slide

19
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Cascade Form IIR Digital
Filter Structures

Direct form 1 Cascadeform

20
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Parallel Form IIR Digital Filter
Structures

* A partial-fraction expansion of the transfer
functionin z2-1 leadsto the parallel form |
structure

o Assuming simple poles, thetransfer function
H(2) can beexpressed as
- o ® dotoyzt 0
= + =
H(2) =g ak Q+ay 2 Hayz % g

* Intheabovefor area polea,, =gy =0
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Parallel Form IIR Digital Filter
Structures

« A direct partial-fraction expansion of the
transfer functionin zleadsto the parallel
form I structure

e Assuming simple poles, thetransfer function

H(2) can beexpressed as
-1 _2 P
H(2) =do+4 Eoad a0
k81+alkz tanzZ g

* Intheabovefor area poleay =dy =0
22
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Parallel Form IIR Digital Filter

Structures
» Thetwo basic parallel realizations of a3rd-
order |IR transfer function are shown bel ow

Parallel forml| Parallel formll

23
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Parallel Form IIR Digital Filter
Structures
» Example - A partial-fraction expansion of

H(2) = 0447 1+0.3622"2+0.02z°3
1+04z° 140182 2-0.22°3

inz-lyields

06 -05-02z1
H(2)=- 0.1+ T+ T 5
1- 0.4z 1+0.8z *+05z"

24
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Parallel Form IIR Digital Filter
Structures

* The correspondingparale form | realization
isshown below

NO1
I

?

N
1>

0.4

PX

-05

Z

L
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Parallel Form IIR Digital Filter
Structures

* Likewise, a partial-fraction expansion of
H(2 inzyields

0.24z°1 402z 1+0.252°2

1-04z1 1+08z%+05z22

H(2) =

e The corresponding
parale form I
realizationisshown
on theright
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Realization Using MATLAB

 The cascade form requires the factorization
of thetransfer function which can be
developed using the M -file zp2sos

e Thestatement sos = zp2sos( z, p, k)
generatesamatrix sos containingthe
coefficients of each 2nd-order section of the
equivalent transfer function H(z) determined
fromits pole-zero form
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Realization Using MATLAB

e SOS isan L~ 6 matrix of theform

€01 P11 P21 dor dig dail
=gl (2 2 te fe
8 . . .

€PoL  P1L P2L dO.L dIL d.ZLH
whosei-th row contains the coefficient{ p;,}
and{d;,}, of the the numerator and
denominator polynomiasof the i-th 2nd-
28 order section
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Realization Using MATLAB

* L denotesthe number of sections
» Theform of the overdl transfer function is

givenby
L L 1 -2
iy _ A Poi tPiZ "+ pPyz
H(2=0H;(9=0 = .
i1 iz g +d;Z 1 +dyz 2

» Program 6_1 can be used to factorize an
FIR and an | IR transfer function
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Realization Using MATLAB

* Note: An FIR transfer function can be
treated asan IR transfer function with a
constant numerator of unity and a
denominator which isthe polynomial
describing the FIR transfer function
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Realization Using MATLAB

 Pardlel forms| and |1 can be developed
using thefunctionsr esi duez and

r esi due, respectively
» Program 6_2 usesthese two functions

31
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Realization of Allpass Filters

e An M-th order real-coefficient dlpass
transfer function Ay (2) is characterized by
M unique coefficients as here the numerator
isthe mirror-image polynomial of the
denominator

* A direct form redlization of Ay (z)requires
2M multipliers

» Objective - Develop redlizations of Ay (2)
requiring only M multipliers

32
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Realization Using Multiplier
Extraction Approach

» Now, an arbitrary allpass transfer function
can be expressed as a product of 2nd-order
and/or 14-order dlpass transfer functions

» We consider first the minimum multiplier
realization of a 1st-order and a2nd-order
allpass transfer functions

33
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First-Order Allpass Structures

e Congider first the 1st-order alpass transfer
function given by
d+z 1

A(2)= 140,71

» Weshall realize the above transfer function
inthe form a structure containing asingle

multiplier d; asshown beIYow
2

" ‘:7‘3'1

\ X,
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First-Order Allpass Structures

» Weexpressthe transfer function A(2) =VY;/ X;
interms of the transfer parameters of the
two-pair as

— tiotordh _ ta- ch(tiater - tador)
= + =
A(2) =t 1t 1- diny
A comparison of the above with
2) = dqi+ Z-l
=tz
yields Lty

1, _ 1 _
t11 =27, tyo=- 77, tygtpp - tyotyy =- 1

Copyright © 2001, S. K. Mitra
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First-Order Allpass Structures

* Substitutingt,; =z *andt,, =- 2 in
tiaton - tiotyy =-1weget
t12t21 =1-7 2
* There are 4 possible solutionsto the above
equation:
TypelA:ty =7z tp=-2%, 1 =1- 7 2, tp1=1
Type 1B:
1=z tho=-21 p=1+77, tp=1- 7*

Copyright © 2001, S. K. Mitra
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First-Order Allpass Structures

* Type 1A, :tllzzhly too=- 7l t1p=1 tp7=1- 7?2
e TypelB;:
tn = Z-l, toy =- Z-l, tp =1- Z-l, top =1+ Z-l
» Wenow develop thetwo-pair structure for
the Type 1A dlpasstransfer function

First-Order Allpass Structures

e From the transfer parameters of thisallpass
wearrive at theinput-output relations:
Yo =X;- 271X,
Y =2 X +@A- 72X, =2, + X,
A redlization of the abovetwopair is
sketched below
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First-Order Allpass Structures First-Order Allpass Structures
e Inasimilar fashion, the other three single-
* By constraining the X, Y, terminal-pair multiplier first-order allpass filter structures
with the multiplier d;, we arrive at the can be devel oped as shown below
Type 1A dlpass filter structure shown . {-l>‘»< m & ~
B TR
D1, > &
Type 1B Type 1A ¢
1 = y
39 40 Type 1Bt
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Second-Order Allpass
Structures
A 2nd-order allpass transfer function is
characterized by 2 unique coefficients

e Hence, it can berealized using only 2
multipliers

» Type 2 dlpass transfer function:
d+dz 1+72
po(e) = ALHE L

1+d,Z 1 +d1d22'2

41
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Type 2 Allpass Structures
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Type 3 Allpass Structures

» Type 3 dlpass transfer function:
d,+djz 472

=

e 1+dyzt +d,z 2

Type 3 Allpass Structures
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Realization Using Multiplier S . :
. 9 P Realization Using Two-Pair
Extraction Approach :
, Extraction Approach
» Example - Redize - : . .
0.2+0187° 14047 2+7 3 e The stability test algorithm described earlier
A{2)= 1042140187 2-0.22°3 in the course aso leads to an elegant
_ (-04+21)(05+087 *+2°?) realization of an Mth-order alpasstransfer
A 3multiolier caes 04z .1+g.tsz'1+t%stﬁ %) function
. multiplier cascade redlization of the . L
aboveallpass transfer function is shown The algpnthm is based on the development
below L of aseries of (m- 1)th-order alpasstransfer
otg 8 ‘M+ . Iunc;fion;sAﬂc_t_l(z) Aj(or?fan nth:/l)rdl\jr alipais
N ERry ransfer functionA,(z) form=M,M - 1....
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Realization Using Two-Pair Realization Using Two-Pair
Extraction Approach Extraction Approach
o Let . . s * If theallpasstransfer function A,._4(2) is
_ Oty 2 M 57 24t g Z (M 477 . 1
An(2) Loz Lrdz 2t 7 " ea 7T expressed intheform
* We use the recursion A 1(2) = dmttn 271+ 4djz (™ D47 (™D
Am (Z) = Z[M] m=M ,M - 1,,1 -1 1+d:'|_z'l+...+dr'n_ 22_(m_2)+dﬁ+12_ (m-1)
! 1 kyAn(2)"” . .
where k., = A,(¥) =dj, then the coefficients of A,,. 1(z) are Simply
« It has been shown earlier that Ay (2)is related to the coefficients of A, (z) through
stableif and only if ¢ =4 %ndni 1gigm 1
o k2<1 form=M,M-1..1 o 1- Oy,
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Realization Using Two-Pair
Extraction Approach

» Todevelop the redlization method we
expressAy (z)intermsof A, 4(2):
_ ka*tZ 1A, 1(2)
An(2)= 14k, 7 TA, 1(2)
» Weredlize A, (z)in the form shown below
Y2

Tt t
v lta
w  An@ T Xz
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Realization Using Two-Pair
Extraction Approach

* Thetransfer function A.(z) =Y/ X of the
constrained two -pair can be expressed as

_ tag- (tigtop- totor ) Am 1(2)
An(2) = 1- tyyAn 1(2)

e Comparing the above with

_ kntZ An(2)
A‘n(Z) = 1+kmz-lAn»1(Z)
wearriveat thetwo pair transfer parameters
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Realization Using Two-Pair
Extraction Approach
ti =Kt = - kpzt
tito - oty =- 2
* Substitutingty; = ky, andty, =- kyz tinthe
equation above we get
tiotpy = (1- ki)z
* Thereare anumber of solutionsfort;,and
21

51
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Realization Using Two-Pair
Extraction Approach
e Some possible solutions are given below:
t =K trp = ke 2 L tp =2 1y =1- kG
t11= K, top = KeyZ %, 112 = (1= k)27, oy =1+ kg,

-1 7 1 7
ty1 =Ko tar == kmZ 5 tip =4f1- K5z, tyy =f1- K5

_ _ R R
t11 =K, to=-KyZ 7, t1p=(1- ky)Z 7, 11 =1

52
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Realization Using Two-Pair
Extraction Approach

 Consider thesolution
ti =K, top = knZ ™t = (1- k)7, 1y =1
* Corresponding input-output relations are
Y =k Xq +(1- k3)Z X5
Yy = X1 - knZ 'X;
* A direct redlization of the above equations

leads to the 3-multiplier two-pair shown on
the next dide
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Realization Using Two-Pair
Extraction Approach

X
vlil‘m
C

e Thetransfer paraﬁ&ers

) odl
t11 =Kmi t2 =- KmZ 7, t12 = (1- Kp)Z 7, tpg =1+ ky
lead to the 4-multiplier two-pair structure

shown below | ke

1 ® Y,
e—o— X,
L=k

1
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Realization Using Two-Pair
Extraction Approach
o Likewise, thetransfer parameters

Pl 2_-1 2
ty1 = Ky top = - knZ &, t1o =4f1- k27 L, ty =41~ K2

|ead to the 4-multiplier two-pair structure

shown below
Xy D—® 6
k”—km
7 ®—<] X

55
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Realization Using Two-Pair
Extraction Approach
* A 2-multiplier realization can be derived by
mani pul ating theinput-output relations:
Y =ke Xg- (1- KH)Z X,
Y2 :Xl - kmz-l)(z
e Making use of the second equation, we can
rewritethefirst equation as
Y= kYo +Z X,

56
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Realization Using Two-Pair
Extraction Approach
e A direct realization of
Y, =k Yo + 71X,
Ya =X - k21X,
lead to the 2-mulltiplier two-pair structure,
known asthelatticestructure, shown below

57
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Realization Using Two-Pair

Extraction Approach

e Congder thetwo-pair described by

tr =Ky top == keZ %, tp = (1 k)2, t =14k

* |tsinput-output relations are given by
Y= ke Xg + (1 k) Z X
Yo = L+ k) Xq - kyz 21X,

» Define
V1= k(Xq- 21X
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Realization Using Two-Pair
Extraction Approach

» We can then rewrite theinput-output
relationsasy, =\, +Z 1X, and Y, = X, +V}

 The corresponding 1-multiplier redization
isshown below

59
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Realization Using Two-Pair
Extraction Approach

* An mth-order alpasstransfer function A, (z2)
isthen realized by constraining any one of
the two -pairs devel oped earlier by the
(m- 1)th-order allpasstransfer function Ay 1(2)

Copyright © 2001, S. K. Mitra
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Realization Using Two-Pair
Extraction Approach
» Theprocessisrepeated until the
constraining transfer functionis Ay(z) =1

» The completerealization of Ay, (z) based on
the extraction of thetwo-pair latticeis
shown below

[« K K
ITlL
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Realization Using Two-Pair
Extraction Approach

* It followsfrom our earlier discussion that
Ay (2) isstableif the magnitudes of all
multiplier coefficientsin the realization are
lessthanl, i.e |ky|<1form=M,M-1..1

» The cascaded lattice alpass filter structure
requires 2M multipliers

* A redlization with M multipliersis obtained if
instead the single multiplier two-pair is used
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Realization Using Two-Pair
Extraction Approach
» Example - Redlize

Ag(2) =- 02+0.18z1+04z2+ 73
1+04z1+01822- 0273

_dgtdyz iz 2478
1+dlz'1+ d22'2+d3z'3

63
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Realization Using Two-Pair
Extraction Approach

» Wefirst redize Ay(z) intheformof a
lattice two-pair characterized by the
multiplier coefficient kg = ds =- 0.2
and constrained by a2nd-order alpass Ay(z)
asindicated below
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Realization Using Two-Pair
Extraction Approach

* Theallpasstransfer function Ay(z) isof the
form
po() =Sz z?
1+dyz T+dyz 2
* Itscoefficientsaregiven by

dl_dl dsdy :04 (-0.2)(0. 18):0 4541667

- d2 1-(-02)?
d, = d2-dadh _ 0.18-(-0.2(04) _ § 5798333
27 a2 1-(-0.2)2

65
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Realization Using Two-Pair
Extraction Approach

* Next, theallpass Ay(z) isredlized asa

lattice two-pair characterized by the
multiplier coefficient k, = d, = 0.2708333
and constrained by andlpass A (2) as
indicated below

k3 =-02, k»=0.2708333
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Realization Using Two-Pair
Extraction Approach

* Theallpasstransfer function Ay(z) isof the

form "1
_ _th+z

Z i T

A2 1+d,zt

* |t coefficient isgiven by

" _di-dod; _ di _ 04541667 _
! 1-(dp)? 1+d, 1.2708333 DEser.

67
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Realization Using Two-Pair
Extraction Approach

* Finally, theallpass A(2) isrealizedasa
| ttice two-pair characterized by the
multiplier coefficient k = d; = 0.3573771
and constrained by anallpass Ay(z) = 1as
indicated Qelow

kg =-02, A(2) A(2)
k, = 0.270833; k; = 0.357377
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Cascaded Lattice Realization
Using MATLAB

» TheM-file pol y2r ¢ can beused toredlize
an adlpasstransfer function in the cascaded
lattice form

e TothisendProgram 6_3can beemployed

69
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