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The Numerov’s method

for the 1D Schroedinger equation

codes & notes from:
prof. Paolo Giannozzi (UniUD)

“Numerical methods in Quantum Mechanics”
https://www.fisica.uniud.it/~giannozz/Corsi/MQ/LectureNotes/mq.pdf

https://www.fisica.uniud.it/~giannozz/Corsi/MQ/Software/F90/harmonic0.f90
https://www.fisica.uniud.it/~giannozz/Corsi/MQ/Software/F90/harmonic1.f90
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https://www.fisica.uniud.it/~giannozz/Corsi/MQ/Software/F90/harmonic0.f90
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Note:
we choose a problem that can be solved exactly 

(analytically)
to check the reliability of the code 

and the possible problems
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the harmonic oscillator 




harmonic oscillator: 

classical
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with

V(x) = V(−x) =
1
2

Kx2

Force

Potential

A solution

:

m
d2x
dt2

= − Kx

for |x | < x0 ; 0 elsewhere



harmonic oscillator: 

1D Schroedinger eq.
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we rewrite the eq. in adimensional units:

In standard notation:

with

Defining:

ξ = ( mω
ℏ )

1/2

x = ( mK
ℏ2 )

1/4

x =
x
λ

and

Note the



harmonic oscillator: 

1D Schroedinger eq.
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Exact solution (analytical):

corresponding to discretized energies:



harmonic oscillator: 

1D Schroedinger eq.
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Exact solution (plots):

ℋ2(ξ0) = 0 → ξ0 = ± 2/2

ξ( = λ x) ξ( = λ x)

ℋ3(ξ0) = 0 → ξ0 = ± 3/2 ≈ ± 1.22



The Numerov’s method
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To solve:

idea: Taylor expansion of y(x), g(x), s(x), followed by a few manipulations

(details in the notes by prof. Giannozzi)

(g(x), s(x) given)

go on…



1D Schroedinger equation:

a form suitable for Numerov’s method
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The Scroedinger eq.:

has the form:

with:



1D Schroedinger equation:

harmonic oscillator - 1
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In adimensional units:

g(x) = 2 (ϵ −
x2

2 )

has the form:

with:
and s(x) = 0



1D Schroedinger equation:

harmonic oscillator - 2
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Since s(x) = 0, the Numerov′ s formula reduces to :

Defining:

we



1D Schroedinger equation:

harmonic oscillator - 3
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The symmetry of the potential and the parity of the (still unknown) solutions allows to simplify 
the choice of the starting points

choose y0 = 0 and whatever y1 you want

choose whatever y0 (finite) you want;

y1 is determined by Numerov′ s formula :
since f−1 = f1 by symmetry, and y−1 = y1; put into ( * ) and obtain :

(*)



harmonic0
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(*)

(*)

:



harmonic0

14

,Output file contains:



harmonic0

Results
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harmonic0

Results
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???
divergences!
… but can be hidden!

what’s next?
integration 
forward (from x=0 to x_max) and 
backward (from x_max to 0) 
=> harmonic1



harmonic0

Results
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???
divergences!
… but can be hidden!

what’s next?
integration 
forward (from x=0 to x_max) and 
backward (from x_max to 0) 
=> harmonic1



harmonic0 harmonic1

Results
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within the Numerov’s method:

the “shooting” step
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…


