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Content Area 

Theoretical bases of learning

TRANSMISSIVE CONSTRUCTIVIST

Nature of Knowledge Mathematics as tools Mathematics as processes

Mathematical Learning and 
Teaching

• The clarity in procedural solving
• Receptive learning through 

examples and demonstrations
• Automation of procedural 

techniques

• Learning autonomous 
discursive and intuitive

• Belief in students’ 
mathematical thinking 
independency



Problematic facets of transmissive approach

Computational Facets
(CALCOLO)

Procedural Facets
(PROCEDURE)

RESULTS
(RISULTATI)



Didactics approach that 
present objects 
mechanically as facts to 
be learnt and therefore 
never questioned

L E A R N I N G  B A S E D  O N  
M E M O R I Z I N G  C O M P U T A T I O N S  
A N D  P R O C E D U R E



To overcome the persistence of Maths difficulties in 
secondary and higher education, researchers profoundly 
revised the teaching approach to arithmetic and algebra, 
thinking of a trans-inter-domain of integration between
them based on functional relations. 
(D. W. Carraher and Schliemann, 2018; Kaput et al., 2008)

AS A SPECIFIC DOMAIN OF MATHS TEACHING



EARLY ALGEBRA REFERS TO:

the algebraic knowledge

the algebraic thinking

the (initially rather unconventionally) problem solving 
representations and technique  



The focus on representing relationships among quantities affords its origins 
in the Russian-based approach developed by Davydov and his colleagues at 
the end of the past century (Davydov et al., 1999). 

They emphasised the teaching of Algebra based not on its 
numerical foundations but on relationships among quantities. 
In this way, young students do not solve equations by thinking 
about “doing and undoing” numerical operations but by direct 

comparisons between quantities (Kieran et al., 2016).



There is no clear-cut break between Early Algebra and Algebra. Early 
Algebra, not to be referred to as “pre-algebra”, is not to be viewed as a 
bridge students cross after they have studied arithmetic and before they 
study Algebra.

Temporal progression and intertwining of Early Algebra and the development of algebraic thinking (Navarra, 2019).



In principle, it can be developed and nurtured wherever there is arithmetic.

This is because arithmetic is inherently algebraic 
(D. W. Carraher and Schliemann, 2018; D. Carraher and Schliemann, 2007).

The notion of functions and their representations provide powerful means for modelling physical attributes 
and measures, for justification or proof, and for adapting mathematical models when dealing with every day 
or science applications. 
(D. W. Carraher and Schliemann, 2018)



Discovering the role of 
functional relations, 
the algebraic nature of 
arithmetic is brought 
out for many reasons:

arithmetic operations are 
functions;

introductions of variables 
as placeholders for 

arbitrary members of 
sets and the extension of 
the classes of numbers 

supported by the concept 
of domains and range (or 

co-domain);

multiple representations 
of functions are 

profitably employed in 
unison;

comparison of two 
functions is inherently 

interpreted as equations 
and inequalities.



Algebraic reasoning 
is thus identified 
through formulating 
and operating upon 
relations, particularly 
towards functional 
relations.

With this framework, functions and relations 
become an unexploited resource for teaching 
and learning: this is a unique role in early 
algebraic thinking.

The conceptual development focus on evoking 
students’ view about a problem involving 
relations among sets of quantities and gradually 
introducing new mathematical representations, 
conventions and tools. 

Students discuss, represent and solve open-
ended problems, focusing on relations between 
sets of quantities instead of performing 
computations on specific pairs of numbers.



The teacher acts following-up questions and suggestions built upon 
students’ ideas and representations, introducing new ideas and 
representations.

In this way, students are engaged in classroom discourses which could be
called “algebraic babbling”. 
(Malara, 1994; Malara and Navarra, 2018; Navarra, 2019, 2022). 

Analogous to how children learn natural language, students learn to 
communicate in algebraic language by starting from its meaning and, 
through collective discussion, verbalisation, and argumentation, gradually 
become proficient in syntax 
(Kieran, 2004; Kieran et al., 2016).



In order to
establish a 
setting in which 
students engage 
in this manner, 
teacher needs 
to:

set the expectation that students support 
their ideas with explanations,

probing and challenging each other’s ideas to 
make sure they follow classmates’ reasoning;

clarify questions to help students make the 
details of algebraic thinking explicitly;

acknowledge and validate students’ proposals 
to encourage classroom discussion;

help students address contrasts in their 
thinking.



All these teachers’ tasks involve students in meta-
cognitive acts, reflecting on their observations and 
then moving to a level of generalisation and 
argument. 
(Kieran et al., 2016) 

Students improve their understanding by 
substituting the act of calculating with looking at 
oneself while calculating.
(Malara, 1994; Malara and Navarra, 2018; Navarra, 2022). 



Teachers support this perspective’s shift-
changing questions.

How did you 
solve the 
problem

How did you know
that?

Does it work 
for these
numbers?

Will that work for all
numbers?

What is it that 
work for these

numbers? 

What is it that will 
work for all
numbers?

PARTICULAR GENERAL

Process of generalisation



But the teacher only asks 
these questions if the 
algebraic goal is clear.  

And this implies a change 
in teachers’ dispositions, 
knowledge and skills in 
teaching Maths in an 
Early Algebra context.



To clarify what happens in the construction of knowledge of algebraic
equations, we could consider the example where the equality-equivalence aspect
is stressed. 

Treating the equal sign as a procedural symbol that announces the answer after a series of 
operations is so common that it hides its strong meaning of showing two different 
representations of the exact quantities. 

Underlining, highlighting, expressing and emphasising this mutual role (equality-
equivalence) enact the power of different representations instead of the direction of 
something to resolve to obtain a number (that, of course, it’s the unique right solution). So, 
again the teachers’ change is in the scaffolding questions: not more than ”How much is it.”
or ”How much does it make?” (that is a literal translation of a typical Italian
Math teacher’s question), but ”Which is the process you did to represent this
relation between quantities?”.



The focus is on the process, not the product 
(intending the result of a sequence of operations), 
on multiple representations and not on a single
resolution (the result of computing or problem 
solving). In this way, the emphasis
is on natural language and its role of paramount 
importance as a semantic facilitator. 



Algebra as a Language: approaches’ differences (Navarra, 2019)



The concepts involved

Early 
Algebra 

perpectives

Representing 
vs Resolving

The “equal 
sign” meaning

Canonical and 
no canonical 

forms of 
numbers
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