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slides adattate da Butov e completate
– vedere cap. 22 di  A&M -

Attenzione al contesto: in alcuni casi la notazione U è usata per l’energia 
potenziale totale, in altri per il potenziale di coppia



VIBRAZIONI RETICOLARI
Assumiamo che 

- la posizione di eq. di ogni ione sia un sito di 
un reticolo di Bravais

- Lo spostamento di ogni ione dalla sua 
posizione di equilibrio sia «piccolo» rispetto 
alle distanze interatomiche tra primi vicini



VIBRAZIONI RETICOLARI
Assumiamo che 

- la posizione di eq. di ogni ione sia un sito di 
un reticolo di Bravais
=> NO DIFFUSIONE

- Lo spostamento di ogni ione dalla sua 
posizione di equilibrio sia «piccolo» rispetto 
alle distanze interatomiche tra primi vicini
=> APPROSSIMAZIONE ARMONICA

r ! = ! + $(!)
Per ogni ione, ad un dato tempo !":



Lennard-Jones potential
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are averages over the trajectories, rather than the trajectories themselves. Questions such as these
are addressed by statistical mechanics and many of the ideas of statistical mechanics are discussed
in this chapter. However, the only background needed for this chapter is a knowledge of Newton’s
laws of motion.

8.2 The Intermolecular Potential

The first step is to specify the model system we wish to simulate. For simplicity, we assume that
the dynamics can be treated classically and that the molecules are spherical and chemically inert.
We also assume that the force between any pair of molecules depends only on the distance between
them. In this case the total potential energy U is a sum of two-particle interactions:

U = u(r12) + u(r13) + · · · + u(r23) + · · · =
N−1
∑

i=1

N
∑

j=i+1

u(rij), (8.1)

where u(rij) depends only on the magnitude of the distance rij between particles i and j. The
pairwise interaction form (8.1) is appropriate for simple liquids such as liquid argon.

In principle, the form of u(r) for electrically neutral molecules can be constructed by a first
principles quantum mechanical calculation. Such a calculation is very difficult, and it usually is
sufficient to choose a simple phenomenological form for u(r). The most important features of u(r)
for simple liquids are a strong repulsion for small r and a weak attraction at large r. The repulsion
for small r is a consequence of the Pauli exclusion principle. That is, the electron clouds of two
molecules must distort to avoid overlap, causing some of the electrons to be in different quantum
states. The net effect is an increase in kinetic energy and an effective repulsive force between the
electrons, known as core repulsion. The dominant weak attraction at larger r is due to the
mutual polarization of each molecule; the resultant attractive force is called the van der Waals
force.

One of the most common phenomenological forms of u(r) is the Lennard-Jones potential:

u(r) = 4ε

[
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r

)
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−
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r

)
6
]

. (8.2)

A plot of the Lennard-Jones potential is shown in Figure 8.1. The r−12 form of the repulsive part of
the interaction has been chosen for convenience only. The Lennard-Jones potential is parameterized
by a length σ and an energy ε. Note that u(r) = 0 at r = σ, and that u(r) is essentially zero
for r > 3 σ. The parameter ε is the depth of the potential at the minimum of u(r); the minimum
occurs at a separation r = 21/6σ. The parameters ε and σ of the Lennard-Jones potential which
give good agreement with the experimental properties of liquid argon are ε = 1.65 × 10−21 J and
σ = 3.4 Å.
Problem 8.1. Qualitative properties of the Lennard-Jones interaction
Write a short program or use a graphics package to plot the Lennard-Jones potential (8.1) and the
magnitude of the corresponding force:

f(r) = −∇u(r) =
24ε

r

[

2
(σ

r
)12 −

(σ

r

)6
]

r̂. (8.3)
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Figure 8.1: Plot of the Lennard-Jones potential u(r). Note that the potential is characterized by
a length σ and an energy ε.

What is the value of u(r) for r = 0.8σ? How much does u increase if r is decreased to r = 0.72σ,
a decrease of 10%? What is the value of u at r = 2.5σ? At what value of r does the force equal
zero?

8.3 The Numerical Algorithm

Now that we have specified the interaction between the particles, we need to introduce a numerical
integration method for computing the trajectory of each particle. As might be expected, we need
to use at least a second-order algorithm to maintain conservation of energy for the times of interest
in molecular dynamics simulations. We adopt the commonly used algorithm:

xn+1 = xn + vn∆t + 1
2an(∆t)2 (8.4a)

vn+1 = vn + 1
2 (an+1 + an)∆t. (8.4b)

To simplify the notation, we have written the algorithm for only one component of the particle’s
motion. The new position is used to find the new acceleration an+1 which is used together with
an to obtain the new velocity vn+1. The algorithm represented by (8.4) is a convenient form of
the Verlet algorithm (see Appendix 5A).

repulsion

attraction

minimum

33

Φ

U(r) è un potenziale di coppia effettivo
Energia totale = somma di potenziali di coppia
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the harmonic approximation

the mean equilibrium position of each atom is a Bravais lattice site
typical displacements of each ion are small compared to interatomic spacing

the pair potential energy of the Linnard-Jones form 

is approximated by the quadratic term

12 6( ) B AU r
r r
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van der Waals attraction
dominating at large r

repulsion due to the 
Pauli exclusion principle 
dominating at small r
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Step by step we now face:
- Normal modes of a 1D monoatomic

Bravais lattice
- Normal modes of a 1D Bravais lattice 

with basis
- Generalization



A chain of N particles linked by springs
(one-dimensional analogue of atoms in a crystal)

Linear interaction (Hooke’s law): 
analytical solution

- There are N 'normal' modes 
(i.e., patterns of motion in which all parts of the system oscillate with the same 

frequency and with a fixed phase relation)

- The energy given to a single 'normal' mode 
always remains in that mode.
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This notion of sharing energy even-
ly among different modes of motion is 
fundamental. This precept, known as 
the equipartition theorem of statistical 
mechanics, can be extended to include 
molecules that are more complicated 
than billiard-ball-like helium, which 
can partition energy in rotational or 
vibrational movements as well. Ap-

plication of the equipartition theorem 
allows physicists to calculate such 
things as the heat capacity of a gas 
from basic theory.

FPU’s premise was that they could 
start their system off with the masses in 
just one simple mode of oscillation. If 
the system had linear springs (and no 
damping forces), that one mode would 
continue indefinitely. With nonlinear 
springs, however, different modes of 
oscillation can become excited. FPU ex-
pected, the system would “thermalize” 
over time: The vibrating masses would 
partition their energy equally among 
all the different modes of oscillation 
that were possible for this system.

Visualizing the possible modes of os-
cillation is a little tricky for FPU’s string 
of masses, but it’s easy to see how differ-
ent modes of vibration arise in, for exam-
ple, a plucked violin string. One mode 
corresponds to the fundamental tone, in 
which the string shifts up and down the 
most at the center and progressively less 
as you approach its fixed ends. Another 
mode is the first harmonic (an octave 
higher), in which one half of the string 
moves up while the other moves down, 
and so forth. A vibrating string has an 
infinite number of modes, but FPU’s 
system has a finite number (equal to the 
number of masses present).

To conduct their study, FPU (along 
with Mary Tsingou, who, although not 
an author on the report, contributed 
significantly to the effort) considered 
different numbers of masses (16, 32 
or 64) in their computational experi-
ments. They then numerically solved 
the coupled nonlinear equations that 
govern the motion of the masses. 
(They could easily derive these equa-
tions from their nonlinear spring func-
tion and Newton’s famous law f = ma.) 
In this way, FPU used the MANIAC to 
compute the behavior for times corre-
sponding to many periods of the fun-
damental mode in which they started 
the system. They were absolutely as-
tonished by the results.

Initially, energy was shared among 
several different modes. After more 
(simulated) time elapsed, their system 
returned to something that resembled 
its starting state. Indeed, 97 percent 
of the energy in the system was even-
tually restored to the mode they had 
initially set up. It was as if the billiard 
balls had magically reassembled from 
their scattered state to the perfect ini-
tial triangle!

Of course, not everybody was con-
vinced by these computations. One 
popular conjecture was that FPU had 
not run the simulations long enough—
or perhaps the time required to achieve 
equipartition for the FPU system was 
simply too long to be observed numeri-
cally. However, in 1972 Los Alamos 
physicist James L. Tuck and Tsingou 
(who at that point was using her mar-
ried name, Menzel) put these doubts to 
rest with extremely arduous numerical 
simulations that found recurrences on 
such amazingly long time scales that 
they have sometimes been dubbed “su-
perrecurrences.” This research made it 
clear that equipartition of energy wasn’t 
hidden from FPU by computer simula-
tions that were too short—something 
more interesting was indeed afoot.

1 + 1 = 3
Why did FPU think that nonlinear 
springs would ensure an equipartition 
of energy in their experiment? And 
what is this strange concept of non-
linearity anyway? Obviously, the term 
refers to a departure from linearity, 
which we’ve discussed thus far only in 
terms of the proportionality of inputs 
and outputs.

Students of physics study linear 
systems in introductory classes be-
cause they are much easier to analyze 
and understand. When a mass is con-
nected to a linear spring and given a 
shove, its subsequent behavior is very 
simple: It will oscillate back and forth 
at the system’s resonant frequency, 
which depends only on the size of the 

Figure 2. Fermi, Pasta and Ulam modeled a series of masses connected to one another by springs. The masses move back and forth according 
to Newton’s law of motion f = ma (force equals mass times acceleration) along the line that connects them. Here the relevant forces are the 
restoring forces applied by the springs. What made the study so novel and fascinating is that the restoring forces were related nonlinearly to 
the amount of spring compression or extension.

Figure 3. Fermi, Pasta and Ulam expected the 
energy in their mass-spring system eventually 
to become shared equally between different 
modes of motion, which are analogous to the 
modes of vibration of a plucked violin string. 
The fundamental mode of vibration for such 
a string (purple) corresponds to the note that 
is heard. Higher-frequency vibrational modes 
give rise to various harmonics of that note. 
The motions shown here correspond to the 
second (pink), third (green), fourth (blue) and 
fifth (orange) harmonics.

(force)



Example with 2 oscillators:
'normal' modes 

More on: https://fisicaondemusica.unimore.it/Catena_di_Fermi-Pasta-Ulam.html

http://fisicaondemusica.unimore.it/Oscillatori_accoppiati.html



normal modes of a 1D monoatomic lattice
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force from left spring force from right spring 
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the group velocity F the transmission
velocity of a wave packet,
the velocity of energy propagation

sound velocity

standing wave

long wavelength limit

(typical behaviour of a sound wave)
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normal modes of a 1D lattice with a basis

K F spring

G F spring

acoustic 
branch

optical 
branch

Substituting and setting to 0 the 
determinant of the homogeneous system :
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acoustic

optical

optical

cell

the motion of primitive cells is identical

the motion changes by 1800 from cell to cell

in the acoustic mode the atoms within a cell move together
in the optical mode the atoms within a cell move 1800 out of phase

Two solutions for each value of k => 2N normal modes:



Monoatomic 3D Bravais lattice:

Exploiting symmetry properties of the dynamical matrix:

1)

2)

3)



These symmetries allow to simplify the eqs.

We seek for a solution of the form:

Polarization vector of the normal mode 
(the direction in which the ion moves)

Substituting we obtain:
with



normal modes of a 3D lattice 

3D lattice with monoatomic basis:
for each k there are 3 acoustic modes
1 longitudinal and 2 transverse

longitudinal wave

transverse wave

3D lattice with p atoms in the basis:
for each k there are 3p modes
3 branches are acoustic
and 3p F 3 branches are optical

correspond to 3 translational and 3p F 3 vibrational 
degrees of freedom of a p atomic molecule

LA

TA
TA

LO
TO

with p atoms per primitive cell and N primitive cells 
there are pN atoms 
3 degrees of freedom for each atom, one for each direction:
a total 3pN degrees of freedom for the crystal

the number of allowed k in a single branch 
for one Brillouin zone is N:
3p phonon branches accommodate 3pN degrees of freedom

This picture is for 2-ions basis



vibration of N-ion harmonic crystal correspond to 
3N independent oscillators whose frequencies are 
those of the 3N normal modes
energy vibrations are quantized: 
�ks can have only the discrete set of values

nks = 0, 1, 2 V is the excitation number of the normal mode

phonons

equivalent corpuscular description of the normal modes:
phonon F the quanta of the ionic displacement field

the normal mode of branch s with wave vector k is in its nksth excited state

there are nks phonons of type s with wave vector k present in a crystal

thermal vibrations in a crystal are thermally excited phonons

1
2s s sn� �" )� �# *

$ +
k k k�

LA

TA
TA

LO
TO

�ks

similar to photon F the
quanta of the radiation field



lattice specific heat
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high temperature specific heat
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the classical law of Dulong and Petit3v Bc nk�

additional terms in the expansion yield the high-temperature quantum corrections to the Dulong and Petit law
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specific heat at low temperatures
the Debye model:
1. all branches of the vibrational 
spectrum are replaced with 3 
branches with ��= ck
2. the integral over the 1st Brillouin
zone is replaced by an integral 
over a sphere of radius kD chosen
to contain N allowed wave vectors

LA
TA
TA

LO
TO

�ks

k

�ks

��= ck

integration over the 
1st Brillouin zone

volume in k-space per 
wave vector is (2�)3/V  
for N atoms

3
3(2 ) 43 3

3 DN k
V
� ��

� �1 326Dk n��

kD

3

2 0

3
2 1

Dk

v ck
c k dkc

T e
�
�

�
� �( �

�

2d k dkd� 
k

D D

B D D

k c
k
�

�
�

	 � �

Debye frequency
Debye temperature F a measure of the temperature above which all modes
begin to be excited, and below which modes begin to be Yfrozen outZ

2 1/ 3(6 )D
B

c n
k

�	 �
�



0

3 3/

0

3 4/

20

( ) ( )

9
1

9
( 1)

D

D

D

T

B x
D

xT

v B x
D

u D n d

T x dxu nk T
e

T x e dxc nk
e

�
� � � �

	

	

�

" )
� # *	 �$ +

" )
� # *	 �$ +

(

(

(

�without equilibrium 
energy and the energy of
the zero-point vibrations

at low temperatures T << 	D
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phonon density of states

at low temperatures cv ~ T3

fit to T3 at low temperatures � 	D

Li   400
Na  150
K    100

	D, K

at low temperatures cv ~ T3

at high temperatures cv ~ 3nkB Dulong an Petit result
the Debye temperature plays the same role in the theory of lattice vibrations
as the Fermi temperature plays in the theory of electrons in metals 



understanding T 3 law

suppose that
all phonon modes with  wavevector less than kT
have the classical thermal energy kBT
and modes with k > kT are not excited
of the 3N possible modes, the fraction excited is
the energy density is
and the specific heat is    
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~ a few degrees Kelvin



the Einstein model
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the Einstein approximation replaces the frequency of each optical branch by a frequency �E

each optical branch will contribute  to the thermal energy density and to the specific heat

at low T the contribution of the optical modes to cv drops exponentially
it is difficult to excite thermally optical modes at low T
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