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The axioms of Quantum Mechanics 

States. A Hilbert space ℋ is associated to a given physical system, 
depending on its degrees of freedom. The state of the system is 
represented by a normalized vector in ℋ, called state vector. Given two 
systems with associated Hilbert spaces ℋ1 and ℋ2, to the composite 
system the tensor product space ℋ1⨂ℋ2 is associated .

Dynamics. The state vector evolves according to the Schrödinger 
equation.

Observables. Observable quantities are represented by self-adjoint 
operators:  

A → Â

The possible outcomes on an experiment designed to measure the 
observable are the eigenvalues |an> of the associated operator.

Born rule. In measurements, out come are random and are distributed 
with the Born rule:

ℙ[an] = |<an|𝜓>|2

where |𝜓> represents the state of the system at the time of 
measurement, and |an> the eigenstate of the observable Â associated to 
the eigenvalue an.

State vector collapse. After a measurement, the state vector |𝜓> 
changes to |an>.  This is also called the von Neumann wave function 
collapse postulate.  

See book of Sakurai [to be completed].
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Notes. In presenting the postulates, we assumed that the operator Â has 
only discrete eigenvalues, which are not degenerate. From the 
fundamental point of view not much changes if the spectrum of the 
operators is richer.

We also described what is called an ideal measurement, where the 
outcome is perfectly and uniquely identified. 
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Observables as Operators

The fact that observable quantities, such as the position or the energy 
of a particle, should be represented by such abstract objects as self-
adjoint operators, and that the possible values the observable can 
take are the eigenvalues of the associated operator, calls for an 
explanation.

In fact, this axiom can be derived by reconsidering the Born rule and 
the von Neumann collapse, together with a proper understanding of 
what happens in a (ideal) quantum measurement. 

Consider the phenomenology on a measurement MA of a certain 
variable A of a quantum system. 

1. The measurement has outcomes, which we label as an; they are 
assumed to be discrete for the sake of simplicity. they occur randomly. 

2. A measurement changes the initial state of the system; for example, 
the statistics for the outcome of the measurement MA changes if 
before it another measurement MB is performed. Moreover, the 
measurement selects a specific set of final states depending on the 
outcomes; these state are such that, if considered as initial states for 
another run of the same experiment, the outcome can be predicted 
with certainty.  Let us call |an> the state of the system after the 
measurement, whose outcome was an.

Therefore we have the association:

MA → {an,|an>}n

3. The Born rule states that if the initial state of the system is |𝜓>, the 
probability to obtain outcome an is equal to ℙ[an] = |<an|𝜓>|2.

As we see, so far we did not introduce self-adjoint operators. 
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We can easily characterize the states |an>, which so far are arbitrary (but 
normalized). 

We invoke again reproducibility: When the same measurement is 
(immediately) repeated, the outcome of the first measurement is 
reproduced. Given the Born rule, then the states |an>, are orthogonal. 
Moreover, these state must span the entire Hilbert space, otherwise the 
probability distribution given by the Born rule would not sum to 1. Hence 
the states |an>, form a basis of the Hilbert space associated to the system 
being measured.

The spectral theorem then allows to associate an operator to the elements 
{an,|an>}n according to:

Â =
X

n

an|anihan|

<latexit sha1_base64="8HjlczDdHs/GvBugIOTkfJlu2uM=">AAACGnicbVDLSgMxFM34rONr1KWbYBFclZmi6EaounFZwT6gMwx30rQNzWSGJCOUtt/hxl9x40IRd+LGvzGddqGtB25yOOdeknuilDOlXffbWlpeWV1bL2zYm1vbO7vO3n5dJZkktEYSnshmBIpyJmhNM81pM5UU4ojTRtS/mfiNByoVS8S9HqQ0iKErWIcR0EYKHc9v2X4PNL7Cl9hXWRwKDKZG5vAliC6nPs+viTyy/SB0im7JzYEXiTcjRTRDNXQ+/XZCspgKTTgo1fLcVAdDkJoRTse2nymaAulDl7YMFRBTFQzz1cb42Cht3EmkKaFxrv6eGEKs1CCOTGcMuqfmvYn4n9fKdOciGDKRZpoKMn2ok3GsEzzJCbeZpETzgSFAJDN/xaQHEog2adomBG9+5UVSL5e809LZXblYuZ7FUUCH6AidIA+dowq6RVVUQwQ9omf0it6sJ+vFerc+pq1L1mzmAP2B9fUD7gifmg==</latexit>

and this brings to the association of self-adjoint operators to 
measurements on quantum systems:

MA → {an,|an> basis vector}n → Â

Then, self-adjoint operators are a convenient way to collect the
information about an experiment on a quantum system. For example, the
average value of the observable is

hAi =
X

n

anP[an] =
X

n

an|han| i|2 = h |Â| i

<latexit sha1_base64="IWk1iC83Su7z4MdhE6qNvIhiAWc="></latexit>

and so on for all other statistical quantities.

4



We can then rephrase the axioms of QM as follows.

States. To each physical system a Hilbert space ℋ is associated (the rest 
as before). 

Dynamics. The state vector evolves according to the Schrödinger 
equation.

State vector collapse. After a measurement, the state vector |𝜓> 
changes to one among a set of selected states |an>.  

Born rule. Measurement outcomes are random and are distributed with 
the Born rule:

ℙ[an] = |<an|𝜓>|2

where |𝜓> represents the state of the system at the time of 
measurement. This implies that the states |an> from a basis of the 
Hilbert space.

Then we have the following theorem: the statistics of the outcomes of 
the measurement is fully represented by the self-adjoint operator 

Â =
X

n

an|anihan|

<latexit sha1_base64="8HjlczDdHs/GvBugIOTkfJlu2uM=">AAACGnicbVDLSgMxFM34rONr1KWbYBFclZmi6EaounFZwT6gMwx30rQNzWSGJCOUtt/hxl9x40IRd+LGvzGddqGtB25yOOdeknuilDOlXffbWlpeWV1bL2zYm1vbO7vO3n5dJZkktEYSnshmBIpyJmhNM81pM5UU4ojTRtS/mfiNByoVS8S9HqQ0iKErWIcR0EYKHc9v2X4PNL7Cl9hXWRwKDKZG5vAliC6nPs+viTyy/SB0im7JzYEXiTcjRTRDNXQ+/XZCspgKTTgo1fLcVAdDkJoRTse2nymaAulDl7YMFRBTFQzz1cb42Cht3EmkKaFxrv6eGEKs1CCOTGcMuqfmvYn4n9fKdOciGDKRZpoKMn2ok3GsEzzJCbeZpETzgSFAJDN/xaQHEog2adomBG9+5UVSL5e809LZXblYuZ7FUUCH6AidIA+dowq6RVVUQwQ9omf0it6sJ+vFerc+pq1L1mzmAP2B9fUD7gifmg==</latexit>

Self-adjoint operators do not play any fundamental role in QM. But 
they have a very important practical role. 
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Actually, canonical quantization is more than than simply assuming that 
outcomes of measurements are represented by self-adjoint operators. 
The basic properties of these operators are defined by the 
correspondence rule between classical Poisson brackets and quantum 
commutators of canonical variables:

Also the correspondence rule can be derived as a theorem, again by a
proper analysis of what a measurement is.

Le us first remind what conjugate variables are. Let us consider a one-
dimensional particle on unit mass, with Lagrangian

where x is its position. The conjugate momentum is:

x and p are canonical variables and satisfy the Poisson bracket

{x,p} = 1

The key point for our discussion is that momentum is the time derivative
of the position, and therefore it is measured ad distance covered over
time.

{A,B} ! [Â, B̂]

i~

<latexit sha1_base64="z7M3vzIUQuulZ1rhUlDknsCOXWo="></latexit>

L = L(x, ẋ) =
1

2
ẋ2 + V (x)

<latexit sha1_base64="s62kix14gXKRM22quffqFlXjgXc="></latexit>

p =
@L

@ẋ
= ẋ

<latexit sha1_base64="4bmqGZ69LtTCS12PMqoxsCbdS2g=">AAACHnicbZDLSsNAFIYn9VbjLerSzWARXJWkWHQjFN24cFHBXiAJZTKdtEMnF2YmYgl5Eje+ihsXigiu9G2cpAG19YeBj/+cw5nzezGjQprml1ZZWl5ZXauu6xubW9s7xu5eV0QJx6SDIxbxvocEYTQkHUklI/2YExR4jPS8yWVe790RLmgU3sppTNwAjULqU4yksgZG07H1GJ5Dx+cIp06MuKSIwevsh51hJOF9ljcVpDvuwKiZdbMQXASrhBoo1R4YH2oWJwEJJWZICNsyY+mm+QbMSKY7iSAxwhM0IrbCEAVEuGlxXgaPlDOEfsTVCyUs3N8TKQqEmAae6gyQHIv5Wm7+V7MT6Z+5KQ3jRJIQzxb5CYMygnlWcEg5wZJNFSDMqforxGOkgpIqUV2FYM2fvAjdRt06qTdvGrXWRRlHFRyAQ3AMLHAKWuAKtEEHYPAAnsALeNUetWftTXuftVa0cmYf/JH2+Q0DxqEt</latexit>
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Let us now move to the quantum case. In the following, we set ℏ=1. We 
assume the particle to be free

The position of the particle can take any value on the real line, therefore 
the associated operator    has eigenvalues x ∈ ℝ and eigenvectors |x>, 
which from a basis of the Hilbert space.

On the wave functions 𝜓(x) = <x|𝜓>, the operator acts as a 
multiplication operator:

since

Suppose that, as dictated by the Schrödinger equation, the dynamics is 
linear and admits a wave solution: 

If ⍵ is independent of p, the wave packet does not move in space over 
time, therefore the model is not physical. If ⍵ is linear in p: ⍵ = vp, then 
any wave packet moves with velocity v, and as such the velocity is not a 
dynamical variable (like the speed of light c). Therefore the interesting 
case is when ⍵ is at least quadratic on p:

This is what is predicted by the Schrödinger equation, for a particle with
the Lagrangian L written before.

x̂

<latexit sha1_base64="PLvRXBp8/sDs4WFVPEvUbpl15l4=">AAAB83icbVDLSgNBEOyNr7i+oh69DAbBU9gNih6DXjxGMA/YXcLsZDYZMvtgplcMIb/hxYMiXv0Zb/6Nk2QPmljQUFR1090VZlJodJxvq7S2vrG5Vd62d3b39g8qh0dtneaK8RZLZaq6IdVcioS3UKDk3UxxGoeSd8LR7czvPHKlRZo84DjjQUwHiYgEo2gk3/dsf0iRPNl+0KtUnZozB1klbkGqUKDZq3z5/ZTlMU+QSaq15zoZBhOqUDDJp7afa55RNqID7hma0JjrYDK/eUrOjNInUapMJUjm6u+JCY21Hseh6YwpDvWyNxP/87wco+tgIpIsR56wxaIolwRTMguA9IXiDOXYEMqUMLcSNqSKMjQx2SYEd/nlVdKu19yL2uV9vdq4KeIowwmcwjm4cAUNuIMmtIBBBs/wCm9Wbr1Y79bHorVkFTPH8AfW5w97vpCt</latexit>

x̂ (x) = x (x)

<latexit sha1_base64="GGgJMy20TJlwmZ9Fs/F9DMK4+fE=">AAACCXicbZDLSsNAFIZPvNZ4i7p0M1iEuilJUXQjFN24rGAvkIQymU7boZMLMxNpCd268VXcuFDErW/gzrdx2gbU1h8GPv5zDmfOHyScSWXbX8bS8srq2nphw9zc2t7Ztfb2GzJOBaF1EvNYtAIsKWcRrSumOG0lguIw4LQZDK4n9eY9FZLF0Z0aJdQPcS9iXUaw0lbbQp5ren2s0BB5iWSl4Qm6/GHT89tW0S7bU6FFcHIoQq5a2/r0OjFJQxopwrGUrmMnys+wUIxwOja9VNIEkwHuUVdjhEMq/Wx6yRgda6eDurHQL1Jo6v6eyHAo5SgMdGeIVV/O1ybmfzU3Vd0LP2NRkioakdmibsqRitEkFtRhghLFRxowEUz/FZE+FpgoHZ6pQ3DmT16ERqXsnJbPbivF6lUeRwEO4QhK4MA5VOEGalAHAg/wBC/wajwaz8ab8T5rXTLymQP4I+PjG5zOl70=</latexit>

hx|x̂| i = xhx| i = x (x)

<latexit sha1_base64="4pdgIYA/uh/HL00EsHED9BjrE8o=">AAACNnicbZDLSsNAFIYn9VbjLerSzWAR6qYkRdGNUHTjRqhgL9CEMplO26GTSZiZSEvsU7nxOdx140IRtz6CkzaLXjww8PP953Dm/H7EqFS2PTFya+sbm1v5bXNnd2//wDo8qsswFpjUcMhC0fSRJIxyUlNUMdKMBEGBz0jDH9ylfuOZCElD/qRGEfEC1OO0SzFSGrWtB7dlugzxHiNwCF+g20cqFW4kqStm/EaDuZ7UggueBsXhuel6batgl+xpwVXhZKIAsqq2rXe3E+I4IFxhhqRsOXakvAQJRTEjY9ONJYkQHqAeaWnJUUCkl0zPHsMzTTqwGwr9uIJTOj+RoEDKUeDrzgCpvlz2Uvif14pV99pLKI9iRTieLerGDKoQphnCDhUEKzbSAmFB9V8h7iOBsNJJmzoEZ/nkVVEvl5yL0uVjuVC5zeLIgxNwCorAAVegAu5BFdQABq9gAj7Bl/FmfBjfxs+sNWdkM8dgoYzfP1ubqd8=</latexit>

 (x, t) =

Z
dp c(p)ei(px�!pt)

<latexit sha1_base64="bw9yWb5FsW8z9ugQ5hjZs81XE9o="></latexit>

!p =
1

2
p2

<latexit sha1_base64="VFbXmpAJucKWFHImk0m8d87gnXg=">AAACCHicbVDLSsNAFJ3UV42vqEsXDhbBVUmCohuh6MZlBfuAJobJdNIOnUzCzEQoIUs3/oobF4q49RPc+TdO2yy09cCFwzn3cu89YcqoVLb9bVSWlldW16rr5sbm1vaOtbvXlkkmMGnhhCWiGyJJGOWkpahipJsKguKQkU44up74nQciJE34nRqnxI/RgNOIYqS0FFiHXs/0kpgMUJDCS+hFAuHcKXK3SO9d0/MDq2bX7SngInFKUgMlmoH15fUTnMWEK8yQlD3HTpWfI6EoZqQwvUySFOERGpCephzFRPr59JECHmulD6NE6OIKTtXfEzmKpRzHoe6MkRrKeW8i/uf1MhVd+DnlaaYIx7NFUcagSuAkFdingmDFxpogLKi+FeIh0lkonZ2pQ3DmX14kbbfunNbPbt1a46qMowoOwBE4AQ44Bw1wA5qgBTB4BM/gFbwZT8aL8W58zForRjmzD/7A+PwBi3KYZw==</latexit>
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Therefore:

 (x, t) =

Z
dp c(p)ei(px�p2t/2)

<latexit sha1_base64="Kn9Jo0zvc0VDqtRsJNCNEiOXqCo="></latexit>

The group velocity is v = p: a wave packet moves with a group velocity 
equal to the velocity of a classical particle (of unit mass). But being the 
dispersion relation quadratic in p, the dynamics is dispersive. Assuming 
for simplicity that the initial wave packet is a Gaussian centered in the 
origin (see book of Duerr for the general case), we have: 

 (x, 0) =
1pp
⇡�

e�
x2

2�2 +ip0x

<latexit sha1_base64="3yMJgf28BnHK54qsmwcUC0JuC7s="></latexit>

Its Fourier transform is:

 (k, 0) =

r
�p
⇡
e�

�2

2 (p�p0)

<latexit sha1_base64="scwQKmhG75mF24yGH9RykF6W+Dk="></latexit>

The wave function at time t is relatively easy to compute and the 
solution can be found on textbooks. Here we are interested in its square 
modulus, which reads

| (x, t)|2 =
1p
⇡�t

e
� (x�vt)2

�2
t

<latexit sha1_base64="lWClgZobw2KNJJvH37+rJFe+nP4="></latexit>

With v = p0 and

�2
t = �2

✓
1 +

t2

�4

◆
���!
t��2

�2

t2

<latexit sha1_base64="tQlMMNECbC5mwsRSKSSV9cjx2p4="></latexit>

8

t2

σ2



This means that for t >> σ2:

| (x, t)|2 ⇠ �p
⇡t

e�
�2

t2
(x�vt)2

<latexit sha1_base64="YjyZwdK+2y+hH6sofC7t5jYLJco="></latexit>

Now, since the wave packet is initially centered in the origin, to say that 
a particle has momentum p means that it has moved to x = pt. In other 
words, we first measure the position of the particle at time t=0 (and we 
find it in the origin), then after some time t we measure the position 
again and we find it at x = pt, and we conclude that it had a momentum 
p. We can compute such a probability density: 

P t
p ([p, p+ dp]) = P t

x ([pt, pt+ dx]) = | (pt, t)|2dx =

=
�p
⇡t

e��
2(p�p0)

2

dx =
�p
⇡
e��

2(p�p0)
2

dp =

= | (p, 0)|2dp

<latexit sha1_base64="UekC2niofgW/dnp0OuxYZ6T+dVw="></latexit>

Therefore the distribution in momentum is equal to the square modulus 
of the Fourier transform of the initial wave function at time 0. This result 
is not related to having used a Gaussian wave packet and can be proven in 
a general case. But with this example we can easily appreciate the 
different steps. 

COMMENTO sul significato del limite t >> σ2
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We further have:

hpi =

Z
dp p| (p, 0)|2 =

Z
dp ⇤(p, 0)p (p, 0)

=

Z
dx ⇤(x, 0)


�i

d

dx

�
 (x, 0)

= h 0|p̂| 0i

<latexit sha1_base64="+LSA9i5AAUyvqGhF/tQoqHAMM7U="></latexit>

with (remember we are in the position representation):

p̂ = �i
d

dx

<latexit sha1_base64="tvU5uB568y6xGJ6dWy48N9EBoIw="></latexit>

From which it also follows that

[x̂, p̂] = i

<latexit sha1_base64="qHjqdooDmv/Zcr2hXp/20qoTL4E=">AAACA3icbVDLSsNAFJ34rPEVdaebwSK4kJIURTdC0Y3LCvYBSSiT6aQdOnkwcyOWUnDjr7hxoYhbf8Kdf+M0zUJbD1zu4Zx7mbknSAVXYNvfxsLi0vLKamnNXN/Y3Nq2dnabKskkZQ2aiES2A6KY4DFrAAfB2qlkJAoEawWD64nfumdS8SS+g2HK/Ij0Yh5ySkBLHWvfc03X6xPADyc476mPLzE3Pb9jle2KnQPPE6cgZVSg3rG+vG5Cs4jFQAVRynXsFPwRkcCpYGPTyxRLCR2QHnM1jUnElD/KbxjjI610cZhIXTHgXP29MSKRUsMo0JMRgb6a9Sbif56bQXjhj3icZsBiOn0ozASGBE8CwV0uGQUx1IRQyfVfMe0TSSjo2EwdgjN78jxpVivOaeXstlquXRVxlNABOkTHyEHnqIZuUB01EEWP6Bm9ojfjyXgx3o2P6eiCUezsoT8wPn8AeMSVfQ==</latexit>

The argument can be extended to more complex situations. The 
argument has been presented by position and momentum, but works 
for any two canonical variables A and B such that B = Å, which is true if 
the Lagrangian is quadratic in A (in all physical situations, let aside the 
electromagnetic case, which can be treated separately) and if the 
Schrödinger equation is a second order differential equation with 
respect to A.  
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The measurement problem
The measurement problem is the acknowledgement that the axioms of 
QM are inconsistent because they assume two completely different 
types of dynamics:

• The Schrödinger dynamics, which is linear and deterministic 

• The collapse of the wave function, which is nonlinear and stochastic

without telling exactly when one applies in place of the other. 

In a way, there is no surprise in the fact that these two dynamics are 
present: the Schrödinger dynamics applies to well isolated system (like 
two quantum particles) while the collapse of the wave function refers to 
measurements, when a quantum system interacts with a large 
macroscopic device. Therefore one might think that the collapse is a 
simplified way of treating the system-device interaction, which is 
ultimately described by the Schrödinger equation, or one of its 
generalizations like the Dirac equation. 

We show that this is not the case. Let us consider, in rather general 
terms, a measurement process. 

Microscopic system. For the sake of simplicity, we assume that it is 
described by a finite dimensional Hilbert space ℋS, of dimension N. Let 
as call |an> a basis of the space. 

Macroscopic apparatus. It has a controllable degree of freedom, like the 
position of a pointer, or of a needle, or some outcome on a screen, 
together with many (mainly microscopic) uncontrollable/uncontrolled 
degrees of freedom. 
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We label its (normalized) state vector as |A, α>, where A denoted the 
controllable degree of freedom and α of the other degrees of freedom 
(potentially also those of the surrounding environment, if needed). 

We ask the device to have a ready state (pointer or needle set to 0, or 
empty screen) which we denote as |A0, α>, and at least N 
macroscopically different states |An, α> (n = 1, …, N) corresponding to 
the n possible outcomes. By macroscopically different states we mean 
the following. Let us call: 

Vn = {α such that |An, α>  represents outcome n, which is 
macroscopically different from all other outcomes}

We say that two outcomes An and Am (n ≠ m) are macroscopically 
different if the two associated sate vectors are almost orthogonal

with η ≪ 1. (η takes into account the possibility that wave functions 
have tails).

inf
|An,↵i2Vn,|Am,�i2Vm

k|An,↵i � |Am,�ik �
p
2� ⌘

<latexit sha1_base64="wFAqIhPpIGyaw18iNU+SsCjjYP0="></latexit>

Vn

Vm

Outcome n

Outcome m

Outcomes are 
macroscopically different = 
States from the two sets 
are almost orthogonal

12



System-Apparatus interaction. The device is initially prepared in the 
ready state |A0, α>; we do not have control on the degrees of freedom 
label by α, therefore we assume that they are distributed with some 
probability ℙ(α). In other words, the state of the state of the apparatus 
is described by a statistical mixture, typically represented by a density 
matrix. Since the density matrix formalism is ambiguous when discussing 
foundational issues (see later discussion), we keep working at the wave 
function level. 

Suppose the microscopic system is in the state |an>. The joint initial state 
is:

|an> ⨂ |A0, α>,   α distributed with prob. ℙ(α)

The measurement interaction is unitary and maps the initial state in 
some final state

|an> ⨂ |A0, α>    →   |F, an, α>

So, far, any physical interactions behave like that. But here we are 
considering special cases called measurement processes. What we 
demand is that the interaction is such that the device measures the 
observable to which, according the previous discussion, the operator 
having {|an> , n =1, .., N} as eigenstates is associated; and it does so with 
sufficient accuracy. This means that |F, an, α> should correspond, most 
of the times, to outcome n. Formally, if we define 

then:

with ε a suitably small number.

Jn = {↵ : |F, an,↵i 2 Vn}

<latexit sha1_base64="r365K+QiTjAdruqwMotaJwKfaAY=">AAACIXicbVDLSsNAFJ34tr6iLt0MFsFFKYkoiiAUBRFXFWwtJCHcTCft4GQSZiZCif0VN/6KGxeKuBN/xmmbha8DA4dzzp2Ze6KMM6Ud58Oamp6ZnZtfWKwsLa+srtnrG22V5pLQFkl5KjsRKMqZoC3NNKedTFJIIk5votuzkX9zR6ViqbjWg4wGCfQEixkBbaTQPvK9ymUo8An2C+wDz/pwjO/PaxhCUSsFX4LocYp9JnDbZP1hxQ9Cu+rUnTHwX+KWpIpKNEP73e+mJE+o0ISDUp7rZDooQGpGODVX5opmQG6hRz1DBSRUBcV4wyHeMUoXx6k0R2g8Vr9PFJAoNUgik0xA99VvbyT+53m5jo+Cgoks11SQyUNxzrFO8agu3GWSEs0HhgCRzPwVkz5IINqUWjEluL9X/kvae3V3v35wtVdtnJZ1LKAttI12kYsOUQNdoCZqIYIe0BN6Qa/Wo/VsvVnvk+iUVc5soh+wPr8A+5ig+g==</latexit>

P(Jn) � 1� ✏

<latexit sha1_base64="LJXLz3h3Jcal+2xa40QyRiRwZl4=">AAACEXicbVA9SwNBEN2LX/H8ilraLAYhFoa7oGgZtBGrCOYDckfY20ySJXt75+6eEI78BRv/io2FIrZ2dv4b95IUmvhg4PHeDDPzgpgzpR3n28otLa+sruXX7Y3Nre2dwu5eQ0WJpFCnEY9kKyAKOBNQ10xzaMUSSBhwaAbDq8xvPoBULBJ3ehSDH5K+YD1GiTZSp1Dy2nbqhUQPggDXxqWbjjjGXh/usYtPsAexYjwStud3CkWn7EyAF4k7I0U0Q61T+PK6EU1CEJpyolTbdWLtp0RqRjmMbS9REBM6JH1oGypICMpPJx+N8ZFRurgXSVNC44n6eyIloVKjMDCd2e1q3svE/7x2onsXfspEnGgQdLqol3CsI5zFg7tMAtV8ZAihkplbMR0QSag2IdomBHf+5UXSqJTd0/LZbaVYvZzFkUcH6BCVkIvOURVdoxqqI4oe0TN6RW/Wk/VivVsf09acNZvZR39gff4A5W2bLA==</latexit>
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From this it follows that

Now we can state the measurement problem. Suppose that the 
microscopic system is initially prepared in the superposition of e.g. two 
states |an> and |am>, for some fixed n and m. The by linearity of the 
interaction:

The question is: does |F, an + am, α> correspond to  some measurement 
outcome? The answer is that, in most cases, it does not. Thake α ∈ Jn,m, 
which is highly probable. Then:

This means that |F, an + am, α>  does not belong to Vn because it violates 
the orthogonality condition stated before, and as such it does not 
correspond to outcome n; by a similar argument one proves it it does 
not correspond to outcome m, and more generally to any macroscopic 
definite state.  

This is essentially the Schrödinger’s cat paradox, rephrased by taking into 
account the complexity of the macroscopic device (or of the cat), which 
does not help in changing the conclusion: the Schrödinger’s dynamics is 
not capable of taking into account the collapse of the wave function; if 
this is removed from the theory, then microscopic superpositions easily 
turn into macroscopic superpositions, which are not part of our 
experience. 

1p
2
[|ani+ |ami]⌦ |A0,↵i ! |F, an + am,↵i ⌘ 1p

2
[|F, an,↵i+ |F, am,↵i]

<latexit sha1_base64="7tglMKIAvF+29G/QCdZlWhZP8mQ="></latexit>

Jn,m ⌘ Jn \ Jm ) P(Jn,m) � 1� 2✏

<latexit sha1_base64="easWGC6lDWYOODr6mtS8hyU1D6c="></latexit>

k|F, an + am,↵i � |F, an,↵ik = k(1/
p
2� 1)|F, an,↵i+ 1/

p
2|F, am,↵ik

 1� 1/
p
2 + 1/

p
2 = 1

<latexit sha1_base64="e0qmkYgqSGNxRSGDsQuPb3pDAIs="></latexit>
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It is our conviction that a reinterpretation of the wave function (many 
worlds, consistent histories, model interpretations, relational 
approaches) does not suffice to solve the measurement problem. We 
believe that this problem indicates that the theory needs to be 
modified/replaced. In the following, we present two attempts in this 
direction.  
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Decoherence does not solve the 
measurement problem

The previous argument has shown that the quantum-to-classical 
transition, which is ensured by the collapse of the wave function, cannot 
be explained within the standard quantum formalism. 

Yet, very often it is claimed that decoherence, i.e. the interaction of a 
system with its environment, provides such an explanation: microscopic 
systems can be isolated from the surrounding environment and show a 
quantum behavior; macroscopic object cannot and therefore behave 
classically. 

There is truth in this; yet decoherence alone in not capable to solve the 
measurement problem. The reason is the following. 

+ OR

Superposition state Localized states

| i = 1p
2
[|Li+ |Ri]

<latexit sha1_base64="ExxCMGyHE668qfrLoxcZeFva+io="></latexit>

Density matrix ( in the |L>, |R> basis)
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2

✓
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◆
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✓
1 0
0 1

◆
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<latexit sha1_base64="k29xNUHvEyOrrys2sHAEEfNdaFk=">AAACF3icbZDLSsNAFIYn9VbjLerSzWApuJCQFIuCm6IbFy6q2As0oUymk3boZBJnJkKpfQs3voobF4q41Z1v47SNoK0/DPx85xzOnD9IGJXKcb6M3MLi0vJKftVcW9/Y3LK2d+oyTgUmNRyzWDQDJAmjnNQUVYw0E0FQFDDSCPrn43rjjghJY36jBgnxI9TlNKQYKY3alu21zLLjFb1TeH/pCcS7jBxC7zZFHfjDrzNuen7bKji2MxGcN25mCiBTtW19ep0YpxHhCjMkZct1EuUPkVAUMzIyvVSSBOE+6pKWthxFRPrDyV0jWNSkA8NY6McVnNDfE0MUSTmIAt0ZIdWTs7Ux/K/WSlV44g8pT1JFOJ4uClMGVQzHIcEOFQQrNtAGYUH1XyHuIYGw0lGaOgR39uR5Uy/Z7pFdvioVKmdZHHmwB/bBAXDBMaiAC1AFNYDBA3gCL+DVeDSejTfjfdqaM7KZXfBHxsc3T+uc7g==</latexit>
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In the language of the density matrix, to pass from a delocalized state to 
a localized state, one has to find a mechanics that changes a non 
diagonal density matrix (in the position representation) into a diagonal 
one. 

Decoherence does the job! Therefore we have:

| i = 1p
2
[|Li+ |Ri]

<latexit sha1_base64="ExxCMGyHE668qfrLoxcZeFva+io="></latexit>

1. Take a delocalized state 
(Schrödinger’s cat)

2. Write the state as a density 
matrxi (in position) 

1
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✓
1 1
1 1

◆
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3. Turn on decoherence and 
compute the reduced density 
matrix for the system

1
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✓
1 0
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◆

<latexit sha1_base64="XQu6AHzcDF8/zJxeVsIWHaLf/bo="></latexit>

4. Interpret the result as 
representing a localized state

The problem is that le last step is wrong. The reason is that the 
association between statistical mixtures and statistical operators is not 
1-to-1 but many-to-1:

50% |Li, 50% |Ri
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Not only it is not legitime to associate a specific statistical mixture to a 
given density matrix, without further information. In this case, the 
specific association is wrong. 

Consider two particles in a singlet state; suppose one of the two is lost. 
Then we have to trace over the degrees of freedom of the lost particle in 
order to have the reduced density matrix of the remaining one. The 
reduced density matrix (in the spin basis) is (1/2)I, as the one 
encountered before. Can we conclude that the particle has a definite 
spin?

The answer is no: if we were capable of recovering the other particle, we 
can perform a Bell test to check that the two share an entangled state. 
And in an entangled state none of the particles has a definite spin, 
according to the standard doctrine.

Similarly, in the case of a macroscopic object interacting with the 
environment, in principle we could do a Bell test involving the system 
and the particles of the environment: the conclusion – in the 
Schrödinger equation is correct – is that they share an entangled state. 
The system is not localized somewhere. Of course it is practically 
impossible to perform such a test, but here we are not worried about 
that. The important thing it that the test is not forbidden by the rules of 
QM.    

The conclusion is very simple: due to the interaction with the 
environment, the system’s wave function becomes rapidly entangled 
with it. The entanglement is such that, if a measurement (a quantum 
measurement with all the interpretative problems it carry along) is 
performed, one does not see interference in position. But the wave 
function does not corresponds to that of a localized object. 

As we anticipated, decoherence is an important physical phenomenon. 
But, alone, it does not explain the emergence of a classical world from a 
quantum one. 
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