Chapter 1
The Statistical Operator

We introduce the statistical operator formalism. After defining the statistical operator and its main properties,
we reformulate Quantum Mechanics in this new formalism. Next, we present some of the possible representations
of the statistical operator in the phase space. Examples follow along the way.

1.1 Statistical Operator and Density Matrix

In describing quantum mechanical systems, often for simplicity one assumes that the state of the system is
perfectly known. However, as for classical systems, this is not true in reality. Usually, we have only a partial
knowledge of the system, and the best we can know is represented by

{Ur,pr} with Y pe=1, (1.1)
k

where 1, are the possible states of the system, and py the probabilities for each of them to be the actual state
of the system. This is called a statistical mixture. Note that this mixture reflects a classic ignorance about the
system, that is not related to quantum indeterminism.

Clearly each state 1 evolves according to the Schrodinger equation and the usual rules of Quantum Mechanics
(QM) apply to each of them. In particular, for a system in a state described by the mixture in Eq. the
probability for an outcome o,, associated to the eigenstate |o,) of an observable O is

Plon] = > pil (onlths) 7, (1.2)
K

which shows a mixing of classical ignorance (determined by pi) and quantum indeterminism (given by
|{0|¥1)|?). Proceeding this way is possible although not ideal, since one has to consider each state separately.
A more convenient way is provided by the density matrix or statistical operator formalism.

The statistical operator is defined as follows:

p=">_ i ltbn) (V. (1.3)
k

To understand the physical meaning of g, let {|a;)}; be a basis of the Hilbert space H, of dimension n, associated
to the quantum system. Then, we can represent the statistical operator as a matrix:
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(a1]plar) (arlplaz) ... {ar|plan)

5 s py = <a2|f:3|a1> <a2|?|az> <a2|ﬂ?\an> | 14

(anlplar) {anlplas) ... {anllan)

which is called the density matrix. In practice, the density matrix and the statistical operator are often used as
synonymous, as we will do. However, as a matter of principle, the density matrix is the representation of the
statistical operator with respect to a specific basis.

Example 1.1

Let us consider a system with two degrees of freedom. The associated Hilbert space H is two-dimensional;
let {]0), 1)} be a basis of H. Let us consider the state

1
+)=—=(0) +|1)).
+) \/5(‘ )+ 11))
The corresponding statistical operator is
. 1
p= )+ = 5 (10){0] + [0) (1] + [1){0] + [1)(1]) ,

while the density matriz with respect to the chosen basis s

- (BR300

The different elements of the density matrix have specific physical meanings. The diagonal elements are

(ar|plar) = (axl¥) (lax) = arl) P, (1.5)

which represent the probabilities for the system to be found in state |a;) upon a measurement of the observable
A =", ai|ax) (ax|. The off-diagonal elements instead are

(aklplaz) = (arlP)(Plas), (1.6)

which are different from 0 only if the state |¢)) has components both with respect to the basis states |a) and
la;). As such, the off-diagonal elements measure the presence of quantum coherence among the different states
of a chosen basis. It is important to remember that the information provided by the density matrix is always
relative to the chosen basis. This is made clear by the following example.

Ezxample 1.2

Instead of representing the statistical operator in Example E with respect to the basis {|0),|1)}, we now
represent it with respect to the basis {|+),|—)}, where

1

1
+r =75 10 +11), 1= == 10 = 1)

Then, the corresponding density matriz reads

po = ({0 £0) - (00):
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The meaning of the matrixz elements is that with certainty the system is in state |+) (the corresponding
diagonal element is equal to 1), and there is no quantum coherence between the two basis states |+) and
|—) (the off-diagonal elements are null).

1.2 The physical meaning of the density matrix elements

From the previous discussion, it is clear that the diagonal elements of the density matrix have a direct physical
interpretation as probabilities of outcomes of suitable measurements, see Eq. . On the other hand, the
off-diagonal elements in general are complex numbers and as such they cannot be directly associated to an
observable. The following two examples provide a better understanding of the physical meaning of the off-
diagonal elements of the density matrix.

Example 1.3
Consider a mizture in which the state of the system is in

|0) with probability 1/2, and |1) with probability 1/2.
The corresponding statistical operator is

p =1 (loyo] + 1)),

and the associated density matriz with respect to the basis {|0), |1)} is:

_1/10
Pii =35\01)"

The diagonal elements indicate that the probability of finding the system in state |0) or|1) is 1/2, consistently
with the mixture associated to the density matriz. The fact that the off diagonal elements are 0 indicates
that no quantum coherence among the two basis states can be observed, since the system is never in a
quantum superposition of |0) and |1).

Example 1.4
Consider the following statistical mizture, which is physically different from that of Example|1.3:

1
2
1

V2

Now, a straightforward calculation shows that the statistical operator is the same as that in Ezample [1.3:

|+) (|0) + |1)) with probability 1/2,

5

|—) (|0) — |1)) with probability 1/2.

(10)€0] + 1)),

ﬁ:

| —

and therefore also the associated density matriz with respect to the basis {|0),|1)} is the same

,._1 10
Pii = 5\01)"
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Accordingly, the physical interpretation of the diagonal and off-diagonal elements is also the same: no
quantum interference is detected in spite of the fact that each state contributing to the statistical mizture
18 1N a superposition.

The physical situations described in the two Examples above are quite different. In Example the system
is not in a superposition of the basis states |0) and |1), while it is in Example Nevertheless, the density
matrix is the same in both cases. These two Examples teach us something important: the statistical operator
formalism is a many-to-one map between the set of statistical mixtures and the set of statistical operators:
different statistical mixtures can be associated to the same statistical operator.

1.3 Propriesties of the Statistical Operator

The statistical operator as defined in Eq. (1.3), i.e. p = >, pi [¢x) (1|, shares three important properties.

1. Tt is a linear operator; given two vectors ), |¢) € H and two coefficients a, b € C, one has:

plal) +b|8) = prlve) (Wl (al) +b¢),
k

= (aZPk k) (Wrlip) + 5> pr |voe) (Wl@) : (L.7)
p p

=apl) +bplo).
2. It is a positive operator:

(Wlply) = Zpk (Wl (Welv) = Zm (Wlew) |2, (1.8)

which is non-negative for every [¢) since py > 0.
3. The trace is 1; given a basis {|¢,,)} of the Hilbert space, we have:

Tr(p) = (6nl <Zpk k) <¢k|> [Pn)
n k

= m <Z|<¢n|¢k>|2>, (1.9)
k n

= Zpk|\¢k\|2 = Zpk =1,
k k

where in the last line we used the fact that the vectors |1;) defining the statistical mixture associated to the
statistical operator are normalized, and that the probabilities pi sum to 1.

These three conditions turn out to be not only necessary but also sufficient conditions to characterize a
statistical operator. As a matter of fact, let us consider a linear and positive operator p over finite dimensional
Hilbert space H. Then, p is self-adjoint (this follows from its positivity), and therefore it admits a spectral
decomposition in the form

p= ZM\W) (Y], (1.10)
%

where { Ay } are non-negative eigenvalues and { |¢x) } are orthonormal eigenstates of p. The trace condition
implies that ), Ax = 1, meaning that the coefficient { Ay } can be interpreted as probabilities. This allows to
call j a statistical operator.
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Note that, while the decomposition of the statistical operator as an ensemble of state in general in not
unique (as discussed in the previous section), the spectral decomposition instead is unique. Moreover, for a
generic statistical mixture the states need not to be orthogonal, while for the mixture associated to the spectral
decomposition they are.

1.4 Pure states and statistical mixtures

There are two important classes of statistical operators, which are called respectively pure states and statistical
mixtures.

- Pure states: A statistical operator represents a pure state when it corresponds to a unique vector in the
Hilbert space. In such a case, it can be represented as

p =) (Yl (1.11)

Here, one has maximal knowledge about the states of the system, compatibly with the rules of quantum
mechanics (the indeterminacy principle still applies).

- Statistical mixture: When the state is not pure, we have a statistical mixture reading

p=">_ prltbk) (Yl (1.12)
k

where, of course, more than one probability pj is different from zero.

Given a density matrix, it is not always straightforward to understand if it corresponds to a pure state or to
a statistical mixture. A first criterion to discriminate between the two is based on the purity of the state. For a
pure state one has that

P2 =p. (1.13)

Exercise 1.1
Prove that the relation in Eq. (L.13)) holds for pure states.

This result can be summarized in the following theorem.
Theorem 1.1. A statistical operator p is pure if and only if p? = p, otherwise it is a statistical mizture.

When the dimension of the Hilbert space is large, it is not computationally easy to compare p with 52, and
a simpler criterion is desirable. The following theorem is easy to prove.

Theorem 1.2. Let p be a statistical operator. Then, in general one has that
Tr [p%] <1, (1.14)

where the equality holds if and only if p is a pure state.

FExercise 1.2
Prove that the relation in Eq. (L.14]).

Computing the trace of a matrix is computationally easier than comparing two matrices, as the first operation
scales with the dimension of the Hilbert space and the second with its square. Therefore, Theorem is that
commonly used to verify the purity of a state.
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1.5 The Bloch Sphere

Two dimensional quantum systems are the easiest example of quantum systems, and they are typically used
to set the ground for studies of more complex systems. Moreover, they are particularly relevant since they can
encode the qubit, the unit of quantum information. Let us then consider a two dimensional Hilbert space H and
its computational basis { |0),|1) }, which is commonly known as the computational basis. A density matrix p
on H when represented on a basis becomes a 2 x 2 matrix of the form

p= (‘C‘ Z) with a,b,¢,d € C. (1.15)

In principle, these four coeflicients represent 8 degrees of freedom. However, one can show that the density
matrix can be written in terms of three real numbers as follows

L/l 1+r, ry—iry
p:§ ry +ir, 1—r ’
T Y z

1(/10 01 0—i 10
== 1.16
QKOI)—H“I(IO)—F@(Z. O>+rz<01>}, ( )
l4+4r-o
2 ?
where o = (04, 0y,0.) are the Pauli matrices and r = (x,y, z) three real coefficients, where |r| < 1. We see that
the density matrix is fully controlled by the three-dimensional vector r, which is called the Bloch vector.

Ezxercise 1.3
Prove that, by imposing i) pT = p, i) Tr[p] = 1, iii) p > 0, one can describe a two dimensional density

matriz as in FEq. (1.16).
1
4

Let us consider the square of p
1+2r: 0'—|—ZT11"3010] , (1.17)
ij

15 . . N
=1 1+2r-0'+||r|\2+zzri7“j€ijk0k )
ij

where we used the relation 6;6; = 5,;ji +1) . €jk0% With €5, indicating the Levi-Civita symbol (described by
having €123 = 1 and being odd for any permutation of two indexes). It follows that

Tr [p?] = % (L+r|]?) . (1.18)

Given the results of the previous section, the condition Tr [p?] < 1 implies that |[r|[* < 1, where the equality
holds only for pure states. This leads to a rather natural way of representing the Bloch vector as a point of a
sphere of radius 1, which is called the Bloch sphere. Each point inside the sphere or on its surface represents a
density matrix. If the point lies on the surface, it represents a pure state. If it is inside, it represents a statistical
mixture.
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Example 1.5
The mazimally mized state is p = 1/2. In this case v = 0, which corresponds to the center of the Bloch
sphere.

A (pure) state vector can be written as |[¢)) = a |0) +b|1), where its normalization implies that |a|? + [b]? = 1.
Given such a constraint on the norm, it also admits a Bloch representation

[v) = cosg |0) 4 €% sing 1), (1.19)

which is unique, up to an unimportant global phase. The associated density matrix reads

260 —ip 0 .0
Ccos” & e " cos 5 sin 2
P=\ =i @ 0 AT (1.20)
e Spcos§sm§ sin” 3
whose Bloch vector is
r = (sinf cos p, sin 6 sin p, cos ), (1.21)

and represents, in spherical coordinates, a point on the surface of the Bloch sphere (indeed, here we have
[lr]| = 1). We see that the Bloch sphere representation of a pure state is the same whether ones considers the
representation of the state vector or that of the corresponding density matrix, as it should be. The computational
basis vectors |0) and |1), which are also eigenstates of &, correspond to the intersection between the Bloch sphere
and the z axis. Similarly, the eigenstates of 6, correspond to the intersection with the z axis, and those of &
with the axis y, see Fig. (1.1

[16=1.037, ¢ =5.906]| |qubit>:( 0.869 )

0461 -0.1821

Fig. 1.1: Representation of the state |qubit) in the Bloch sphere (red arrow). The eigenstates of 6;, i = z,y, z,
are also explicitly represented.
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Exercise 1.4
Prove that the Bloch vector r appearing in Eq. (1.16) can be obtained from r = Tr [6p].

1.6 Quantum Mechanics in the Density Matrix formalism

It is quite straightforward to rewrite the axioms of QM in density matrix formalism. The rules are the following.

States. To every physical system, an Hilbert space H is associated. The state of the system is represented by a
statistical operator p. We remind that they admit the following decomposition

p= prltw) (Pl, with Y p=1, (1.22)
k

k

where the states |¢y) are normalized.

Evolution. Since each state |1)y) evolves according to the Schrodinger equation, it follows that the evolution of
p is given by

i P = Ek:pk [(z’hdt Iwk>> (W] + [vr) (ihdt @mﬂ : (1.23)
which amounts to 1
ihaﬁt = [ﬁvﬁt} ) (1.24)

to be solved with the initial condition py = p. This is known as von-Neumann-Liouville equation. It should be
clear that its dynamics content is equivalent to that of the Schrédinger equation.
The formal solution of the von-Neumann-Liouville equation is provided by

Py = ﬁtﬁoﬁ;r, with U, = exp {—if{t/h} , (1.25)

where, for simplicity, we are considering the case of a time independent Hamiltonian. Due to the cyclic property
of the trace (Tr {ABCA’} =Tr [C’AB} ), and since U, is unitary, one has

Tt (3] = T [CopoUf | = T [0 Dupo| = T [p0] = 1, (1.26)

indicating that trace is preserved, as it should be. Physically, it means that the probabilities are conserved.
This is a property inherited from the Schrodinger equation. Also the trace of the square of the density matrix
is conserved: o R R

Tr [p2] = Tr [UtﬁOUjUt,;OUJ } =Ty [UtﬁoﬁoUJ } =Tr[p2]. (1.27)

This means that pure states are mapped into pure states. Again, this is not a surprise, since a state vector re-
mains a state vector under the Schrédinger evolution. Similarly, statistical mixtures are mapped into statistical
mixtures: our ignorance about the state of the system propagates (linearly) during the evolution.

Observables. Observable quantities are represented by self-adjoint operators on H. This axiom does not change
with respect to the usual one.

Measurements. Since we are working within the quantum formalism, the possible outcomes of a (ideal) measure-
ment of an observable A correspond to the eigenvalues a,, of the corresponding self-adjoint operator A, whose
spectrum is assumed to be discrete for simplicity. The outcomes are randomly distributed according to the Born
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rule. In the language of the density matrix, these statements translate as follows. Given the state

p=> prlvw) (Wil (1.28)
k

one has that the probability of having a,, as an outcome of the measurement is given by

Plan] = > pel (anltn) 1P = Y pr (anlvon) ($rlan) = {anlplan) , (1.29)
k k

where the first equality encodes the Born rule (| {a,|vr) |?) with an average over our ignorance about the state of
the system (the sum over k with weights py). Let us consider the projection operator P,, = |a,) (a,| associated
to the eigenvalue a,. It is quite simple to see that an equivalent way of writing Eq. (1.29) is

Pla,] = Tt {75”[3} . (1.30)
In a similar way, one can show that the expectation value of an observable is
(A) = Tr [Aﬁ] . (1.31)

State collapse. The density matrix allows to describe two different types of measurements, with associated state
collapse. The first type is called selective measurement, and corresponds to that usually described in textbooks.
Assuming that the outcome of the measurements of the observable A is an, then the state collapses to the
corresponding eigenstate, whatever the initial state was. In the density matrix formalism, this corresponds to:

ﬁbefore = ﬁafter = |an> <an| ) (132)

which can be rewritten as o
PrpPr,
Tr [Pup]
Note that the effect of the collapse is nonlinear, and it cannot be deduced from the Schrédinger equation, which
is linear. Notably, an initially mixed state becomes pure, indeed one has that (patter)? = Patter- This property

of the collapse is well known, and it is important as it gives the means to prepare a system in a given state.

The other possibility is a non-selective measurement, where all outcomes are retained and distributed ac-
cording to the Born rule. Correspondingly, one has

pAbefore = /safter - (133)

Phefore = Pafter = an P ) (134)

n Tr {75” ﬁ]

with p, = Pla,] = Tr [Pn /3} . Note that, conversely to the previous case, this operation is linear since the above

equation can be trivially expressed as

ﬁbefore = pAafter = Z ﬁnﬁ,ﬁn (135)

Finally, we note that a non-selective measurement can turn an initially pure state into a statistical mixture.
Indeed, one has that
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2
Tr <Z ﬁnpﬁn> —Tr Zﬁnﬁﬁnﬁ] =3 T [PuiPui]
9 2
<> (nfp])’ < (Tw[]) -1

To summarise, selective measurements are nonlinear operations which generate pure states, while non-selective
measurements are linear operations which generate statistical mixtures.

(1.36)

Ezxzample 1.6
Consider a two dimensional system whose Hamiltonian is H= 0., where we set h =1 and in the compu-
tational basis &, is represented by
o <1 0 >
= \0-1)"

In the Bloch representation, the von Neumann-Liouville equation %ﬁ =—1i [ﬁ, [)} reads
r-o 8 re A i A A
= [62,1] — §Zrk [62,0%] -
k

Given that [c}z, i] =0 and [6,,61] = 2i Zj €505, and that the set of matrices { i,&m,&y,c}z } is a basis
of space of 2 X 2 matrices, we obtain three equations for the coefficients of the Bloch vector

e = =y, Ty =2y =0
whose solution is
Ty = cos2t, T, =sin2t, r, = const.

The Hamiltonian 6, makes the Bloch vector rotate around the z axis of the Bloch sphere, both for pure
states and for statistical miztures. Similarly, 6, makes the Bloch vector rotate around the x axis and &,
around the y axis.
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