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Observation of Gravitational Waves from a Binary Black Hole Merger

B.P. Abbott et al.”

(LIGO Scientific Collaboration and Virgo Collaboration)
(Received 21 January 2016; published 11 February 2016)

On September 14, 2015 at 09:50:45 UTC the two detectors of the Laser Interferometer Gravitational-Wave
Observatory simultaneously observed a transient gravitational-wave signal. The signal sweeps upwards in
frequency from 35 to 250 Hz with a peak gravitational-wave strain of 1.0 x 1072!. It matches the waveform
predicted by general relativity for the inspiral and merger of a pair of black holes and the ringdown of the
resulting single black hole. The signal was observed with a matched-filter signal-to-noise ratio of 24 and a
false alarm rate estimated to be less than 1 event per 203 000 years, equivalent to a significance greater

than 5.16. The source lies at a luminosity distance of 410f11§8 Mpc corresponding to a redshift z = 0.091“8"82.

In the source frame, the initial black hole masses are 361“2 M and 29ij o- and the final black hole mass is

621 M, with 3.0102 M c? radiated in gravitational waves. All uncertainties define 90% credible intervals.
These observations demonstrate the existence of binary stellar-mass black hole systems. This is the first direct
detection of gravitational waves and the first observation of a binary black hole merger.

DOI: 10.1103/PhysRevLett.116.061102
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Understanding chirps in very simple terms

Consider a body of mass m orbiting around a center of mass with associated mass M in a
circular orbit of radius r.

The total energy is

1 M
gLl o GMm
2 r

and equating the centripetal force to the gravitational force, we find




Now, assume that there is a simple frictional energy loss at each orbit, due to the
frictional force

GM
r

b, =—yv=—v

then the energy loss per orbit is

AFE ~ F,. X 2nr = —27yVGMr

Since the period of each orbit is

2
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so that the initial negative total energy becomes more and more negative



We can also compute radius of the orbit, speed and orbital frequency
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Now, assume that the frictional force is proportional to acceleration, then

v? GM
br=—=—"=—

r

then

AFE ~ F,. X 2nr = =2nyvwWGMr

and the differential equation for the energy loss is

dE AE (GM)3/2 (2\]3)3/2
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or also
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This form of the total energy means that there is a extreme time that corresponds
to "infinite bounding energy" and which is given by

2 m 3/2
tmax = ‘ ( )

2

In addition, we also find




To understand chirps in GR binary systems we need deeper physical
concepts

The kind of two body system that we want to consider contains two compact objects
(black holes or neutron stars)

The first well-studied system was discovered in 1974, the binary pulsar PSR 1913+16, in
the constellation Aquila.

THE ASTROPHYSICAL JOURNAL, 195:L51-L33, 1975 January 15
© 1975. The American Astronomical Society. All rights reserved. Printed in U.S.A.

DISCOVERY OF A PULSAR IN A BINARY SYSTEM

R. A. Hurse axp J. H. Tavior
Department of Physics and Astronomy, University of Massachusetts, Amherst
Received 1974 October 18

ABSTRACT

We have detected a pulsar with a pulsation period that varies systematically between 03058967 and 05059045 over
a cycle of 0¢3230. Approximately 200 independent observations over 3-minute intervals have yielded a well-sampled
velocity curve which implies a binary orbit with projected semimajor axis a; sin 4 = 1.0 R, eccentricity e = 0.615, and
mass function /() = 0.13 M. No eclipses are observed. We infer that the unseen companion is a compact object with
mass comparable to that of the pulsar. In addition to the obvious potential for determining the masses of the pulsar and
its companion, this discovery makes feasible a number of studies involving the physics of compact objects, the astro-
physics of close binary systems, and special- and general-relativistic effects.

Subject headings: binaries — black holes — neutron stars — pulsars — relativity
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RIGHT ASCENSION (1950)

BINARY PULSAR PSR 1913 + 16 is in the constellation Aquila at the coordinates that sup-
ply its designation: right ascension 19 hours 13 minutes and declination +16 degrees. Its posi-
tion is marked by the reticle. It is estimated that the binary pulsar is some 15,000 light-years
away, too far for it to be observed optically even with the most powerful existing telescopes.
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POSSIBLE SILENT COMPANION OF PSR 1913 + 16 is marked by a reticle in this com-
puter plot of visible-light photons recorded with a video camera on the four-meter telescope
of the Kitt Peak National Observatory. The observation was made by J. A. Tyson of Bell Labo-
ratories. It has been suggested that the object is a helium-core star: a star near the end of its life
that has ejected its outer layers into space, leaving behind a dense core consisting mostly of
helium. If the companion is actually another neutron star, as the authors suspect, its visible ra-
diation could not be detected by existing optical telescopes. In that case the object here would
probably be a faint star that happens to lie at nearly the same position as the binary pulsar.



Time (s)

FIG. 4. Pulse profiles obtained on April 24, 1992 during a five-
minute observation of PSR 1913+16. The -characteristic
double-peaked shape, clearly seen in the de-dispersed profile at
the bottom, is also discernible in the 32 individual spectral
channels.



First steps: accurate determination of orbital parameters according to classical Keplerian
theory
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Velocity curve for the binary pulsar. Points represent measurements of the
pulsar period distributed over parts of 10 different orbital periods. The curve
corresponds to equations from Aitken, with the following orbital

parameters:
PARAMETERS OF THE BINARY _PULSAR ELEMEXNTS OF THE ORBIT
«(1950.0) = 19h13m13s + 4= K, =199 &+ 5km s
8(1950.0) = +16° 00'24” + 60” P, = 27908 + 7s
! = 49:?9 e = 0.615 £ 0.010
b= 201 w= 179° + 1°
Pem = 03059030 £ 0:000001 T = JD 2,442,321.433 £ 0.002
i | APem/dt <1 X107 arsini = 1.00 £ 0.02 Ry
- A DM = 167 £ 5em™? pe fOn) = 013 £ 0.01 Mo
second ed. 1935 Sis0 = 0.006 + 0.003 Jy
(https://archive.org/details/binarystars00aitk/page/n8) We<10ms
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LINE OF SIGHT

ORBIT OF PULSAR PSR 1913 + 16 lies in a plane tilted about 45
degrees from the line of sight. Like the more than 300 other pulsars
discovered since 1967, PSR 1913 + 16 is thought to be a neutron star,
20 to 30 kilometers in diameter, that emits a radio beam that sweeps
past the earth at precisely spaced intervals synchronized with the
star’s rate of spin. For PSR 1913 + 16 the spin rate is 16.94 revolu-
tions per second. Unlike the large majority of other pulsars, PSR
1913 + 16 travels in an orbit around a companion star whose presence
was inferred from a Doppler shift in the arrival time of the pulsar’s

“beeps.” The beeps arrive slightly more frequently when the pulsar is
traveling toward the earth and less frequently when the pulsar is re-
ceding, A complete picture of the pulsar’s orbit around the center of
mass of the binary system was derived through careful measure-
ments of the Doppler shift in combination with an analysis of subtle
gravitational effects predicted by the general theory of relativity. The
theory made it possible to calculate that the pulsar and its compan-
ion are both 1.4 times as massive as the sun and that the separation
of the two stars varies from 1.1 to 4.8 times the radius of the sun.




Further refinement: use GR to constrain all the remaining parameters
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FIG. 5. Orbital delays observed for PSR 1913+ 16 during July,
1988. The uncertainty of an individual five-minute measure-
ment is typically 50 000 times smaller than the error bar shown.
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Many theoretical corrections, one of them
is the Shapiro time delay in the binary
system. This delay can be used to
determine the mass of the companion NS.
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FIG. 8. Measurements of the Shapiro time delay in the PSR
1855409 system. The theoretical curve corresponds to Eq.
(10), and the fitted values of r and s can be used to determine the
masses of the pulsar and companion star.



COMPANION STAR

+

250 MILLIQN YEARS

SHRINKING OF PULSAR’S ORBIT is projected on the basis of
evidence that orbital energy is being converted into gravitational ra-
diation, as is predicted by the general theory of relativity. According
to the theory, the orbit of PSR 1913 + 16 should shrink by 3.1 milli-
meters per orbital revolution, or 3.5 meters per year. The orbital pe-
riod should decrease accordingly by 6.7 X 10-8 second per orbit, or

DIAMETER OF THE SUN

7.6 < 10 7 second per year. This iny change is messurable because it
leads to a constantly accumulating deviation in the time of periastron
passage. Here the orbit is drawn fo scale as it will appear every 50
million years in the future until the two stars coalesce 300 million
years from now. For comparison the sun is shown at the same scale.
PSR 1913 + 16 is thought to be a 50,000th the diameter of the sun.
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ADVANCE OF PERIASTRON in the orbit of PSR 1913 + 16 has provided one of the first
clear observations of a general-relativistic effect involving bodies outside the solar system.
The periastron advances, or rotates, as the elliptical orbit of PSR 1913 + 16 itself rotates in a
plane because of the curvature of space-time in the vicinity of the pulsar’s massive compan-
ion. In this diagram the effect is greatly exaggerated. The general theory of relativity predicts
a periastron advance of about four degrees per year in the orbit of PSR 1913 + 16, the exact
value depending on the total mass of the pulsar and its companion. The authors’ measurements
show the periastron is advancing 4.2 degrees per year, in good agreement with the prediction.

GR prediction———

Accumulated shift of orbital phase (s)
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FIG. 10. Accumulated shift of the times of periastron in the
PSR 1913+ 16 system, relative to an assumed orbit with con-
stant period. The parabolic curve represents the general relativ-
istic prediction for energy losses from gravitational radiation.






Now we consider in greater detail the physics of binary systems

The emission of GW's produces a circularization of the orbit, and here we consider only
circular orbits.

In the CM system, conservation of
momentum requires

miriwWw = MoTrow

\ 4

miry = Mmaro

Moreover, the masses experience a ‘

centrifugal acceleration that must be
balanced by the gravitational force,
so that

Gm1m2
(r1 +12)?

m1r1w2 — m2r2w2 —



The last formula can be rearranged to obtain

! (ri +19)2" 7 (r1 + 7rg)2

and therefore we find the following variant of Kepler's third law

2 _ G(my +my)
(r1 4+ 172)3

W

Notice also that the moment of inertia of the system about the CM is

2

2
I = mqyr] + maor5 = marira + myrire = (m1 + mz)T1"“2

(m1 + mg)QT . m%rlrg + m%rlfrg + 2m1meriTs
mi + mo mi + mso
m1mao 2

= (71 4 12)

mi + mo




Then we find

or also




What about gravitational waves?

There is no dipole radiation with GW.

Recall the definition of the dipole moment for a distribution of masses

P = Zmiri
i

and its time derivative in a system of masses which are under the action of internal forces
only is

p = Z m;Vv,; = constant

1

from the conservation of total momentum. Finally, this means
p=0

i.e., there cannot be any radiation that is proportional to the second derivative of the
dipole moment, as one would expect from an analogy with EM radiation.



Now recall that the multipole expansion is derived from the following identity

1 1 =, 7t
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Legendre polynomials

The quadrupole moment is associated with the Legendre polynomial of degree 2

1
Ps(cos ) = 5(3 cos? 0 — 1)

in particular it is derived from
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When we extend the last calculation to many masses, we find

A

m; PN ~
Z 2( : (3 T(),5T ),k — T(Qz')5j,k) R; R, = Q; jR;j Ry

| N

Quadrupole tensor

The quadrupole tensor is related to the tensor of inertia

3 1 3 1
Qij =) _ma (2 T(i),4T (i)~ 27“(22-)53',1@) = 51ig — 5tr(0)dj



By analogy with the EM radiation and on dimensional grounds, we expect then that
the radiated power is proportional to the "square"” of the quadrupole moment, i.e.
to the "square" of the tensor of inertia:

P..q = al?Ww"G"c¢¢

with a adimensional constant (this representation holds in the frequency domain).
From dimensional analysis we find

GT2w°
5

Prag = @

The constant can be found only with a full GR treatment and one finds o = 32/5.

In terms of the quadrupole tensor, the full formula in the time domain is

p LGN QY
e 5 ¢ 4 dt3
7,k

Since the quadrupole tensor is symmetric, the emitted radiation has frequency 2o



After the general considerations let's get back to the binary system

We can replace the expression of the moment of inertia and that of its rotation
frequency to eliminate both the moment of inertia and the spatial separation between
the masses in the formula for the radiated power:

G'/? (mimy)” ,10/3
cD (ml _|_m2)2/3

Pbinary —

This radiated power corresponds to the rate of change of the total energy of the binary
system

. 1 G*Pmumy 44 » dBo
ot — T w
tot 2 (m1 + m2)1/3 dt

and equating the expressions we find

pr— w _
3 (m1 -+ m2)1/3 dt

5
MM ¢ 1 495 dw

(m1 —|—m2)1/3 - G5/3 3a “ dt




It is customary to define the "“chirp mass" as follows:

Iy (myms)3/? 3 /1 _11/3 duo\ 375
p— p— W _
(ml + m2)1/5 G \ 3« dt

Then, using the chirp mass and the emitted frequency we can write

(5 g daf 3/5
— _ | 2 /3 —11/3 *J
M=73 (967T / dt)

which is the only equation in the "discovery paper". This shows that the chirp mass
can be derived from the observation of the frequency alone.

After integration, one can also approximate as follows

5/3

G _ _
8amd/3 AM>5/3 (t—to) = f 8/3 ; 8/3

cO

RL—
G Rat) (nfo)




N Ul
ol =
S N

!

Frequency (Hz)
=
N
(00

04
32
0.30 0.35 0.40 0.45
Time (s)
fo ~ 42 Hz f>> f()

@t=0.35s @t=0.43s

Compute the value of the chirp mass in units of solar masses, where My ~ 2 X 1030 kg



Recall the formula for the Schwarzschild radius

2G M
Rg =

C

We can assume that coalescence stops when the separation between the two masses
is equal to the sum of their Schwarzschild radii

2G
1 —|-7“2 — _02 (m1 —I—mg)
at this separation

G(mi+mg)  ° 1
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f ~ 300 Hz
Qt=0.43s

Use the equations below and the value of the chirp mass to estimate the two masses

3/5 o3 1
mi + meo =
T VRG Tfs

M:



What is the initial separation of the two black holes? How does this compare with
the Schwarzschild radii?

We can use the equation of the frequency as a function of the separation between
masses

G(m1 + ms2) G(my + mo)
2 p— p—
YT (7“1 + 7“2)3 » & + "2 7T2f2

1/3

. 512 |
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Time (s)
fo ~ 42 HZ

Qt=0.35s



We can use the formula for the total energy to approximate the total radiated
energy

and this is roughly equal to the total radiated energy.

Compute this estimate of the total radiated energy for GW150914 (in solar masses)
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Amplitude and intensity of the GW

From elementary dimensional analysis we find

f203
G

where the adimensional constant can determined by the full GR calculation:

B=m/2

z-rad — 6h2

Using the inverse square law

2
Lrad = Prad/47TR
and the equation for the radiated power

32 G7/3 (m1m2)2

Pra _ 10/3
175 (mq 4 mg)2/3 (mf)

find the distance, using b ~ 10721 @ f ~ 250 Hz
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The Last Three Minutes: Issues in Gravitational-Wave Measurements
of Coalescing Compact Binaries

Curt Cutler,(!) Theocharis A. Apostolatos,(!) Lars Bildsten,(!) Lee Samuel Finn,® Eanna E. Flanagan,(!
Daniel Kennefick,(') Dragoljub M. Markovic,() Amos Ori,(V) Eric Poisson,!) Gerald Jay Sussman, (1)@
and Kip S. Thorne(®
M) Theoretical Astrophysics, California Institute of Technology, Pasadena, California 91125
() Department of Physics and Astronomy, Northwestern University, Evanston, Illinois 60208
(Received 24 August 1992)

Gravitational-wave interferometers are expected to monitor the last three minutes of inspiral
and final coalescence of neutron star and black hole binaries at distances approaching cosmological,
where the event rate may be many per year. Because the binary’s accumulated orbital phase can
be measured to a fractional accuracy <« 10~2 and relativistic effects are large, the wave forms will
be far more complex and carry more information than has been expected. Improved wave form
modeling is needed as a foundation for extracting the waves’ information, but is not necessary for

wave detection.



We shall assume (as almost always is the case) that
the binary’s orbit has been circularized by radiation re-
action [10]. Then the only parameters \; that can sig-
nificantly influence the inspiral template’s phasing are
the bodies’ masses, vectorial spin angular momenta, and
spin-induced quadrupole moments (which we shall ignore
because, even for huge spins, they produce orbital phase
shifts no larger than ~ 1 [8]). More specifically, the num-

ber of cycles spent in a logarithmic interval of frequency,

dNye/dIn f = (1/27)(d®/d1n f), is

dNeye 5 1 743 11 p
= 1+l e+ —=—= )¢
dln f 967 uM?2/3( f)5/3 336 4 M

—[4m +S8.0.)z!% + [S.8.])z? + 0(332'5)}. (1)

Here M is the binary’s total mass, p its reduced mass,
and z = (mM f)?/3 ~ M/D the PN expansion parameter
(with D the bodies’ separation and ¢ = G = 1). The PN
correction [O(z) term] is from [13]. In the PN correc-
tion [O(z!®) term], the 47 is created by the waves’ in-
teraction with the binary’s monopolar gravitational field
as they propagate from the near zone to the radiation
zone [14], and the “S.0.” denotes contributions due to
spin-orbit coupling [15]. In the P2N correction the “S.S.”
includes spin-spin coupling effects [15] plus an expression
quadratic in /M. (For bodies with sizes comparable to
their separations, the spin-orbit and spin-spin terms are
of PN order; but the compactness of a BH or NS boosts
them up to P°N and P2N, respectively; cf. [15].)



» Numerical relativity and post-Newtonian calculations



Merging black holes, side view
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Merging black holes, top view




What is the role of signal filtering?
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GW amplitude spectral density on Sept. 14 2015
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'LIGO's GRAVITATIONAL-WAVE DETECTIONS

\
GW150914;
DISCOVERED: \
;4-095‘:13 GW151226,
2 iR 26.12.2015
62 funsses 1.4 SN g N
366 KILOMETRES IN e SN |_Gw1 701 04J
DIAMETER 2 SOLAR DISCOVERED:
N\ MASSES 04.01.2017
124 biamerer FOHTVEAR o

e SOLAR
49 MASSES

289 piamerer

N\

BILLION BILLION BILLION
LIGHT YEARS LIGHT YEARS LIGHT YEARS
DID YOU KNOW ? .
e SOLAR MASS s —— .
A STANDARD UNIT OF-MASS -
in ASTRONOMY 2 .
IT IS EQUAL TO ®

HE mass of THE SUN

EQUAL TO APPROXIMATELY

1.99 X 10%°k¢

I A \
Laser Interferometer e AVATATLI ‘OZQ,'&LV
Gravlttatlonal Wave Observatory M)
pvv ted by Calte nd M T ARC Centre of Excellence for Gravitational Wave Discovery




GW amplitude spectral density on April 21 2019

[1239840018-1239926418, state: Locked)]

GEO-LIGO-Virgo gravitational-wave strain
v

m GEOG00
m Hanford
B Livingston
M Virgo

o
o
|
o
—

GW amplitude spectral density [strain/v/Hz]

10 N (1 N (1
Frequency [Hz]



GraceDB — Gravitational Wave Candidate Event Database

[ HOME | SEARCH | LATEST

DOCUMENTATION | | LoaiN

Latest — as of 3 May 2019 07:12:31 UTC

Test and MDC events and superevents are not included in the search results by default; see the query help for information on how to search for events and superevents in those categories.

Query:

Search for: Superevent B

Search
uTC
uiD Labels t_start t o t_end FAR (Hz) Created
S190426c  DQOK EMBRIGHT_READY PASTRO_READY SKYMAP_READY ADVOK GCN_PRELIM_SENT 1240327332.331668 1240327333.348145 1240327334 353516 L947e-  2019-04-26 15:22:15
5190425z DQOK SKYMAP_READY EMBRIGHT_READY PASTRO_READY ADVOK 1240215502.011549 1240215503.011549 1240215504.018242 35>0¢  2019-04-25 08:18:26
$190421ar DQOK EMBRIGHT_READY PASTRO_READY SKYMAP_READY GCN_PRELIM_SENT ADVOK 1239917953.250977 1239917954.409180 1239917955.409180 (489~  2019-04-2121:39:16

DQOK SKYMAP_READY PASTRO_READY EMBRIGHT_READY ADVOK GCN_PRELIM_SENT 1.683e- 2019-04-12 05:31:03

1239082261.146717 1239082262.222168 1239082263.229492

Rl ' PE_READY 27 utc
$1904082n 000K ADVOK SKYMAP_READY PASTRO_READY EMBRIGHT_READY GCN_PRELIM_SENT 1236762699.268296 1238762700.287958 1238782701, 350863 2 311e-  2019-04-08 18:18:27
$190405ar DQOK SKYMAP_READY EMBRIGHT_READY PASTRO_READY ADVNO 1238515307.863646 1238515308.863646 1238515309.863646 o, ' ¢ oL 04705 16:01:36
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MSc and PhD theses are available in the Virgo-TS group

The work done in the group deals with data analysis, in particular unmodeled analysis
with the c(WB (coherent WaveBurst) pipeline. The current focus of research in this field is
on the full use of the many clues that are present in the signals to test GR and gather as
much knowledge as possible about the sources.

If you are interested in the interferometer hardware, other theses topics are available in
collaboration with several Italian groups.

For further information:

Prof. Edoardo Milotti
milotti@ts.infn.it
Physics Dept., room 228, Via Valerio 2, Trieste
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