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3.4 Microscopic derivation of the Born-Markov master equation

Here, we provide an heuristic derivation of the dynamics of an open quantum system in interaction with its
surrounding environment. The following scheme summarises the approach:
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In particular, we will derive the generator of the dynamics under the Born-Markov approximations. We assume
to have a system in interaction with its surrounding environment. The total Hamiltonian reads

H = Hy + Hiy, (3.38)

\yhere fIO = ﬁs + fIE contains the free Hamiltonian of the system ]:IS and that of the environment fIE, while
Hiy,t describes the interaction among the two. The total state, in the interaction picture, evolves as

pU(E) = e p(e)e ot/ (3.30)
where j(t) is the total state evolved with respect to H starting from the initial state (0), i.e.
p(t) = e~ R p(0) et/ (3.40)

The evolution of p® (t) is described by the following dynamical equation

PO _ i w.00). (3.41)

where H® (t) = eifot/h . e=iflot/h Now, by integrating Eq. (3.41)) in time from 0 to ¢, one obtains the formal
solution
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By inserting the latter expression back in Eq. (3.41) and tracing over the degrees of freedom of the environment,
we find
() i
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This is an integro-differential equation, which is not time local since the last term contains the total state p®(s)
evaluated at time s. This allows to have memory effects in the dynamics: the evolution of the reduced state at
time ¢ depends on the (total) state at all times s between 0 and ¢. Without loss of generality, we assume that

-1 TrE) Hf[m (1), [)(0)” =0, and that the initial state is separable, i.e.

int

p(0) = ps(0) ® pe(0). (3.44)

Since the initial state in the interaction and in the Schrodinger picture are the same, the same relation holds
also for p®(0). In the following we apply two important approximations.
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3.4.1 Born approximation

The Born approximation assumes that the correlations between the system and the environment are negligible,
and that the environment is not influenced by the dynamics of the system. Thus, one can approximate the total
state as

P (s) = pS(s) @ p, (3.45)

for all times s > 0, where pg is the initial state of the environment. Now, by assuming that the interaction
Hamiltonian has a bilinear form, i.e. Hipy = > Sa ® E, one has that its time evolved version reads

AL (t) ZS“> )@ EQ (1), (3.46)

where X X ) X
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evolve respectively with respect to Hy and Hy. By putting together Eq. (3.45) and Eq. (3.46)), we have that the
trace of the double commutator in Eq. (3.43) reads
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By exploiting the linearity and the cyclicity of the trace, the latter expression becomes
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ap
where we defined the two-time correlation functions for the environment

Coslt,s) = Tr® [Eéj)(t)E(”( )pE] . (3.50)

Under the assumption that pg is a stationary state with respect to the evolution due to ﬁE, i.e. {ﬁE, pAE} =0,

then Cyp(t, s) can be expressed as
Coplt, s) = Tr® [Egm — 5)EY E} , (3.51)
thus Cup(t, s) = Cup(t — s). Correspondingly, Eq. (3.43) becomes
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which is the result of the Born approximation.

3.4.2 Markov approximation

Typically, the two-time correlation function Cy,g(t—s) is characterized by a correlation time 7copr, which describes
the timescale for which the state at time s influences that at the time ¢ > s. The Markov approximation assumes
that such a correlation time 7¢o. is much smaller than the system’s dynamical timescale 75 characterising the
dynamics of the system, i.e. under such a scale the state of the system does not change noticeably. Thus,
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one assumes that i) for any time s such that ¢t — s is smaller than 75, one can approximate pS’(s) ~ p& (),
and that ) for any time s such that t — s > 7cor, the two-time correlation function is negligibly small, i.e.
Cop(t —s) ~ 0. The application of the approximation i) to Eq. leads to the so-called Redfield equation,
which is a time-local equation for p{’(t) and it reads
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where we defined
B0 =3 [ S Custt - 9806, a0 =3 [t -0806. @

The application of i) allows instead to extend the limits of the time integral: fot ds — fjoo ds as the integrand
is suppressed by Cog(t — s) for any ¢ — s > Teorr. With a change of integration variable reading s — 7 =1t — s,
one finds
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Now, we move back to the Schrodinger picture. By exploiting that

PO (t) = eIt (e st (3.56)
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The last contribution contains terms as
e TSNS (H)SP (¢ — 7)p0 () P = 8, 85(—)ps (1), (3.58)

where we employed Eq. (3.47). Accordingly, one obtains
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where B, and C,, can be obtained from Eq. (3.55) by setting ¢ = 0.

Assuming that the time correlations are proportional to a Dirac delta, i.e. Cop(t) = Copd(t), one finds

dp“;t(t) _ _% [ﬁs,ﬁs(t)} - % %; (Cag {S'Q,Sgﬁs(t)} + Cga [ﬁs(t)gmgab , (3.60)

By inverting the indexes o and 3 in the second term, one obtains

dp i T - 2 N N 1 A
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which can be seen as the non-diagonal version of Eq. (3.22)).
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