
Statistical Analysis of Networks

Lecture ERGM



MODELS ACCOUNTING FOR SPECIFIC TIE-FORMATION 
MECHANISMS 

(Watts and Strogatz, 1998)

[Random graph (Erdos & Renyi, 1959)]



COMMON FEATURES OF INTEREST
Beyond nodal and dyadic attributes, many real networks exhibit the following 
features:

• Reciprocity of ties

• Degree heterogeneity among actors
   Activity, Popularity

• Homophily by actor attributes
Higher propensity to form ties between actors with similar attributes

• Transitivity of relationships
Friends of friends have a higher propensity to be friends

• Equivalence of nodes
Some nodes may have identical/similar patterns of relationships



“A good [statistical network graph] model needs to be both estimable from 
data and a reasonable representation of that data, to be theoretically 
plausible about the type of effects that might have produced the network, 
and to be amenable to examining which competing effects might be the best 
explanation of the data.” (Robins and Morris, 2007)

Small-word and Preferential attachment models:
            not really intended to meet such criteria

Statistical modeling: evaluation and fitting of network models

• Testing: evaluation of competing theories of network formation
• Estimation: evaluation of parameters in a presumed network model
• Description: summaries of main network patterns
• Prediction: prediction of missing or future network relations

NETWORK MODELS



RANDOM GRAPH AND RANDOM MATRIX 

Y ≡ Yij"# $%nxn

• Let Y be the adjancency matrix of random graph G, then Y is a 
random matrix

valued and 
signed ties can 
be considered



STATISTICAL MODELS FOR NETWORK DATA

- Statistical model for the ties in a network
But
- The overall structure – the network – is evident

- What kind of structural elements can be included in a model for 
the tie variable ?



(MAIN) NETWORK DEPENDENCIES

1. Reciprocation: dependencies between Yij and Yji  

2. Homophily: tendency of similar actor to relate to each other (assortative 
mixing by attribuite) 

3. Transitivity: Yij = Yjh = 1 will lead to increase P(Yih = 1)  (triad/triangle closure: 
“friends of my friends are my friends”)

4. Degree differentials: some actors are higly connected and others have only 
few connections (sociality)

Problem: Type 2, 3, 4, and partially 1: all can lead to similar macro signatures 
(network configurations, e.g. “clustering”) 

Aim: to be able to fit 
these terms 
simultaneously and 
identify the effects of 
each mechanism on 
the overall outcome.



MODEL CONSTRUCTION - GENERAL IDEA

The probability of observing a specific graph (Yob) is dependent on 
local characteristis of the graph  (f (Yob))



EXPONENTIAL RANDOM GRAPH (ERGM)

network statistics 
(network feutures)

network statistics = number of 
local congurations of a specific 
type



ERGM PROBABILITY

Y

ERGM specifies the probability of the entire network (the left hand side), as a function 
of terms that represent network features we hypothesize may occur more or less 
likely than expected by chance (the right hand side)



MODEL CONSTRUCTION - GENERAL FRAMEWORK

E.g. friendship: are 
there more 
reciprocated ties than 
would be expected by 
chance ?

Model will include 
a density 
parameter 
(randomness 
occurance of ties) 
and a reciprocation 
parameter

MLE will be the 
parameter value such 
that the most probable 
degree of reciprocation 
is that which occurs in 
the observed network

ERGMs:
superficially resembling linear 
regression or GLMs



TIES AS RANDOM VARIABLES



MODEL: STATISTICAL ANALYSIS



ERGM: SOME NOTATIONS

probability 
of a single graph

Since each network tie is a random variable, the goal is to re-express the 
probability of the graph in terms of the probabilities of an individual tie:

- this gives a “local” view of the model
- and some insight into what the coefficients mean



ERGM: THE CONDITIONAL PROBABILITY OF A LINK

A simple logical re-expression of

Note: 
the costant term 𝑐 𝜃 has canceled out, but . . .  an even simpler 
expression, in terms of the odds, can be used



ERGM: THE CONDITIONAL LOG-ODDS PROBABILITY OF A LINK

[Prob= odds/(1+odds)]





attributes of nodes Heterogeneity by group
– Average activity
– Mixing by group

Individual heterogeneity

attributes of links Heterogeneity in 
– Duration
– Types (sex, drug…)

configurations Degree distributions (or stars)

Cycle distributions (2, 3, 4, etc.)

Shared partner distributions

What creates heterogeneity in the probability of a tie being formed?

Dyad
(In)dependent
Terms

Dyad
Independent
Terms

TYPES OF COVARIATES - G(Y) TERMS IN THE MODEL 



ERG TYPES OF STATISTICAL MODELS (BASED ON DIFFERENT 
DEPENDENCE HYPOTHESES) /1
Exponential Random Graph Model – ERGM class (also known as p* 
model, especially in SNA literature)

dependency generated by specific structural configurations, 
including:

– Erdős-Rény (Bernoulli) model (edge independence)

– p1 model (dyad independence with attributes and reciprocity, Holland 
and Leinhardt, 1981)



Exponential Random Graph Model – ERGM class (also known as p* 
model, especially in SNA literature)

dependency generated by specific structural configurations, 
including:

– Markov Random Graph model (Markov dependence: edges  share a 
vertex, Frank and Strauss,1986)

(undirected)

(directed)

ERG TYPES OF STATISTICAL MODELS (BASED ON DIFFERENT 
DEPENDENCE HYPOTHESES) /2

(with triangles)



MARKOV RANDOM GRAPH MODEL (BASIC CONFIGURATIONS FOR 
UN/DIRECTED GRAPHS)

(undirected)

(directed)
Typical spefication



Exponential Random Graph Model – ERGM class (also known as p* 
model, especially in SNA literature)

dependency generated by specific structural configurations, 
including:

– Social circuit model (dependence might arise from the 
presence of other edges - partial conditional dependence)

ERG TYPES OF STATISTICAL MODELS (BASED ON DIFFERENT 
DEPENDENCE HYPOTHESES) /3

Y Y



INTERPRETATION OF STAR AND TRIAD EFFECTS



ERGM PARAMETRIZATION (DIRECTED NETWORK) 



ERGM PARAMETRIZATION AND NETWORK STATISTICS /1 



ERGM PARAMETRIZATION AND NETWORK STATISTICS /2 



ERGM PARAMETRIZATION AND NETWORK STATISTICS /3 



ERGM PARAMETRIZATION AND NETWORK STATISTICS /4 



ERGM PARAMETRIZATION AND NETWORK STATISTICS /5 



Model specification involves:
1. choosing the set of network statistics g(y)

a. from minimal: # of edges
b. to satured: one term for every dyad in the network

2. choosing homogeneity constraints on the parameter	𝜃
 i.e, for edges:

a. all homogeneus
b. group specific (by sex, age,…)
c. dyad specific

ERGM SPECIFICATION



ERGM ESTIMATION  

•MLE: really hard to compute the constant κ(η)

• Simulated ML: relatively “simple” to simulate a sample of m 
random networks (via MCMC, also in Bayesian framework) from 
an ERGM with a fixed parameter η0  (Pη0 ) and thus approximate 
and then maximize loglikehood

• Pseudo MLE (PMLE): the same of logit model estimation with 
DV Y and covariate matrix given by:

• PMLE: usually works well in the choice of η0 

Amati V., Lomi A., Mira A. (2018) Social Network Modelling, Annual Review of 
Statistics and Its Application, 5, 343-369.



FITTING ERGM TO DATA IN R



FITTING ERGM TO DATA IN R



FLORENTINE FAMILIES: BUSINESS NETWORK



MODEL EVALUATION



ERGM: GOODNESS OF FIT

General reasoning:

How does  the observed network is “representative of 
the sample Y1, Y2, …?



ADD HEALTH DATA SET

Colour: grade
Circle: Female
Square: Male
Triangle: missing



ADD HEALTH DATA SET



ADD HEALTH DATA SET



GRAPHICAL GOF: ADD HEALTH DATA 

See also Kolaczyk (2009) on Lazega’s network of collaborative working ties (case 
study 6.5.4, pp. 188-193) for parameter and GOF interpretation)



ERGM EXAMPLE: ACQUAINTANCESHIP UNDIRECTED NETWORK (N= 20) 



PARAMETER ESTIMATES: 1. MARKOV MODEL, 2. SOCIAL CIRCUIT MODEL

- Good convergence for both models (statistics not reported here)
- Edges are uncommon in both models (negative edge parameter, although a large 

se in SC model) unless they are part of higher order configuration (as in SC model)
- No high-degree actors (unless involved in triangulation or multiple connectivity 

effects)
- Triangulation occurs through the formation of k-triangle bases rather than edges: 

sharing several partners tends towards a direct tie



SIMULATION RESULTS: MARKOV MODEL (N=20, EDGES=68, 2-STARS=583)
# of edges # of 2-stars

Bimodal distributions

68 583

Observed network is not «typical»  of the networks by the estimated Markov model 



SIMULATION RESULTS: SOCIAL CIR. MODEL (N=20, EDGES=68, 2-STARS=583)

One modal distributions

68 583

Social circuit model is to be preferred for the observed network

# of edges # of 2-stars



MORE ON ERGM AND NETWORK MODELING 
Other types of relational data (network): 

- Valued / weighted (Generalized ERGM)

- Bipartite data

- Multiplex  data 

 Longitudinal data (Temporal Exponential Random Graph Model, TERGM)
 
 Egocentric network (ergm.ego in R, also simulation of complete networks from 
these egodata that are consistent with the observed model statistics)

Other modeling approach:

- Latent network models: assuming the existence of latent (i.e., unobserved) 
variables, such that the observed variables have a simple probability 
distribution given the latent variables.

- An important class: stochastic blocks models


