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Suppose now that we want to perturb the system so the induce a spin-flip transition. Physically, since the
interaction Hamiltonian ĤSB is proportional to �̂z, then opposite contributions arise when the system is in |0i
and |1i. Thus, by making the system change fast between |0i and |1i, one can average out the contributions
from ĤSB, e↵ectively decoupling the system from the environment.

Specifically, we will consider a modified Hamiltonian reading

Ĥ0 ! Ĥ(t) = Ĥ0 + ĤP(t), (8.42)

where the Hamiltonian perturbation ĤP(t) can be implemented via a monocromatic alternating magnetic field
applied at the resonance. Its explicit form we consider is

ĤP(t) =
nPX
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n
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(8.43)

with nP being the number of pulses, t(n)P is the time at which the pulse is switched on every �t, namely

t(n)P = t0 + n�t, with n 2 { 1, . . . , nP } . (8.44)

Finally, the switch of the impulse is determined by V (n)(t), which is defined as

V (n)(t) =

(
V, for t 2 [t(n)P , t(n)P + ⌧P],

0, otherwise,
(8.45)

where ⌧P is the duration time of the pulses.

The exact dynamics with respect to the modified Hamiltonian Ĥ(t) cannot be solved. However, we can
assume that during the pulses the contribution of ĤSB is negligible and we completely neglect it. Then, the
dynamics becomes piecewise, alternating ĤSB to ĤP.

As for the unperturbed case, we tackle the problem in the interaction picture. Namely, the e↵ective Hamil-
tonian becomes

Ĥ (I)(t) = Ĥ (I)

0 (t) + Ĥ (I)

P (t), (8.46)

where Ĥ (I)

0 (t) is shown in (8.5) and
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(8.47)

However, one has that
ei!0�̂zt/2�̂�e

�i!0�̂zt/2 = ei!0�̂zt/2 |0i h1| e�i!0�̂zt/2,

= ei!0t |0i h1| ,
= ei!0t�̂�,

(8.48)

and similarly
ei!0�̂zt/2�̂+e

�i!0�̂zt/2 = e�i!0t�̂+. (8.49)

Then, we obtain
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where we exploited that �̂+ + �̂� = �̂x. Notably, the only time dependence is in V (n)(t), but it is only formal
as one can see from Eq. (8.45). Then, when considering the corresponding unitary, we have
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By Taylor expanding
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We finally fix V and ⌧P so to have an actual bit-flip. This is provided by setting

V ⌧P
~ =

⇡

2
, (8.53)

which gives

e�
i
~V �̂x⌧P = e�i

⇡
2 �̂x = �i�̂x. (8.54)

Notably, we can consider the limit of the time pulses that go to zero, i.e. ⌧P ! 0, as long as V ! 1 and
Eq. (8.53) holds. Since from here V does not appear explicitly, this will only simplify the calculations.

Then, we have that
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P
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P
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By considering that the following relation holds

e�i!0�̂zt/2 = cos(!0t/2)1̂ � i sin(!0t/2)�̂z, (8.56)

and the anticommutation relation {�̂x, �̂z} = 0, we have that

�̂xe
�i!0�̂zt/2 = ei!0�̂zt/2�̂x. (8.57)

It follows that one can write the operator V̂ (I)

n in two equivalent ways:

V̂ (I)

n = �iei!0�̂zt
(n)

P �̂x = �i�̂xe
�i!0�̂zt

(n)

P . (8.58)

Let us now consider the time evolution of the first entire cycle of spin-flips: this is from time t0 through

time t(1)P when the spin flips the first time, to time t(2)P when the spin flips back to the original spin state. In
particular, we define this latter time as t1 = t0 + 2�t. The unitary dynamics from t0 to t1 is given by
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(8.59)

where
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The first square parenthesis in the last line of Eq. (8.59) is given by
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Similarly, the second square parenthesis in the last line of Eq. (8.59) can be rewritten as
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We divide the contributions to the sum in those with even and odd values of l. For even values, we have �̂l
z = �̂2l0

z ,
where l = 2l0; then �̂l
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But more specifically, we also have that �̂x�̂l
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z. Thus, it follows that
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Thus, we have that Eq. (8.59) reads
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and can be recasted as
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where we neglected the overall unimportant phase and we defined

⌘k(�t) = ⇠(�t)
�
1 � ei!k�t

�
. (8.67)

Now, the full evolution from time t0 to time tN after N entire cycles of spin-flip is simply given by
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(8.68)
where we introduced
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Such an evolution is to be compared to that with no pulses on the same time period. This is given by Eq. (8.60)
where one substitutes t↵ ! t0 and t� ! tN . Then, since tN � t0 = 2N�t, we have
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Notably, the expressions in Eq. (8.68) and Eq. (8.70) have a similar structure, with the important di↵erence
being the factor ⌘k(N,�t) substituted with ⇠k(2N�t). Thus, the decohering factor � (t0, tN ) will take a suitably
modified expression as that in Eq. (8.39), namely
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We now compare the di↵erence between these two factors:
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where we exploited the composition of the ⇠k terms. Then, by considering that
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and the definition of ⌘k(�t) in Eq. (8.67), we obtain

⌘k(N,�t) � ⇠k(2N�t) = �2⇠k(�t)ei!k�t
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Equivalently, we have
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By exploiting the geometric series and the definition of ⇠k, we get
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Finally, by taking the limit of dense pulses, i.e. �t ! 0, we obtain

lim
�t!0

fk(N,�t) = 1, (8.78)
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which means that under the same limit we have

lim
�t!0

⌘k(N,�t) = 0. (8.79)

As a consequence, the decoherence factor vanishes: � (t0, tN ) ! 0. Namely, the decohering e↵ect of the en-
vironment on the system is cancelled. E↵ectively, one has a (dynamical) decoupling of the system from its
environment.


	The Statistical Operator
	Statistical Operator and Density Matrix
	The physical meaning of the density matrix elements
	Propriesties of the Statistical Operator
	Pure states and statistical mixtures
	The Bloch Sphere
	Quantum Mechanics in the Statistical operator formalism

	The Reduced Density Matrix
	Open Quantum Systems, Partial Trace and the Reduced Density Matrix
	Quantum operations and the Kraus-Stinespring theorem
	Quantum operations on qubits

	Quantum Dynamical Semigroups
	On the linearity of the dynamics
	Strongly Continuous Semigroup
	Quantum Dynamical Semigroup
	Microscopic derivation of the Born-Markov master equation
	Born approximation
	Markov approximation

	Lindblad evolution in Quantum Information theory
	Unravelling formalism for noises

	Circuit model for quantum computation
	Qubit gates
	Hadamard test

	No-cloning theorem
	Dense coding
	Quantum teleportation
	Quantum Phase estimation
	Single-qubit quantum phase estimation
	Kitaev's method for single-qubit quantum phase estimation
	n-qubit quantum phase estimation

	Harrow-Hassidim-Lloyd algorithm

	Variational Quantum Algorithms
	The Ising model
	Mapping combinatorial optimisation problems into the Ising model
	Adiabatic Theorem
	Quantum Annealing
	Quantum Approximate Optimisation Algorithm (QAOA)
	Variational Quantum Eigensolver (VQE)

	Noisy Intermediate-Scale Quantum (NISQ) computation
	Miscalibrated gates
	Projection noise and sampling error
	Measurement error
	Environmental noise
	Global noise action


	Quantum Error Correction and Mitigation
	Quantum Error Correction
	Classical error correction
	Quantum information context
	The 3-qubit bit-flip code
	The 3-qubit phase-flip code
	The 9-qubit Shor code
	On the redundancy and threshold
	More layers of encoding or only more qubits

	Stabiliser formalism
	Inverting quantum channels
	Correctable errors
	Stabilisers
	Normalisers and Centralisers
	Stabiliser code

	Surface code
	Detecting errors

	Fault-tolerant computation
	Stean code or 7-qubit code


	Dynamical Decoupling and Quantum Error Mitigation
	Dynamical Decoupling
	Quantum Error Mitigation
	Zero noise extrapolation
	Probabilistic error cancellation


	Index

