
STRATIFICATION induces a certain degree of decoupling between the various 
fluid masses which have different densities (vertical layering)
=> stratified systems contain more degrees of freedom than homogeneous systems 
=> stratified systems exhibit additional types of motion

STRATIFICATION





With incompressible fluids, the displaced 
parcel retains its former density and at the 
new level is subject to a net downward 
force equal to its own weight minus the 
weight of the displaced fluid 
(Archimede’s principle):

[…] using the Boussinesq approx*

=> 2 cases: STABLE and UNSTABLE
=>                  !"

!#
< 0 and !"

!#
> 0 […]

*not like an air balloon in seawater!
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instabilities (Chapter 17).

11.2 Static stability
Let us first consider a fluid in static equilibrium. Lack of motion can occur only in the absence
of horizontal forces and thus in the presence of horizontal homogeneity. Stratification is then
purely vertical (Figure 11-1).

h

ρ(z + h)

z ρ(z)

Figure 11-1 When an incompressible
fluid parcel of density ρ(z) is vertically
displaced from level z to level z + h
in a stratified environment, a buoyancy
force appears because of the density
difference ρ(z)−ρ(z+h) between the
particle and the ambient fluid.

It is intuitively obvious that if the heavier fluid parcels are found below the lighter fluid
parcels, the fluid is stable, whereas if heavier parcels lie above lighter ones, the system is apt
to overturn, and the fluid is unstable. Let us now verify this intuition. Take a fluid parcel at a
height z above a certain reference level, where the density is ρ(z), and displace it vertically
to the higher level z + h, where the ambient density is ρ(z + h) (Figure 11-1). If the fluid
is incompressible, our displaced parcel retains its former density despite a slight pressure
change, and at that new level is subject to a net downward force equal to its own weight
minus, by Archimedes’ buoyancy principle, the weight of the displaced fluid, thus

g [ρ(z) − ρ(z + h)] V,

where V is the volume of the parcel. As it is written, this force is positive if it is directed
downward. Newton’s law (mass times acceleration equals upward force) yields

ρ(z) V
d2h

dt2
= g [ρ(z + h) − ρ(z)] V. (11.1)

Now, geophysical fluids are generally only weakly stratified; the density variations, al-
though sufficient to drive or affect motions, are nonetheless relatively small compared to the
average or reference density of the fluid. This remark was the essence of the Boussinesq
approximation (Section 3.7). In the present case, this fact allows us to replace ρ(z) on the
left-hand side of (11.1) by the reference density ρ0 and to use a Taylor expansion to approxi-
mate the density difference on the right by

ρ(z + h) − ρ(z) ≃
dρ

dz
h.

After a division by V , equation (11.1) reduces to
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d2h

dt2
−

g

ρ0

dρ

dz
h = 0, (11.2)

which shows that two cases can arise. The coefficient −(g/ρ0)dρ/dz is either positive or
negative. If it is positive (dρ/dz < 0, corresponding to a fluid with the greater densities
below the lesser densities), we can define the quantityN2 as

N2 = −
g

ρ0

dρ

dz
, (11.3)

and the solution to the equation has an oscillatory character, with frequency N . Physically,
this means that, when displaced upward, the parcel is heavier than its surroundings, feels a
downward recalling force, falls down, and, in the process, acquires a vertical velocity; upon
reaching its original level the particle’s inertia causes it to go further downward and to become
surrounded by heavier fluid. The parcel, now buoyant, is recalled upward, and oscillations
persist about the equilibrium level. The quantity N , defined by the square root of (11.3),
provides the frequency of the oscillation and can thus be called the stratification frequency.
It goes more commonly, however, by the name of Brunt–Väisälä frequency, in recognition of
the two scientists who were the first to highlight the importance of this frequency in stratified
fluids. (See their biographies at the end of this chapter.)

If the coefficient in equation (11.1) is negative (i.e., dρ/dz > 0, corresponding to a top-
heavy fluid configuration), the solution exhibits exponential growth, a sure sign of instability.
The parcel displaced upward is surrounded by heavier fluid, finds itself buoyant, and moves
farther and farther away from its initial position. Obviously, small perturbations will ensure
not only that the single displaced parcel will depart from its initial position, but that all other
fluid parcels will likewise participate in a general overturning of the fluid until it is finally
stabilized, with the lighter fluid lying above the heavier fluid. If, however, a permanent
destabilization is forced onto the fluid, such as by heating from below or cooling from above,
the fluid will remain in constant agitation, a process called convection.

11.3 A note on atmospheric stratification
In a compressible fluid, such as the air of our planetary atmosphere, density can change in
one of two ways: by pressure changes or by internal-energy changes. In the first case, a
pressure variation resulting in no heat exchange (i.e., an adiabatic compression or expansion)
is accompanied by both density and temperature variations: All three quantities increase (or
decrease) simultaneously, though not in equal proportions. If the fluid is made of fluid parcels
all having the same heat content, the lower parcels, feeling the weight of those above them,
will be more compressed than those in the upper levels, and the system will appear stratified,
with the denser and warmer fluid underlying the lighter, colder fluid. But such stratification
cannot be dynamically relevant, for if parcels are interchanged adiabatically, they adjust their
density and temperature according to the local pressure, and the system is left unchanged.

In contrast, internal-energy changes are dynamically important. In the atmosphere, such
variations occur because of a heat flux (such as heating in the tropics and cooling at high
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Figure 11-6 Recapitulation of the vari-
ous scalings of the ratio of vertical con-
vergence (divergence), W/H , to hori-
zontal divergence (convergence), U/L,
as a function of the Rossby number,
Ro = U/(ΩL), and Froude number,
Fr = U/(NH).

horizontal or the vertical length scales of the possible disturbances. Finally, if the system is
such that all quantities are externally imposed and that they do not meet (11.24), then special
effects such as Taylor columns or blocking must occur.

Inequality (11.24) brings a new dimensionless numberNH/ΩL, namely, the ratio of the
Rossby and Froude numbers. For historical reasons and also because it is more convenient in
some dimensional analyses, the square of this quantity is usually defined:

Bu =

(
NH

ΩL

)2

=

(
Ro

Fr

)2

. (11.25)

It bears the name of Burger number, in honor of Alewyn P. Burger (1927–2003), who con-
tributed to our understanding of geostrophic scales of motions (Burger, 1958). In practice,
the Burger number is a useful measure of stratification in the presence of rotation.

In typical geophysical fluids, the height scale is much less than the horizontal length
scale (H ≪ L), but there is also a disparity between the two frequenciesΩ andN . While the
rotation rate of the earth corresponds to a period of 24 h, the stratification frequency generally
corresponds to much shorter periods, on the order of few to tens of minutes in both the ocean
and atmosphere. This implies that generally Ω ≪ N and opens the possibility of a Burger
number on the order of unity.

Stratification and rotation influence the flow field to similar degrees if Fr2/Ro and Ro
are on the same order. Such is the case when the Froude number equals the Rossby number
and, consequently, the Burger number is unity. The horizontal length scale then assumes a

Burger n.: if Bu=1 => L =NH/W

3. Fr2 ≲ Ro
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Figure 14-1 Mixing of a two-layer stratified fluid with velocity shear. Rising of dense fluid and low-
ering of light fluid both require work against buoyancy forces and thus lead to an increase in potential
energy. Concomitantly, the kinetic energy of the system decreases during mixing. Only when the
kinetic-energy drop exceeds the potential-energy rise can mixing proceed spontaneously.
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The question arises as to the source of this energy increase. Because human intervention
is ruled out in geophysical flows, a natural energy supply must exist or mixing would not
take place. In this case, kinetic energy is released in the mixing process, as long as the initial
velocity distribution is nonuniform. Conservation of momentum in the absence of external
forces and in the context of the Boussinesq approximation (ρ1 ≃ ρ2 ≃ ρ0) implies that the
final, uniform velocity is the average of the initial velocities: U = (U1 + U2)/2. This indeed
leads to a kinetic-energy loss
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Complete vertical mixing is naturally possible only if the kinetic-energy loss exceeds the
potential-energy gain; that is,

(ρ2 − ρ1)gH

ρ0(U1 − U2)2
< 1. (14.3)

Physically, the initial density difference should be sufficiently weak in order not to present
an insurmountable gravitational barrier, or alternatively the initial velocity shear should be
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kinetic-energy drop exceeds the potential-energy rise can mixing proceed spontaneously.
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The question arises as to the source of this energy increase. Because human intervention
is ruled out in geophysical flows, a natural energy supply must exist or mixing would not
take place. In this case, kinetic energy is released in the mixing process, as long as the initial
velocity distribution is nonuniform. Conservation of momentum in the absence of external
forces and in the context of the Boussinesq approximation (ρ1 ≃ ρ2 ≃ ρ0) implies that the
final, uniform velocity is the average of the initial velocities: U = (U1 + U2)/2. This indeed
leads to a kinetic-energy loss
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Complete vertical mixing is naturally possible only if the kinetic-energy loss exceeds the
potential-energy gain; that is,

(ρ2 − ρ1)gH

ρ0(U1 − U2)2
< 1. (14.3)

Physically, the initial density difference should be sufficiently weak in order not to present
an insurmountable gravitational barrier, or alternatively the initial velocity shear should be
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Complete vertical mixing is naturally possible only if the kinetic-energy loss exceeds the
potential-energy gain; that is,

(ρ2 − ρ1)gH

ρ0(U1 − U2)2
< 1. (14.3)

Physically, the initial density difference should be sufficiently weak in order not to present
an insurmountable gravitational barrier, or alternatively the initial velocity shear should be

COMPLETE VERTICAL MIXING is 
naturally possible when 𝐾𝐸"#$$ > 𝑃𝐸%&'( :

…meaning that the density variation barrier 
is not too strong or the shear is large enough 
to supply the necessary amount of energy to 
overcome the stratification (…Ri)

In the opposite case (𝐾𝐸"#$$ < 𝑃𝐸%&'() we 
have LOCALIZED MIXING occurring 
only near the initial interface, not extending 
to the entire system…
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Figure 14-2 Kelvin–Helmholtz in-
stability: (a) initial perturbation of
wavenumber k, (b) temporal evolution
of an unstable perturbation. The sys-
tem is always unstable to short waves,
which steepen, overturn and ultimately
cause mixing. As waves overturn,
their vertical and lateral dimensions are
comparable.

sufficiently large to supply the necessary amount of energy. When criterion (14.3) is not
satisfied, mixing occurs only in the vicinity of the initial interface and cannot extend over the
entire system. The determination of the characteristics of such localized mixing calls for a
more detailed analysis.

For this purpose, let us now consider a two-fluid system of infinite extent (Figure 14-2),
with upper and lower densities and velocities denoted, respectively, by ρ1, ρ2 and U1, U2,
and let us explore interfacial waves of infinitesimal amplitudes. Mathematical derivations,
not reproduced here, show that a sinusoidal perturbation of wavenumber k (corresponding to
wavelength 2π/k) is unstable if (Kundu, 1990, Section 11-6)

(ρ2
2 − ρ2

1)g < ρ1ρ2k (U1 − U2)
2, (14.4)

or for a Boussinesq fluid (ρ1 ≃ ρ2 ≃ ρ0),

2(ρ2 − ρ1)g < ρ0k (U1 − U2)
2. (14.5)

In a stability analysis, waves of all wavelengths must be considered, and we conclude that
there will always be sufficiently short waves to cause instabilities. Therefore, a two-layer
shear flow is always unstable. This is known as the Kelvin–Helmholtz instability. Among
other instances, this instability plays a role in the generation of water waves by surface winds.

The details of the analysis leading to (14.5) reveal that the interfacial waves induce flow
perturbations that extend on both sides of the interface across a height on the order of their
wavelength. Thus, as unstable waves grow, they form rolls of height comparable to their
width (Figures 14-2, 14-3 and 14-4).

LOCALIZED MIXING
We know (Kundu, 1990) that a sinusoidal perturbation of wavenumber 𝑘 is unstable if

In a stability analysis, waves of all wavenumbers must be considered 
⇒ ∀𝑘 ∃ 𝑎𝑡 𝑙𝑒𝑎𝑠𝑡 𝑎 K𝑘 𝑙𝑎𝑟𝑔𝑒 𝑒𝑛𝑜𝑢𝑔ℎ 𝑡𝑜 𝑐𝑎𝑢𝑠𝑒 𝑖𝑛𝑠𝑡𝑎𝑏𝑖𝑙𝑖𝑡𝑦

https://www.youtube.com/watch?v=UbAfvcaYr00
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Figure 14-2 Kelvin–Helmholtz in-
stability: (a) initial perturbation of
wavenumber k, (b) temporal evolution
of an unstable perturbation. The sys-
tem is always unstable to short waves,
which steepen, overturn and ultimately
cause mixing. As waves overturn,
their vertical and lateral dimensions are
comparable.

sufficiently large to supply the necessary amount of energy. When criterion (14.3) is not
satisfied, mixing occurs only in the vicinity of the initial interface and cannot extend over the
entire system. The determination of the characteristics of such localized mixing calls for a
more detailed analysis.

For this purpose, let us now consider a two-fluid system of infinite extent (Figure 14-2),
with upper and lower densities and velocities denoted, respectively, by ρ1, ρ2 and U1, U2,
and let us explore interfacial waves of infinitesimal amplitudes. Mathematical derivations,
not reproduced here, show that a sinusoidal perturbation of wavenumber k (corresponding to
wavelength 2π/k) is unstable if (Kundu, 1990, Section 11-6)

(ρ2
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1)g < ρ1ρ2k (U1 − U2)
2, (14.4)

or for a Boussinesq fluid (ρ1 ≃ ρ2 ≃ ρ0),

2(ρ2 − ρ1)g < ρ0k (U1 − U2)
2. (14.5)

In a stability analysis, waves of all wavelengths must be considered, and we conclude that
there will always be sufficiently short waves to cause instabilities. Therefore, a two-layer
shear flow is always unstable. This is known as the Kelvin–Helmholtz instability. Among
other instances, this instability plays a role in the generation of water waves by surface winds.

The details of the analysis leading to (14.5) reveal that the interfacial waves induce flow
perturbations that extend on both sides of the interface across a height on the order of their
wavelength. Thus, as unstable waves grow, they form rolls of height comparable to their
width (Figures 14-2, 14-3 and 14-4).

https://www.youtube.com/watch?v=UbAfvcaYr00


Interfacial unstable waves grow 
and form ROLLS of height 
comparable to their width

ROLLING + BREAKING = TURBULENT MIXING

DHDH = mixing zone

∆𝑯 ∝ 𝝀𝒎𝒂𝒙 =
𝟐𝝅
𝒌𝒎𝒊𝒏

~
𝝆𝟎 𝑼𝟏 − 𝑼𝟐 𝟐

𝟐 𝝆𝟐 − 𝝆𝟏 𝒈

…link with H from 𝐾𝐸"#$$ < 𝑃𝐸%&'(

𝑯 > ∆𝑯 ∶ 𝒍𝒐𝒄𝒂𝒍𝒊𝒛𝒆𝒅𝒎𝒊𝒙𝒊𝒏𝒈
𝑯 < ∆𝑯 ∶ 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆 𝒎𝒊𝒙𝒊𝒏𝒈
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Q: For a given density stratification (𝑵𝟐), what is the 

critical velocity shear for the instability à mixing?



Instability of a stratified shear flow
Q: For a given density stratification (𝑵𝟐), what is the 

critical velocity shear for the instability à mixing?
Consider a 2-d (x,z) inviscid, non-rotating, non-diffusive fluid with 

velocity (u,w), dynamic pressure p and density anomaly 𝝆



Basic state + small Perturbation and Linearization

𝑶(𝟐) → 𝟎



Basic state + small Perturbation and Linearization

def. Perturbation streamfunction ψ :

1)

2)

3)

4)

𝑶(𝟐) → 𝟎



Basic state + small Perturbation and Linearization
Hypotheses:

• a linear density vertical profile: 𝑵𝟐 = − 𝒈
𝝆𝟎

𝒅(𝝆
𝒅𝒛
= 𝒄𝒐𝒔𝒕

• the horizontal and temporal evolution of the perturbations 𝑢*𝑤*𝜌*𝜓′ are 
formally harmonic functions in 𝑥, 𝑡 , propagating with 𝜆+ = 2𝜋/𝑘 and 
having a Fourier-like wave structure ~𝒆𝒊𝒌(𝒙0𝒄𝒕) …BUT f(z) = ?

• substituting in Eq. 4 we obtain the density perturbation 𝜌* = 04051
6((708)9

• [after some maths] we obtain the Taylor-Goldstein equation governing the 
vertical structure of a perturbation 𝝍* = 𝝍(𝒛)𝒆𝒊𝒍(𝒙0𝒄𝒕) in a stratified shear 
flow:

• with the boundary conditions w* 0 = w* H = 0 ⇒ 𝜓 0 = 𝜓 𝐻 = 0 
in a domain vertically bounded by two horizontal planes at 𝑧 = 0,𝐻 we 
obtain an eigenvalue problem which in general may have complex 
eigenvalues 𝑐 = 𝑐; + 𝑖𝑐< and 𝑐∗ = 𝑐; − 𝑖𝑐<
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Figure 14-6 Kelvin–Helmholtz instability over the Sahara desert. (Photo by the second author)

Our basic state consists of a steady, sheared horizontal flow [u = ū(z), w = 0] in a vertical
density stratification [ρ = ρ̄(z)]. The accompanying pressure field p̄(z) obeys dp̄/dz =
−gρ̄(z). The addition of an infinitesimally small perturbation (u = ū + u′, w = w′, p =
p̄ + p′, ρ = ρ̄+ ρ′) and a subsequent linearization of the equations yield:

∂u′

∂t
+ ū

∂u′

∂x
+ w′

dū

dz
= −

1

ρ0

∂p′

∂x
(14.9a)

∂w′

∂t
+ ū

∂w′

∂x
= −

1

ρ0

∂p′

∂z
−

ρ′g

ρ0
(14.9b)

∂u′

∂x
+

∂w′

∂z
= 0 (14.9c)

∂ρ′

∂t
+ ū

∂ρ′

∂x
+ w′

dρ̄

dz
= 0. (14.9d)

Introducing the perturbation streamfunction ψ via u′ = +∂ψ/∂z, w′ = −∂ψ/∂x, the buoy-
ancy frequencyN2 = −(g/ρ0)(dρ̄/dz), and a Fourier structure exp[i k(x − ct)] in the hor-
izontal, we can reduce the problem to a single equation for ψ in terms of the remaining
variable z:

(ū − c)

(
d2ψ

dz2
− k2ψ

)
+

(
N2

ū − c
−

d2ū

dz2

)
ψ = 0. (14.10)

This is called the Taylor–Goldstein equation (Taylor, 1931; Goldstein, 1931). It governs
the vertical structure of a perturbation in a stratified parallel flow. Note the formal analogy
with the Rayleigh equation (10.9) governing the structure of a perturbation on a horizontally
sheared flow in the absence of stratification and in the presence of rotation. Therefore, the
same analysis can be applied.

First, we state the boundary conditions. For a domain bounded vertically by two horizon-
tal planes, at z = 0 and z = H , we impose a zero vertical velocity there, or, in terms of the
streamfunction:



Basic state + small Perturbation and Linearization
• from 𝑐 = 𝑐9 + 𝑖𝑐: and 𝑐∗ = 𝑐9 − 𝑖𝑐: ⇒ 𝜓<~ 𝑒:=[?@(B(±:B))E] ~ 𝑒:=?𝑒@:=B(E𝑒∓=B)E

• real exponential: the presence of 𝑐: ≠ 0 ⇒ ∃ at least one unstable mode
• the flow is stable ⇔ 𝑐: = 0



Basic state + small Perturbation and Linearization
• from 𝑐 = 𝑐9 + 𝑖𝑐: and 𝑐∗ = 𝑐9 − 𝑖𝑐: ⇒ 𝜓<~ 𝑒:=[?@(B(±:B))E] ~ 𝑒:=?𝑒@:=B(E𝑒∓=B)E

• real exponential: the presence of 𝑐: ≠ 0 ⇒ ∃ at least one unstable mode
• the flow is stable ⇔ 𝑐: = 0
• using integral constraints we can analyze the T.-G. eq.: with 

• [after some math and using the BCs] we obtain a complex equation:

• whose imaginary part is
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ψ(0) = ψ(H) = 0. (14.11)

Then, we recognize that the equation and its accompanying boundary conditions form an
eigenvalue problem: Unless the phase velocity c takes on a particular value (eigenvalue), the
solution is trivial (ψ = 0). In general, the eigenvalues may be complex, but if c admits the
function ψ, then its complex conjugate c∗ admits the function ψ∗ and is thus another eigen-
value. This can be easily verified by taking the complex conjugates of (14.10) and (14.11).
Hence, complex eigenvalues come in pairs. In each pair, one of the two eigenvalues will
have a positive imaginary part and will correspond to an exponentially growing perturbation.
The presence of a non-zero imaginary part to c automatically guarantees the existence of at
least one unstable mode. Conversely, the basic flow is stable if and only if all possible phase
speeds c are purely real.

Because it is impossible to solve problem (14.10) and (14.11) in the general case of an
arbitrary shear flow ū(z), we will limit ourselves, as in Section 10.2, to deriving integral
constraints. A variety of such constraints can be established, but the most powerful one is
obtained when the function φ, defined by

ψ =
√

ū − c φ, (14.12)

is used to replace ψ. Equation (14.10) and boundary conditions (14.11) become

d

dz

[
(ū − c)

dφ

dz

]
−

[
k2(ū − c) +

1

2

d2ū

dz2

+
1

ū − c

(
1

4

(
dū

dz

)2

− N2

)]

φ = 0 (14.13)

φ(0) = φ(H) = 0. (14.14)

Multiplying equation (14.13) by the complex conjugateφ∗, integrating over the vertical extent
of the domain, and utilizing conditions (14.14), we obtain:

∫ H

0

[

N2 −
1

4

(
dū

dz

)2
]

|φ|2

ū − c
dz

=

∫ H

0
(ū − c)

(∣∣∣∣
dφ

dz

∣∣∣∣
2

+ k2|φ|2
)

dz +
1

2

∫ H

0

d2ū

dz2
|φ|2 dz, (14.15)

where vertical bars denote the absolute value of complex quantities. The imaginary part of
this expression is

ci

∫ H

0

[

N2 −
1

4

(
dū

dz

)2
]

|φ|2

|ū − c|2
dz

= − ci

∫ H

0

(∣∣∣∣
dφ

dz

∣∣∣∣
2

+ k2|φ|2
)

dz, (14.16)
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Then, we recognize that the equation and its accompanying boundary conditions form an
eigenvalue problem: Unless the phase velocity c takes on a particular value (eigenvalue), the
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The presence of a non-zero imaginary part to c automatically guarantees the existence of at
least one unstable mode. Conversely, the basic flow is stable if and only if all possible phase
speeds c are purely real.

Because it is impossible to solve problem (14.10) and (14.11) in the general case of an
arbitrary shear flow ū(z), we will limit ourselves, as in Section 10.2, to deriving integral
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ψ(0) = ψ(H) = 0. (14.11)

Then, we recognize that the equation and its accompanying boundary conditions form an
eigenvalue problem: Unless the phase velocity c takes on a particular value (eigenvalue), the
solution is trivial (ψ = 0). In general, the eigenvalues may be complex, but if c admits the
function ψ, then its complex conjugate c∗ admits the function ψ∗ and is thus another eigen-
value. This can be easily verified by taking the complex conjugates of (14.10) and (14.11).
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least one unstable mode. Conversely, the basic flow is stable if and only if all possible phase
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ū − c φ, (14.12)

is used to replace ψ. Equation (14.10) and boundary conditions (14.11) become

d

dz

[
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dū

dz

)2
]

|φ|2
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ū − c φ, (14.12)

is used to replace ψ. Equation (14.10) and boundary conditions (14.11) become

d

dz

[
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k2(ū − c) +

1

2

d2ū
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Basic state + small Perturbation and Linearization
• from 𝑐 = 𝑐9 + 𝑖𝑐: and 𝑐∗ = 𝑐9 − 𝑖𝑐: ⇒ 𝜓<~ 𝑒:=[?@(B(±:B))E] ~ 𝑒:=?𝑒@:=B(E𝑒∓=B)E

• real exponential: the presence of 𝑐: ≠ 0 ⇒ ∃ at least one unstable mode
• the flow is stable ⇔ 𝑐: = 0
• using integral constraints we can analyze the T.-G. eq.: with 

• [after some math and using the BCs] we obtain a complex equation:

• whose imaginary part is

• IF 𝑁H > I
J

KLM
KN

H
⇒ 𝑐: 7 > 0 = −𝑐: 7 > 0 ⇒ 𝑐: = 0 ⇒ STABLE

• IF 𝑁H < I
J

KLM
KN

H
⇒ 𝑐: 7 < 0 = −𝑐: 7 > 0 ⇒ ∀𝑐: ⇒ STABLE or UNSTABLE
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ū − c
dz

=

∫ H

0
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k2(ū − c) +

1

2

d2ū
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dū

dz

)2
]

|φ|2
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Then, we recognize that the equation and its accompanying boundary conditions form an
eigenvalue problem: Unless the phase velocity c takes on a particular value (eigenvalue), the
solution is trivial (ψ = 0). In general, the eigenvalues may be complex, but if c admits the
function ψ, then its complex conjugate c∗ admits the function ψ∗ and is thus another eigen-
value. This can be easily verified by taking the complex conjugates of (14.10) and (14.11).
Hence, complex eigenvalues come in pairs. In each pair, one of the two eigenvalues will
have a positive imaginary part and will correspond to an exponentially growing perturbation.
The presence of a non-zero imaginary part to c automatically guarantees the existence of at
least one unstable mode. Conversely, the basic flow is stable if and only if all possible phase
speeds c are purely real.

Because it is impossible to solve problem (14.10) and (14.11) in the general case of an
arbitrary shear flow ū(z), we will limit ourselves, as in Section 10.2, to deriving integral
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dū

dz

)2
]

|φ|2
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Q: For a given density stratification (𝑵𝟐), what is the 
critical velocity shear for the instability à mixing?

• [from 𝑐 = 𝑐9 + 𝑖𝑐: and 𝑐∗ = 𝑐9 − 𝑖𝑐: ⇒ 𝜓<~ 𝑒:=[?@(B(±:B))E] ~ 𝑒:=?𝑒@:=E𝑒∓=B)E]

• def. Richardson number  𝑅𝑖 = O*

+,-
+.

* → F
𝐼𝐹 𝑅𝑖 > I

J
⇒ 𝑆𝑇𝐴𝐵𝐿𝐸

𝐼𝐹 𝑅𝑖 < I
J
⇒ 𝑆𝑇𝐴𝐵𝐿𝐸 𝑜𝑟 𝑈𝑁𝑆𝑇𝐴𝐵𝐿𝐸

• sufficient condition for stability is 𝑁H > I
J

KLM
KN

H
: 𝑅𝑖 > I

J
…(⇒ 𝑆𝑇𝐴𝐵𝐿𝐸)

• necessary condition for instability is 𝑁H < I
J

KLM
KN

H
: 𝑅𝑖 < I

J
…(⇐ 𝑈𝑁𝑆𝑇𝐴𝐵𝐿𝐸)

• But measurements in atmosphere / ocean / laboratory indicate that 𝑅𝑖 < 1/4 is a 

reliable condition of instability ⇒ KLM
KN

H
> 4𝑁H

• if the shear flow has linear variations of velocity and density we may refer to the 
2-layer flow case, finding a similarity with 𝐾𝐸PQRR > 𝑃𝐸ST:U (complete vertical 
mixing) ⇒ 𝑅𝑖 is the ratio between 𝑃𝐸 and 𝐾𝐸 !!!

• 𝑅𝑖 = VQEWUE:TP WUW9SX YT99:W9 EZTE [:?:US @ :\ QBBM99:US @[MRE Q]W9BQ[W
=:UWE:B WUW9SX T]T:PTYPW :U EZW RZWT9 \PQ^



Q: can we say something more about the properties of 
the growing perturbation?

• if we introduce the vertical displacement 𝑎 caused by the small wave 
perturbation:                                  which corresponds to

• we can rewrite the T.-G. eq. obtaining an eigenvalue problem for 𝑎 :
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In closing this section, it may be worth mentioning that bounds on the real and imaginary
parts of the wave velocity c can be derived by inspection of certain integrals. This analysis,
due to Louis N. Horward3, has already been applied to the study of barotropic instability
(Section 10.3). Here, we summarize Howard’s original derivation in the context of stratified
shear flow. To begin, we introduce the vertical displacement a caused by the small wave
perturbation, defined by

∂a

∂t
+ ū

∂a

∂x
= w

or

(ū − c) a = − ψ. (14.20)

We then eliminate ψ from (14.10) and (14.11) and obtain an equivalent problem for the
variable a:

d

dz

[
(ū − c)2

da

dz

]
+

[
N2 − k2(ū − c)2

]
a = 0 (14.21)

a(0) = a(H) = 0. (14.22)

A multiplication by the complex conjugate a∗ followed by an integration over the domain
and use of the boundary conditions yields

∫ H

0
(ū − c)2P dz =

∫ H

0
N2|a|2 dz, (14.23)

where P = |da/dz|2 + k2|a|2 is a non-zero positive quantity. The imaginary part of this
equation implies that if there is instability (ci ̸= 0), cr must lie between the minimum and
maximum values of ū, that is,

Umin < cr < Umax. (14.24)

Physically, the growing perturbation travels with the flow at some intermediate speed, and
there exists at least one critical level in the domain where the perturbation is stationary with
respect to the local flow. This local coupling between the wave and the flow is precisely what
allows the wave to extract energy from the flow and to grow at its expense.

Now, the real part of (14.23),
∫ H

0
[(ū − cr)

2 − c2
i ] P dz =

∫ H

0
N2|a|2 dz (14.25)

can be manipulated in a way similar to that used in Section 10.3 to obtain the following
inequality:

(
cr −

Umin + Umax

2

)2

+ c2
i ≤

(
Umax − Umin

2

)2

. (14.26)

3See biography at end of Chapter 10.
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(ū − c) a = − ψ. (14.20)

We then eliminate ψ from (14.10) and (14.11) and obtain an equivalent problem for the
variable a:

d

dz

[
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Q: can we say something more about the properties of 
the growing perturbation?

• if we introduce the vertical displacement 𝑎 caused by the small wave 
perturbation:                                  which corresponds to

• we can rewrite the T.-G. eq. obtaining an eigenvalue problem for 𝑎 :

• [after some math and using the BCs]:

• through the analysis of the real and the imaginary parts of the integral and 
requiring the instability condition 𝑐: ≠ 0 :

Ø the growing perturbation travels with the flow at some intermediate speed

Ø in the complex plane, 𝑐 = 𝑐/ + 𝑖𝑐0 must lie         
   within the circle with the range of B𝑢 as the 

diameter on the real axis
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allows the wave to extract energy from the flow and to grow at its expense.

Now, the real part of (14.23),
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0
[(ū − cr)
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∫ H

0
N2|a|2 dz (14.25)
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cr −

Umin + Umax

2

)2

+ c2
i ≤

(
Umax − Umin

2

)2

. (14.26)

3See biography at end of Chapter 10.

402 CHAPTER 14. STRATIFIED TURBULENCE

In closing this section, it may be worth mentioning that bounds on the real and imaginary
parts of the wave velocity c can be derived by inspection of certain integrals. This analysis,
due to Louis N. Horward3, has already been applied to the study of barotropic instability
(Section 10.3). Here, we summarize Howard’s original derivation in the context of stratified
shear flow. To begin, we introduce the vertical displacement a caused by the small wave
perturbation, defined by

∂a

∂t
+ ū
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(ū − c) a = − ψ. (14.20)

We then eliminate ψ from (14.10) and (14.11) and obtain an equivalent problem for the
variable a:

d

dz

[
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Q: can we say something more about the properties of 
the growing perturbation?

• instability condition 𝑐: ≠ 0 :
Ø the growing perturbation travels with the flow at some intermediate speed

Ø in the complex plane (𝑐/, 𝑐0): 𝑐 = 𝑐/ + 𝑖𝑐0 must         
   lie within the circle with the range of B𝑢 as the 

diameter on the real axis

• since instability requires 𝑐: > 0 ⇒ 𝜓<~ 𝑒:=?𝑒@:=E𝑒=B)E we are interested in the 
upper part of the circle ⇒ Howard semicircle theorem

• 𝑐0 ≤
1!"#21!$%

3 ⇒ 𝑘𝑐0 ≤
4
3 𝑈567 − 𝑈508 ⇒ the perturbation does not grow to infinite
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Umin < cr < Umax. (14.24)

Physically, the growing perturbation travels with the flow at some intermediate speed, and
there exists at least one critical level in the domain where the perturbation is stationary with
respect to the local flow. This local coupling between the wave and the flow is precisely what
allows the wave to extract energy from the flow and to grow at its expense.

Now, the real part of (14.23),
∫ H

0
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https://www.youtube.com/watch?v=aLvk2cbsvzM
https://www.youtube.com/watch?v=0YatiDf9A8A

Rayleigh Benard Thermal Convection
https://www.youtube.com/watch?v=buskqZlPdvI

https://www.youtube.com/watch?v=aLvk2cbsvzM
https://www.youtube.com/watch?v=0YatiDf9A8A
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