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𝑌
𝑥1, … , 𝑥𝑟

𝑌 𝑥1, … , 𝑥𝑟
𝛽0, 𝛽1, … 𝛽𝑟

𝑌 = 𝛽0 + 𝛽1𝑥1 +⋯+ 𝛽𝑟𝑥𝑟

𝑌 𝑥𝑖 , 𝑖 = 1,… , 𝑟 𝛽𝑖



𝑌 = 𝛽0 + 𝛽1𝑥1 +⋯+ 𝛽𝑟𝑥𝑟 + 𝑒

𝑒

𝐸 𝑌|𝐱 = 𝛽0 + 𝛽1𝑥1 +⋯+ 𝛽𝑟𝑥𝑟

𝐱 = 𝑥1, … , 𝑥𝑟 𝐸 𝑌|𝐱
𝐱

𝛽0, 𝛽1, … 𝛽𝑟



𝑟

𝑌 = 𝛼 + 𝛽𝑥 + 𝑒

𝑥𝑖 , 𝑦𝑖 , 𝑖 = 1,… 10 𝑦

𝑥

𝑖 𝑥𝑖 𝑦𝑖 𝑖 𝑥𝑖 𝑦𝑖
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𝐴 𝛼 𝐵 𝛽

𝑥𝑖 𝐴 + 𝐵𝑥𝑖

𝑌𝑖 𝑌𝑖 − 𝐴 − 𝐵𝑥𝑖 ,𝑖=1,…,𝑛

𝑌𝑖 − 𝐴 − 𝐵𝑥𝑖 ,𝑖=1,…,𝑛

𝑆𝑆𝑅 =෍

𝑖=1

𝑛

𝑌𝑖 − 𝐴 − 𝐵𝑥𝑖
2

𝐴 𝐵 𝛼 𝛽 𝑆𝑆𝑅



𝛼 𝛽 𝑆𝑆𝑅 𝑆𝑆𝑅 𝐴 𝐵

𝜕𝑆𝑆𝑅
𝜕𝐴

= −2෍

𝑖=1

𝑛

𝑌𝑖 − 𝐴 − 𝐵𝑥𝑖
𝜕𝑆𝑆𝑅
𝜕𝐵

= −2෍

𝑖=1

𝑛

𝑥𝑖 𝑌𝑖 − 𝐴 − 𝐵𝑥𝑖

෍

𝑖=1

𝑛

𝑌𝑖 − 𝐴 − 𝐵𝑥𝑖 = 0 ෍

𝑖=1

𝑛

𝑥𝑖 𝑌𝑖 − 𝐴 − 𝐵𝑥𝑖 = 0

෍

𝑖=1

𝑛

𝑌𝑖 = 𝑛𝐴 + 𝐵෍

𝑖=1

𝑛

𝑥𝑖 ෍

𝑖=1

𝑛

𝑥𝑖𝑌𝑖 = 𝐴෍

𝑖=1

𝑛

𝑥𝑖 + 𝐵෍

𝑖=1

𝑛

𝑥𝑖
2



1

𝑛
෍

𝑖=1

𝑛

𝑌𝑖 = 𝐴 + 𝐵
1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖 → ത𝑌 = 𝐴 + 𝐵 ҧ𝑥 → 𝐴 = ത𝑌 − 𝐵 ҧ𝑥

෍

𝑖=1

𝑛

𝑥𝑖𝑌𝑖 = 𝐴෍

𝑖=1

𝑛

𝑥𝑖 + 𝐵෍

𝑖=1

𝑛

𝑥𝑖
2 → ෍

𝑖=1

𝑛

𝑥𝑖𝑌𝑖 = ത𝑌 − 𝐵 ҧ𝑥 𝑛 ҧ𝑥 + 𝐵෍

𝑖=1

𝑛

𝑥𝑖
2

→ 𝐵 ෍

𝑖=1

𝑛

𝑥𝑖
2 − 𝑛 ҧ𝑥2 =෍

𝑖=1

𝑛

𝑥𝑖𝑌𝑖 − 𝑛 ҧ𝑥 ത𝑌 → 𝐵 =
σ𝑖=1
𝑛 𝑥𝑖𝑌𝑖 − 𝑛 ҧ𝑥 ത𝑌

σ𝑖=1
𝑛 𝑥𝑖

2 − 𝑛 ҧ𝑥2



𝛼 𝛽 𝑥𝑖 , 𝑌𝑖 𝑖=1,…𝑛

𝐴 = ത𝑌 − 𝐵 ҧ𝑥

𝐵 =
σ𝑖=1
𝑛 𝑥𝑖 − ҧ𝑥 𝑌𝑖

σ𝑖=1
𝑛 𝑥𝑖

2 − 𝑛 ҧ𝑥2

𝐴 + 𝐵𝑥



𝐴 = ത𝑌 − 𝐵 ҧ𝑥 = 12.4 − 46.1𝐵 = −2.510

𝐵 =
σ𝑖=1
𝑛 𝑥𝑖 − ҧ𝑥 𝑌𝑖

σ𝑖=1
𝑛 𝑥𝑖

2 − 𝑛 ҧ𝑥2
=

σ𝑖=1
15 𝑥𝑖 − 46.1 𝑌𝑖

σ𝑖=1
15 𝑥𝑖

2 − 15 46.12
=

σ𝑖=1
15 𝑥𝑖 − 46.1 𝑌𝑖

σ𝑖=1
15 𝑥𝑖

2 − 15 ∙ 46.12
= 0.323
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𝜎2

𝑌 = 𝛼 + 𝛽𝑥 + 𝑒

𝑒~𝑁 0, 𝜎2

𝑌𝑖 𝑥𝑖 𝑌1, … 𝑌𝑛

𝑌𝑖~𝑁 𝛼 + 𝛽𝑥𝑖 , 𝜎
2



𝑌𝑖

𝑌1, … , 𝑌𝑛

𝑓𝑌1,…,𝑌𝑛 𝑦1, … , 𝑦𝑛 =ෑ

𝑖=1

𝑛

𝑓𝑌𝑖 𝑦𝑖 =ෑ

𝑖=1

𝑛
1

2𝜋𝜎
𝑒
−
1
2
𝑌𝑖−𝛼−𝛽𝑥𝑖

2

𝜎2 =
1

2𝜋 𝑛/2𝜎𝑛
𝑒
− σ𝑖=1

𝑛 1
2
𝑌𝑖−𝛼−𝛽𝑥𝑖

2

𝜎2

𝛼 𝛽 𝛼 𝛽

෍

𝑖=1

𝑛

𝑌𝑖 − 𝛼 − 𝛽𝑥𝑖
2



𝑌1, … 𝑌𝑛

𝑌𝑖~𝑁 𝛼 + 𝛽𝑥𝑖 , 𝜎
2

𝐴 𝐵 𝑌𝑖 , 𝑖 =

1,… , 𝑛



𝐵 =
σ𝑖=1
𝑛 𝑥𝑖 − ҧ𝑥 𝑌𝑖

σ𝑖=1
𝑛 𝑥𝑖

2 − 𝑛 ҧ𝑥2

𝐵

𝐸 𝐵 =
σ𝑖=1
𝑛 𝑥𝑖 − ҧ𝑥 𝐸 𝑌𝑖
σ𝑖=1
𝑛 𝑥𝑖

2 − 𝑛 ҧ𝑥2
=
σ𝑖=1
𝑛 𝑥𝑖 − ҧ𝑥 𝛼 + 𝛽𝑥𝑖
σ𝑖=1
𝑛 𝑥𝑖

2 − 𝑛 ҧ𝑥2
=
𝛼σ𝑖=1

𝑛 𝑥𝑖 − ҧ𝑥 + 𝛽 σ𝑖=1
𝑛 𝑥𝑖 𝑥𝑖 − ҧ𝑥

σ𝑖=1
𝑛 𝑥𝑖

2 − 𝑛 ҧ𝑥2

σ𝑖=1
𝑛 𝑥𝑖 − ҧ𝑥 = 0

𝐸 𝐵 = 𝛽
σ𝑖=1
𝑛 𝑥𝑖 𝑥𝑖 − ҧ𝑥

σ𝑖=1
𝑛 𝑥𝑖

2 − 𝑛 ҧ𝑥2
= 𝛽

σ𝑖=1
𝑛 𝑥𝑖

2 − ҧ𝑥 σ𝑖=1
𝑛 𝑥𝑖

σ𝑖=1
𝑛 𝑥𝑖

2 − 𝑛 ҧ𝑥2
= 𝛽

𝐵 𝛽.



𝑉𝑎𝑟 𝐵 =
𝑉𝑎𝑟 σ𝑖=1

𝑛 𝑥𝑖 − ҧ𝑥 𝑌𝑖

σ𝑖=1
𝑛 𝑥𝑖

2 − 𝑛 ҧ𝑥2
2 =

σ𝑖=1
𝑛 𝑥𝑖 − ҧ𝑥 2𝑉𝑎𝑟 𝑌𝑖

σ𝑖=1
𝑛 𝑥𝑖

2 − 𝑛 ҧ𝑥2
2 = 𝜎2

σ𝑖=1
𝑛 𝑥𝑖 − ҧ𝑥 2

σ𝑖=1
𝑛 𝑥𝑖

2 − 𝑛 ҧ𝑥2
2

= 𝜎2
σ𝑖=1
𝑛 𝑥𝑖

2 − 2𝑥𝑖 ҧ𝑥 + ҧ𝑥2

σ𝑖=1
𝑛 𝑥𝑖

2 − 𝑛 ҧ𝑥2
2 = 𝜎2

σ𝑖=1
𝑛 𝑥𝑖

2 − 2 ҧ𝑥 σ𝑖=1
𝑛 𝑥𝑖 + σ𝑖=1

𝑛 ҧ𝑥2

σ𝑖=1
𝑛 𝑥𝑖

2 − 𝑛 ҧ𝑥2
2 = 𝜎2

σ𝑖=1
𝑛 𝑥𝑖

2 − 𝑛 ҧ𝑥2

σ𝑖=1
𝑛 𝑥𝑖

2 − 𝑛 ҧ𝑥2
2 =

= 𝜎2
1

σ𝑖=1
𝑛 𝑥𝑖

2 − 𝑛 ҧ𝑥2



𝐴 = ത𝑌 − 𝐵 ҧ𝑥 =
1

𝑛
෍

𝑖=1

𝑛

𝑌𝑖 − 𝐵 ҧ𝑥

𝐸 𝐴 =
1

𝑛
෍

𝑖=1

𝑛

𝐸 𝑌𝑖 − 𝐸 𝐵 ҧ𝑥 =
1

𝑛
෍

𝑖=1

𝑛

𝛼 + 𝛽𝑥𝑖 − 𝛽 ҧ𝑥 =
𝑛𝛼

𝑛
+ 𝛽

1

𝑛
෍

𝑖=1

𝑛

𝑥𝑖 − 𝛽 ҧ𝑥 = 𝛼 + 𝛽 ҧ𝑥 − 𝛽 ҧ𝑥 = 𝛼

𝐴 𝛼



𝑉𝑎𝑟 𝐴 = 𝑉𝑎𝑟
1

𝑛
෍

𝑖=1

𝑛

𝑌𝑖 − 𝐵 ҧ𝑥 =
1

𝑛2
෍

𝑖=1

𝑛

𝑉𝑎𝑟 𝑌𝑖 + ҧ𝑥2𝑉𝑎𝑟 𝐵 =
𝜎2

𝑛
+ 𝜎2

ҧ𝑥2

σ𝑖=1
𝑛 𝑥𝑖

2 − 𝑛 ҧ𝑥2

= 𝜎2
1

𝑛
+

ҧ𝑥2

σ𝑖=1
𝑛 𝑥𝑖

2 − 𝑛 ҧ𝑥2
= 𝜎2

σ𝑖=1
𝑛 𝑥𝑖

2 − 𝑛 ҧ𝑥2 − 𝑛 ҧ𝑥2

𝑛 σ𝑖=1
𝑛 𝑥𝑖

2 − 𝑛 ҧ𝑥2
= 𝜎2

σ𝑖=1
𝑛 𝑥𝑖

2

𝑛 σ𝑖=1
𝑛 𝑥𝑖

2 − 𝑛 ҧ𝑥2



Quindi 𝐴 𝐵

𝐸 𝐴 = 𝛼

𝑉𝑎𝑟 𝐴 = 𝜎2
σ𝑖=1
𝑛 𝑥𝑖

2

𝑛 σ𝑖=1
𝑛 𝑥𝑖

2 − 𝑛 ҧ𝑥2

𝐸 𝐵 = 𝛽

𝑉𝑎𝑟 𝐵 = 𝜎2
1

σ𝑖=1
𝑛 𝑥𝑖

2 − 𝑛 ҧ𝑥2



𝑆𝑥𝑌 =෍

𝑖=1

𝑛

𝑥𝑖 − ҧ𝑥 𝑌𝑖 − ത𝑌 =෍

𝑖=1

𝑛

𝑥𝑖𝑌𝑖 − 𝑛 ҧ𝑥 ത𝑌

𝑆𝑥𝑥 =෍

𝑖=1

𝑛

𝑥𝑖 − ҧ𝑥 2 =෍

𝑖=1

𝑛

𝑥𝑖
2 − 𝑛 ҧ𝑥2

𝑆𝑌𝑌 =෍

𝑖=1

𝑛

𝑌𝑖 − ത𝑌 2 =෍

𝑖=1

𝑛

𝑌𝑖
2 − 𝑛 ത𝑌2

𝐵 =
σ𝑖=1
𝑛 𝑥𝑖 − ҧ𝑥 𝑌𝑖

σ𝑖=1
𝑛 𝑥𝑖

2 − 𝑛 ҧ𝑥2
=
𝑆𝑥𝑌
𝑆𝑥𝑥

𝐴 = ത𝑌 − 𝐵 ҧ𝑥 𝑆𝑆𝑅 =
𝑆𝑥𝑥𝑆𝑌𝑌 − 𝑆𝑥𝑌

2

𝑆𝑥𝑥



𝛼 e 𝛽

𝐴 = ത𝑌 − 𝐵 ҧ𝑥 𝐵 =
𝑆𝑥𝑌
𝑆𝑥𝑥

𝐴~𝑁 𝛼,
𝜎2σ𝑖=1

𝑛 𝑥𝑖
2

𝑛𝑆𝑥𝑥
𝐵~𝑁 𝛽, 𝜎2/𝑆𝑥𝑥

𝑆𝑆𝑒 = σ𝑖=1
𝑛 𝑌𝑖 − 𝛼 − 𝛽𝑥𝑖

2

𝑆𝑆𝑒
𝜎2

~𝜒𝑛−2
2

𝑆𝑆𝑒 𝐴 𝐵



𝑆𝑆𝑒
𝜎2

~𝜒𝑛−2
2

𝐸
𝑆𝑆𝑒
𝜎2

= 𝑛 − 2 → 𝐸
𝑆𝑆𝑒
𝑛 − 2

= 𝜎2 →
𝑆𝑆𝑅
𝑛 − 2

= 𝜎2

𝑆𝑆𝑅/ 𝑛 − 2 𝜎2



𝑞𝑖
𝑞𝑜

𝑞𝑜 = 𝑚𝑞𝑖 + 𝑏

𝑞𝑖 𝑞𝑜

𝑞𝑖,1 𝑞𝑜,1

𝑞𝑖,2 𝑞𝑜,2

⋮ ⋮

𝑞𝑖,𝑁 𝑞𝑜,𝑁

𝑚 e 𝑏

σ𝑗=1
𝑁 𝑞𝑜,𝑗 −𝑚𝑞𝑖,𝑗 − 𝑏

2

𝑚 =
𝑁σ𝑞𝑖𝑞𝑜 − σ𝑞𝑖 σ𝑞𝑜

𝑁σ𝑞𝑖
2 − σ𝑞𝑖

2

𝑏 =
σ𝑞𝑜 σ𝑞𝑖

2 − σ𝑞𝑖𝑞𝑜 σ𝑞𝑖

𝑁σ𝑞𝑖
2 − σ𝑞𝑖

2

𝑠𝑚
2 =

𝑁𝑠𝑞𝑜
2

𝑁σ𝑞𝑖
2 − σ𝑞𝑖

2
𝑠𝑏
2 =

𝑠𝑞𝑜
2 σ𝑞𝑖

2

𝑁σ𝑞𝑖
2 − σ𝑞𝑖

2

𝑠𝑞𝑜
2 =

1

𝑁 − 2
෍ 𝑚𝑞𝑖 + 𝑏 − 𝑞𝑜

2

𝑠𝑞𝑖 =
𝑠𝑞𝑜
𝑚





𝑞𝑜 = 1.004𝑞𝑖 − 0.0737

±2𝜎
𝑚 = 1.004 ± 0.022

𝑏 = −0.0737 ± 0.0226

𝑠𝑚
2 = 0.000121 𝑠𝑏

2 = 0.00013456

𝑠𝑞𝑜
2 =

1

9
෍ 1.004𝑞𝑖 − 0.0737 − 𝑞𝑜

2 = 0.01054

𝑠𝑞𝑖 = 0.102283

𝑞𝑜 = 1.98 𝑞𝑖 = 2.0455 ± 0.3068

𝑞𝑖 𝑞𝑜



𝑌1, … , 𝑌𝑛
𝑥1, … , 𝑥𝑛

𝑌1, … , 𝑌𝑛

𝑆𝑌𝑌 =෍

𝑖=1

𝑛

𝑌𝑖 − ത𝑌 2

𝑌𝑖

• 𝑥𝑖

• 𝑌𝑖 𝜎2



𝑆𝑆𝑅 = σ𝑖=1
𝑛 𝑌𝑖 − 𝐴 − 𝐵𝑥𝑖

2

𝑆𝑌𝑌 − 𝑆𝑆𝑅

𝑅2 =
𝑆𝑌𝑌 − 𝑆𝑆𝑅

𝑆𝑌𝑌
= 1 −

𝑆𝑆𝑅
𝑆𝑌𝑌



𝑅2

0 ≤ 𝑅2 ≤ 1

𝑅2



𝑅2





𝑟 𝑥𝑖 , 𝑌𝑖 , 𝑖 = 1, … , 𝑛

𝑟 =
σ𝑖=1
𝑛 𝑥𝑖 − ҧ𝑥 𝑌𝑖 − ത𝑌

σ𝑖=1
𝑛 𝑥𝑖 − ҧ𝑥 2σ𝑖=1

𝑛 𝑌𝑖 − ത𝑌 2

=
𝑆𝑥𝑌

𝑆𝑥𝑥𝑆𝑌𝑌

𝑆𝑆𝑅 =
𝑆𝑥𝑥𝑆𝑌𝑌−𝑆𝑥𝑌

2

𝑆𝑥𝑥

𝑟2 =
𝑆𝑥𝑌
2

𝑆𝑥𝑥𝑆𝑌𝑌
=
𝑆𝑥𝑥𝑆𝑌𝑌 − 𝑆𝑥𝑥𝑆𝑆𝑅

𝑆𝑥𝑥𝑆𝑌𝑌
= 1 −

𝑆𝑆𝑅
𝑆𝑌𝑌

= 𝑅2 → 𝑟 = 𝑅2



𝑌𝑖 − 𝐴 + 𝐵𝑥𝑖

𝑆𝑆𝑅/ 𝑛 − 2



𝑌𝑖 − 𝐴 + 𝐵𝑥𝑖

𝑆𝑆𝑅/ 𝑛 − 2



𝑌𝑖 − 𝐴 + 𝐵𝑥𝑖

𝑆𝑆𝑅/ 𝑛 − 2



°

°

°
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°

°

°
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𝑃 𝑥 10𝑥
𝑃 𝑥 𝑥 𝑃 𝑥

1 − 𝑃 𝑥 ≈ 𝑐 1 − 𝑑 𝑥

𝑥
𝑥

ln 1 − 𝑃 𝑥 ≈ ln 𝑐 + 𝑥 ln 1 − 𝑑

𝑌 = −ln 1 − 𝑃 𝑥

𝛼 = −ln 𝑐
𝛽 = − ln 1 − 𝑑

𝑌 = 𝛼 + 𝛽𝑥 + 𝑒



A = 0.0154

B = 0.0099

−ln 1 − Percentage
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Ƹ𝑐 = 𝑒−𝐴 = 0.9847

1 − መ𝑑 = 𝑒−𝐵 = 0.9901
෠𝑃 = 1 − 0.9847 0.9901 𝑥

𝑻 𝑷 ෡𝑷 𝑷 − ෡𝑷
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𝑌 = 𝛽0 + 𝛽1𝑥 + 𝛽2𝑥
2 +⋯+ 𝛽𝑟𝑥

𝑟 + 𝑒

𝛽0, 𝛽1, … , 𝛽𝑟

𝑛 𝑥𝑖 , 𝑌𝑖 , 𝑖 = 1,… , 𝑛

𝛽0, 𝛽1, … , 𝛽𝑟 𝐵0, 𝐵1, … , 𝐵𝑟

𝑆𝑆𝑅 =෍

𝑖=1

𝑛

𝑌𝑖 − 𝐵0 − 𝐵1𝑥𝑖 − 𝐵2𝑥𝑖
2 −⋯− 𝐵𝑟𝑥𝑖

𝑟 2



𝑆𝑆𝑅 𝐵0, 𝐵1, … , 𝐵𝑟
𝐵0, 𝐵1, … , 𝐵𝑟 𝑟 + 1

෍

𝑖=1

𝑛

𝑌𝑖 = 𝐵0𝑛 + 𝐵1෍

𝑖=1

𝑛

𝑥𝑖 + 𝐵2෍

𝑖=1

𝑛

𝑥𝑖
2 +⋯+ 𝐵𝑟෍

𝑖=1

𝑛

𝑥𝑖
𝑟

෍

𝑖=1

𝑛

𝑥𝑖𝑌𝑖 = 𝐵0෍

𝑖=1

𝑛

𝑥𝑖 + 𝐵1෍

𝑖=1

𝑛

𝑥𝑖
2 + 𝐵2෍

𝑖=1

𝑛

𝑥𝑖
3 +⋯+ 𝐵𝑟෍

𝑖=1

𝑛

𝑥𝑖
𝑟+1

෍

𝑖=1

𝑛

𝑥𝑖
2𝑌𝑖 = 𝐵0෍

𝑖=1

𝑛

𝑥𝑖
2 + 𝐵1෍

𝑖=1

𝑛

𝑥𝑖
3 + 𝐵2෍

𝑖=1

𝑛

𝑥𝑖
4 +⋯+ 𝐵𝑟෍

𝑖=1

𝑛

𝑥𝑖
𝑟+2

⋮ = ⋮ + ⋮ + ⋮ +⋯+ ⋮

෍

𝑖=1

𝑛

𝑥𝑖
𝑟𝑌𝑖 = 𝐵0෍

𝑖=1

𝑛

𝑥𝑖
𝑟 + 𝐵1෍

𝑖=1

𝑛

𝑥𝑖
𝑟+1 + 𝐵2෍

𝑖=1

𝑛

𝑥𝑖
𝑟+2 +⋯+ 𝐵𝑟෍

𝑖=1

𝑛

𝑥𝑖
2𝑟
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𝑌 = 𝛽0 + 𝛽1𝑥 + 𝛽2𝑥
2 + 𝑒

෍

𝑖=1

𝑛

𝑥𝑖 = 55 ෍

𝑖=1

𝑛

𝑥𝑖
2 = 385 ෍

𝑖=1

𝑛

𝑥𝑖
3 = 3025 ෍

𝑖=1

𝑛

𝑥𝑖
4 = 25333

෍

𝑖=1

𝑛

𝑌𝑖 = 1291.1 ෍

𝑖=1

𝑛

𝑥𝑖𝑌𝑖 = 9549.3 ෍

𝑖=1

𝑛

𝑥𝑖
2𝑌𝑖 = 77758.9

1291.1 = 10𝐵0 + 55𝐵1 + 385𝐵2
9549.3 = 55𝐵0 + 385𝐵1 + 3025𝐵2

77758.9 = 385𝐵0 + 3025𝐵1 + 25333𝐵2

𝐵0 = 𝐵1 = 𝐵2 =

𝑌 = 12.59 + 6.33𝑥 + 2.12𝑥2
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𝑘

𝑌

𝑌 = 𝛽0 + 𝛽1𝑥1 +⋯+ 𝛽𝑘𝑥𝑘 + 𝑒

𝑥𝑗 , 𝑗 = 1, … , 𝑘 𝑗 𝑒

𝜎2 𝑌𝑖

𝐸 𝑌𝑖 = 𝛽0 + 𝛽1𝑥𝑖1 + 𝛽2𝑥𝑖2 +⋯+ 𝛽𝑘𝑥𝑖𝑘

𝐵0, 𝐵1, … , 𝐵𝑘 𝛽0, 𝛽1, … , 𝛽𝑘

𝑆𝑆𝑅 =෍

𝑖=1

𝑛

𝑌𝑖 − 𝐵0 − 𝐵1𝑥𝑖1 − 𝐵2𝑥𝑖2 −⋯− 𝐵𝑘𝑥𝑖𝑘
2



𝑆𝑆𝑅
𝐵0, 𝐵1, … , 𝐵𝑘 𝑘 + 1

෍

𝑖=1

𝑛

𝑌𝑖 − 𝐵0 − 𝐵1𝑥𝑖1 − 𝐵2𝑥𝑖2 −⋯− 𝐵𝑘𝑥𝑖𝑘 = 0

෍

𝑖=1

𝑛

𝑥𝑖1 𝑌𝑖 − 𝐵0 − 𝐵1𝑥𝑖1 − 𝐵2𝑥𝑖2 −⋯− 𝐵𝑘𝑥𝑖𝑘 = 0

෍

𝑖=1

𝑛

𝑥𝑖2 𝑌𝑖 − 𝐵0 − 𝐵1𝑥𝑖1 − 𝐵2𝑥𝑖2 −⋯− 𝐵𝑘𝑥𝑖𝑘 = 0

⋮

෍

𝑖=1

𝑛

𝑥𝑖𝑘 𝑌𝑖 − 𝐵0 − 𝐵1𝑥𝑖1 − 𝐵2𝑥𝑖2 −⋯− 𝐵𝑘𝑥𝑖𝑘 = 0



෍

𝑖=1

𝑛

𝑌𝑖 = 𝑛𝐵0 + 𝐵1෍

𝑖=1

𝑛

𝑥𝑖1 + 𝐵2෍

𝑖=1

𝑛

𝑥𝑖2 +⋯+ 𝐵𝑘෍

𝑖=1

𝑛

𝑥𝑖𝑘

෍

𝑖=1

𝑛

𝑥𝑖1𝑌𝑖 = 𝐵0෍

𝑖=1

𝑛

𝑥𝑖1 + 𝐵1෍

𝑖=1

𝑛

𝑥𝑖1
2 + 𝐵2෍

𝑖=1

𝑛

𝑥𝑖1𝑥𝑖2 +⋯+ 𝐵𝑘෍

𝑖=1

𝑛

𝑥𝑖1𝑥𝑖𝑘

⋮

෍

𝑖=1

𝑛

𝑥𝑖𝑘𝑌𝑖 = 𝐵0෍

𝑖=1

𝑛

𝑥𝑖𝑘 + 𝐵1෍

𝑖=1

𝑛

𝑥𝑖𝑘𝑥𝑖1 + 𝐵2෍

𝑖=1

𝑛

𝑥𝑖𝑘𝑥𝑖2 +⋯+ 𝐵𝑘෍

𝑖=1

𝑛

𝑥𝑖𝑘
2



𝐘 =
𝑌1
⋮
𝑌𝑛

𝐗 =
1
⋮
1

𝑥11
⋮
𝑥𝑛1

𝑥12
⋮
𝑥𝑛2

⋯
⋮
⋯

𝑥1𝑘
⋮
𝑥𝑛𝑘

𝛃 =
𝛽0
⋮
𝛽𝑘

𝐞 =

𝑒1
⋮
𝑒𝑛

𝐘 𝑛 × 1 𝐗 𝑛 × 𝑝 𝛃 𝑝 × 1 𝐞 𝑛 × 1 𝑝 ≡ 𝑘 + 1

𝐘 = 𝐗𝛃 + 𝐞



𝐁 =

𝐵0
𝐵1
⋮
𝐵𝑘

𝐗𝑻𝐗𝐁 = 𝐗𝑻𝐘

𝐁 = 𝐗𝑻𝐗
−𝟏
𝐗𝑻𝐘











𝛍
𝚺 𝛍 𝑋𝑖
𝚺 𝑋𝑖 𝑋𝑗

𝚺 =

𝜎11
2 𝜎12

2 ⋯ 𝜎1𝑗
2 ⋯ 𝜎1𝑛

2

𝜎21
2 𝜎22

2 ⋯ 𝜎2𝑗
2 ⋯ 𝜎2𝑛

2

⋮ ⋮ ⋱ ⋮ ⋯ ⋮
𝜎𝑖1
2 𝜎𝑖2

2 ⋯ 𝜎𝑖𝑗
2 ⋯ 𝜎𝑖𝑛

2

⋮ ⋮ ⋯ ⋮ ⋱ ⋮
𝜎𝑛1
2 𝜎𝑛2

2 ⋯ 𝜎𝑛𝑗
2 ⋯ 𝜎𝑛𝑛

2

𝑋𝑖



𝐱 =
𝑥1
𝑥2

una coppia di variabili aleatorie con distribuzione di probabilità congiunta 𝑝 𝑥1, 𝑥2

gaussiana con media𝛍 =
𝜇1
𝜇2

e convarianza 𝚺 =
𝛴11 𝛴12
𝛴21 𝛴22

𝑝 𝑥1, 𝑥2 =
1

2𝜋 𝑛/2 𝚺 1/2
exp −

1

2
𝐱 − 𝝁 𝑇𝚺−1 𝐱 − 𝝁



𝑝 𝑥1 = න
−∞

∞

𝑝 𝑥1, 𝑥2 𝑑𝑥2 = 𝑁 𝜇1, 𝛴11

𝑝 𝑥2 = න
−∞

∞

𝑝 𝑥1, 𝑥2 𝑑𝑥1 = 𝑁 𝜇2, 𝛴22

𝑝 𝑥1|𝑥2 =
𝑝 𝑥1, 𝑥2
𝑝 𝑥2

= 𝑁 𝜇1 + 𝛴12𝛴22
−1 𝑥2 − 𝜇2 , 𝛴11 − 𝛴12𝛴22

−1𝛴21



𝑋 𝐬,𝜔 𝐬 ∈ 𝒟 ⊂ ℝ𝑑

Ω 𝜔 ∈ Ω
𝒟

𝐹 𝑦1, 𝑦2, … 𝑦𝑛; 𝐬1, 𝐬2, … , 𝐬𝑛 = 𝑃 𝑋 𝐬1 ≤ 𝑦1, … , 𝑋 𝐬𝑛 ≤ 𝑦𝑛
𝑛 𝐬1, 𝐬2, … , 𝐬𝑛 𝒟



𝑋 𝐬

𝜇 𝐬 𝑘 𝐬, 𝐬′ =

𝐶𝑜𝑣 𝑋 𝐬 ; 𝑋 𝐬′

𝑋 𝐬 ~𝑁 𝜇 𝐬 , 𝑘 𝐬, 𝐬′

𝐬1, 𝐬2, … , 𝐬𝑛

𝐱 ≡ 𝑋 𝐬1 , 𝑋 𝐬2 , … , 𝑋 𝐬𝑛
𝑇
~𝑁 𝝁, 𝚺

Σ𝑖𝑗 = 𝑘 𝐬𝑖 , 𝐬𝑗



𝜇 ∙ 𝑘 ∙,∙

𝑛 𝐬 = 𝑠1, 𝑠2, … , 𝑠𝑛
𝑇

𝚺

𝚺 = 𝐋𝐋𝑇

𝑥 𝐬 = 𝜇 𝐬 + 𝐋𝑇 ∙ 𝑟𝑎𝑛𝑑𝑛 𝑛

𝑟𝑎𝑛𝑑𝑛 𝑛 𝑛



𝑘

𝑓 𝐱 =
1

2𝜋 𝑛/2 𝚺 1/2
exp −

1

2
𝐱 − 𝝁 𝑇𝚺−1 𝐱 − 𝝁

𝑘 𝐬1, 𝐬2, … , 𝐬𝑛 𝒟

𝚺 =

𝑘 𝐬1, 𝐬1 𝑘 𝐬1, 𝐬2 ⋯ 𝑘 𝐬1, 𝐬𝑛
𝑘 𝐬2, 𝐬1 𝑘 𝐬2, 𝐬2 ⋯ 𝑘 𝐬2, 𝐬𝑛

⋮ ⋮ ⋱ ⋮
𝑘 𝐬𝑛, 𝐬1 𝑘 𝐬𝑛, 𝐬2 ⋯ 𝑘 𝐬𝑛 , 𝐬𝑛

𝐳𝑇𝚺𝐳 ≥ 0 𝐳



𝑧 𝐬
𝑍 𝐬

𝑍 𝐬 = 𝑚 𝐬 + 𝑌 𝐬
𝑚 𝐬 = 𝐡 𝐬 𝜷 𝑌 𝐬

𝑘 𝐬𝑖 , 𝐬𝑗 =

𝜎2𝑟 𝐬𝑖 , 𝐬𝑗; 𝛉

𝜎2

𝑟 𝐬𝑖 , 𝐬𝑗; 𝛉 𝛉

𝛉



𝑚 𝐬 = 0

Se 𝑚 𝐬 = 𝛽 𝛽

Se 𝑚 𝐬 = 𝐡 𝐬 𝜷 𝐡 𝐬 = ℎ1 𝐬 ,… ℎ𝑝 𝐬
𝑇
𝑝 𝛃 𝑝



𝐳 𝑛 𝑧 𝐬 𝑛 ෡𝒟 = 𝐬1, 𝐬2, … , 𝐬𝑛
𝑻 ⊂ 𝒟

𝜎𝜖
2 𝐬

𝐳 𝑛 𝒁 𝑛 = 𝑍 ෡𝒟 + 𝚬 𝑛 𝑍 ෡𝒟

𝑍 𝐬 ෡𝒟 𝚬 𝑛 = 𝜎𝜖 𝐬1 𝛦1, … , 𝜎𝜖 𝐬n 𝛦𝑛
𝑇

𝛦𝑖=1,…,𝑛

𝑚 𝐬 = ℎ 𝐬 𝛽 ℎ 𝐬 = 1 𝑝 = 1
𝜎𝜖



𝒁 𝑛 𝑍 𝐬

𝑍 𝐬 𝒁 𝑛

𝑍 𝐬

𝒁 𝑛
~N

𝐡 𝐬 𝜷
𝐇𝜷

,
𝑘 𝒔, 𝒔 𝐤𝑇 𝒔

𝐤 𝒔 𝚺 + 𝜎𝜖
2𝐈

𝐇 = 𝐡 ෡𝒟 𝑛 × 𝑝

𝚺 𝑛 × 𝑛 ෡𝒟
𝐤 𝒔 𝑛 𝒔 ෡𝒟



𝑝 𝑍 𝐬 |𝒁 𝑛 =
𝑝 𝑍 𝐬 , 𝒁 𝑛

𝑝 𝒁 𝑛

ෝ𝑚𝑍 𝐬 = 𝐡 𝐬 𝜷 + 𝐤𝑇 𝒔 𝚺 + 𝜎𝜖
2𝐈 −1 𝒛 𝑛 −𝐇𝜷

Ƹ𝑠𝑍
2 𝐬 = 𝑘 𝒔, 𝒔 − 𝐤𝑇 𝒔 𝚺 + 𝜎𝜖

2𝐈 −1𝐤 𝒔



𝑍|𝒁 𝑛 ; 𝜷, 𝜎2, 𝜎𝜖
2, 𝛉 ~𝑵 ෝ𝑚𝑍, Ƹ𝑠𝑍

2

𝑝𝑟𝑖𝑜𝑟 𝑍 = 𝐺𝑃 𝑚 ∙ , 𝑘 ∙,∙

𝑙𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 𝑝 𝒁 𝑛 |𝑍; 𝜷, 𝜎2, 𝜎𝜖
2, 𝛉 = 𝑁 𝑍, 𝜎𝜖

2𝐈

𝑚𝑎𝑟𝑔𝑖𝑛𝑎𝑙 𝑙𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 𝑝 𝒁 𝑛 ; 𝜷, 𝜎2, 𝜎𝜖
2, 𝛉 = 𝑝׬ 𝒁 𝑛 |𝑍; 𝜷, 𝜎2, 𝜎𝜖

2, 𝛉 𝑝 𝑍; 𝜷, 𝜎2, 𝛉 d 𝑍

𝑝 𝑍|𝒁 𝑛 ; 𝜷, 𝜎2, 𝜎𝜖
2, 𝛉 =

𝑝 𝒁 𝑛 |𝑍; 𝜷, 𝜎2, 𝜎𝜖
2, 𝛉 𝑝 𝑍; 𝜷, 𝜎2, 𝜎𝜖

2, 𝛉

𝑝 𝒁 𝑛 ; 𝜷, 𝜎2, 𝜎𝜖
2, 𝛉

𝑝𝑜𝑠𝑡𝑒𝑟𝑖𝑜𝑟 =
𝑙𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 × 𝑝𝑟𝑖𝑜𝑟

𝑚𝑎𝑟𝑔𝑖𝑛𝑎𝑙 𝑙𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑



𝜷, 𝜎2, 𝜎𝜖
2, 𝛉

𝒁 𝑛

𝑝 𝒁 𝑛 |𝑍; 𝜷, 𝜎2, 𝜎𝜖
2, 𝛉 =

1

2𝜋 𝑛/2 𝚺 + 𝜎𝜖
2𝐈 1/2

exp −
1

2
𝒛 𝑛 − 𝐇𝜷

𝑇
𝚺 + 𝜎𝜖

2𝐈 −1 𝒛 𝑛 − 𝐇𝜷

෡𝜷 = 𝐇𝑇 𝚺 + 𝜎𝜖
2𝐈 −1𝐇 −1𝐇𝑇 𝚺 + 𝜎𝜖

2𝐈 −1𝒛 𝑛

𝜷 𝜎2, 𝜎𝜖
2, 𝛉

ℒ𝐿𝑀𝐸 𝜎2, 𝜎𝜖
2, 𝛉 = 𝒛 𝑛 −𝐇𝜷

𝑇
𝚺 + 𝜎𝜖

2𝐈 −1 𝒛 𝑛 −𝐇𝜷 + log 𝚺 + 𝜎𝜖
2𝐈



𝑝𝑟𝑖𝑜𝑟 𝑍 = 𝐺𝑃 𝑚 ∙ , 𝑘 ∙,∙

𝑍

𝑘 𝑥, 𝑥′ = 𝜎2 exp −
1

2𝜃2
𝑥 − 𝑥′ 2

𝜃
𝜎2





𝑘 𝑥, 𝑥′ = 𝜎2 exp −
1

2𝜃2
𝑥 − 𝑥′ 2

𝜃 𝑥 𝑥′

𝜃
𝜃

𝜎2








