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Differential Analysis of Fluid Flow Problems

®Now that we have a set of governing partial
differential equations, there are 2 problems we
can solve:

@ Calculate pressure (P) for a known velocity field

® Calculate velocity (U,V,W) and pressure (P) for known
geometry, boundary conditions (BC), and initial
conditions (IC)



Calculating the Pressure Field in Cart. coord.

@ Consider the steady, two-dimensional, incompressible velocity

—>

field, namely, = (U.v) = (ax + b)i + (— ay + CX)j . Calculate the
pressure as a functlon of X and .

DSolution: Check continuity equation,
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Consider the y-component of the Navier—Stokes equation:
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Calculating the Pressure Field in Cart. coord.

The y-momentum equation reduces to

0P S .
— = p(—acx — bc — a“y + acx) = p(—bc — a*y)
oy
In similar fashion, the x-momentum equation reduces to
0P
— = p(—a*x — ab)
ox

Pressure field from y-momentum:

. a’y*
P(x,y) = p| —bcy S| T 8()

P , ) _
= — = g2'(x) = p(—a“x — ab)
0X



Calculating the Pressure Field in Cart. coord.

Then we can get

2

azx
g(x) = p( 5 abx) + C,

Such that

> I | L.

a-x ay
Plx,y)=p X

abx — b(‘)’) + C,

® Will the C, in the equation affect the velocity field? No.The
velocity field in an incompressible flow is not affected by the

absolute magnitude of pressure, but only by pressure
differences.



Calculating the Pressure Field in Cart. coord.

® From the Navier-Stokes equation (NSE), we know the velocity
field is affected by pressure gradient.

® In order to determine that constant (C,; in Example), we must

measure (or otherwise obtain) P somewhere in the flow field.

In other words, we require a pressure boundary condition.
Please see the CFD results on the next page.



Calculating the Pressure Field in Cart. coord.
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Filled pressure contour plot, velocity vector plot, and streamlines for downward
flow of air through a channel with blockage: (a) case |; (b) case 2—identical to
case |, except P is everywhere increased by 500 Pa. On the gray-scale contour
plots, dark is low pressure and light is high pressure.



Exact Solutions of the NSE

@ There are about 80 known ®Solutions can also be
classified by type or
geometry

O Couette shear flows

exact solutions to the NSE

@ The can be classified as:

@ Linear solutions where the ®Steady duct/pipe flows
convective term is zero @ Unsteady duct/pipe flows
(‘7 _ V) % @®Flows with moving boundaries

@ Nonlinear solutions where @ Similarity solutions

@ Asymptotic suction flows
® Wind-driven Ekman flows

convective term is not zero



Exact Solutions of the NSE

Procedure for solving continuity and NSE

|.Set up the problem and geometry, identifying all
relevant dimensions and parameters

2.List all appropriate assumptions, approximations,
simplifications, and boundary conditions

3.Simplify the differential equations as much as
possible

4.Integrate the equations
5.Apply BC to solve for constants of integration
6. Verify results



Boundary conditions

@ Boundary conditions are critical to exact, approximate,
and computational solutions.

@ BC’s used in analytical solutions are discussed here:
® No-slip boundary condition

@ Interface boundary condition
@ These are used in CFD as well, plus there are some BC'’s
which arise due to specific issues in CFD modeling:

@ Inflow and outflow boundary conditions

@® Symmetry and periodic boundary conditions



Kinematic (no-slip) boundary condition

' Vfluid =01+ 0

Magnifying
glass

@For a fluid in contact with
a solid wall, the velocity of
the fluid must equal that
of the wall

—

Vitid = Vwail



Interface boundary condition

Fluid A

©®When two fluids meet at an
interface, the velocity and
shear stress must be the
same on both sides

Ts,A — Ts,B

OIf surface tension effects are
negligible and the surface is
nearly flat

P, = Py



Interface boundary condition

@®Degenerate case of the interface BC occurs at the free surface
of a liquid.

®Same conditions hold Ugir = Uater

ou ou
Ts,’watefr — ,Uuwate,,« 8_ — Ts,az’r — ,Ufaz'fr 8_
Y/ water Y/ qir

Since uair << uwater’

ou
- o~ 0
( 8y ) water

y water - AS Wlth genera|
I interfaces, if surface
X tension effects are
Fluid A—water

negligible and the
: surface is nearly flat

Fluid B—air

P

water = P air



Fully Developed Couette Flow

OFor the given geometry and BCs, calculate the velocity and
pressure fields, and estimate the shear force per unit area
acting on the bottom plate

OStep |: Geometry, dimensions, and properties

‘/
r -———
! Moving plate
h Fluid: p, w

Vv

Ly Fixed plate | X




Fully Developed Couette Flow

®Step 2: Assumptions and BC'’s

® Assumptions
|. Plates are infinite in x and z
. Flow is steady, 0/0t = 0
. Parallel flow, V=0
. Incompressible, Newtonian, laminar, constant properties
. No pressure gradient
. 2D,W=0,0/0z=0
7. Gravity acts in the -z direction, § = —gk,g. = —g

o U1 A W DN

@® Boundary conditions
® Bottom plate (y=0) : u=0, v=0, w=0
® Top plate (y=h) : u=V, v=0, w=0



Fully Developed Couette Flow

Note: these

.SteP 3: Slmth)’ numbers refer
U/ to the assumptions

on the
previous slide
Continuity ou 8/ aV_
ox /0%
oU —0 This means the flow is “fully developed”
or or not changing in the direction of flow

X-momentum




Fully Developed Couette Flow

®Step 3: Simplify, cont.

Y-momentum

' (2)

> P =Pp(2

5y

Z-momentum

6 6 6
O? O? O

dp
> dz

— —PY

a — PGz |




Fully Developed Couette Flow

®Step 4: Integrate

X-momentum

Ciz—’u, B 0 |integrate d_’u,
dy? dy
Z-momentum

dp
7, P9




Fully Developed Couette Flow

®Step 5:Apply BC’s
®y=0,u=0=C,(0) +C, = C,=0
® y=h,u=V=C/h = C,=V/h

© This gives

Y
u(y) =V

® For pressure, no explicit BC, therefore C; can remain an

arbitrary constant (recall only VP appears in NSE).
® Let p = pyat z =0 (C; renamed py)

1. Hydrostatic pressure
2. Pressure acts independently of flow

P(Z) — Po — pPgz




Fully Developed Couette Flow

OStep 6: Verify solution by back-substituting into
differential equations
@ Given the solution (u,v,w)=(Vy/h, 0, 0)

® Continuity is satisfied

0+0+0=0
® X-momentum is satisfied
oU Ua—U 8U __+ 4 82U_|_82_U_|_82_U
8t PGz T o2 8@/2 022

(O+VE 0+0-V/h+0- 0) —04p-041(0+0+0)

=0



Fully Developed Couette Flow

@Finally, calculate shear force on bottom plate

/N TN

oU dU | 8V
oV | dU A%
K\ 57 T @) Q.Ua—y

ow ou ow oV
# (% + 52) H(a—y+£)

oUu ow
p(3+9%) ) 0 u¥ 0
oV ow _ |%4
Z (5 + 8—y) =\ #ry 00
0 0 0

QM%—VZ /

Shear force per unit area acting on the wall

F V.

A—’wa:,uﬁ’&

)

Note that T,, is equal and opposite to the
shear stress acting on the fluid T,

(Newton’s third law).




Oil Film Flowing Down a Vertical Wall

® Consider steady, incompressible, ’ X
parallel, laminar flow of a film of oil
falling slowly down an infinite vertical

wall. The oil film thickness is h, and P= Py
gravity acts in the negative z-direction. Oil film: |
There is no applied (forced) pressure D, I Alr
driving the flow—the oil falls by

gravity alone. Calculate the velocity Fixed

and pressure fields in the oil film and !

sketch the normalized velocity profile.
You may neglect changes in the
hydrostatic pressure of the
surrounding air.




Oil Film Flowing Down a Vertical Wall

® Solution:

® Assumptions
|. Plates are infinite in y and z
Flow is steady, d/0t =0
Parallel flow, u=0
Incompressible, Newtonian, laminar, constant properties
P=P,., = constant at free surface and no pressure gradient
2D,v=0, 0/0dy =0
/. Gravity acts in the -z direction

® Boundary conditions
® No slip at wall (x=0) : u=0, v=0, w=0
® At the free surface (x = h), there is negligible shear,
means Ow/Ox =0 atx =h

o AW



Oil Film Flowing Down a Vertical Wall

®Step 3:Write out and simplify the differential equations.

ou 0y ow ow
— -+ + —=0 — — =0
gx gy 02 02
:lﬂx‘tlI}Tﬁ]nll 3 u\'.\lu:[‘;nn O
@ Therefore, w = w(x) only

®Since u = v = 0 everywhere, and gravity does not act in
the x- or y-directions, the x- and y-momentum equations
are satisfied exactly (in fact all terms are zero in both
equations). The z-momentum equation reduces to



Oil Film Flowing Down a Vertical Wall

%& z& c?v( d
+ w e +  pg,
N~ N—— H/—’ -

H/_/

:‘a.\‘.\ump[ion 2 assumption 3  assumption 6 continuity assumption 5 —pg

R o R b ) d’w _ pg
+ I I —
M( ’ if\ Az2 ~ U

W_/
:\\llmplmn 6  continuity

®Step 4: Solve the differential equations. (Integrating
twice)

W = f.xb Clx C‘)

—_—



Oil Film Flowing Down a Vertical Wall
OStep 5:Apply boundary conditions.

Boundary condition (1): w=0+0+C,=0 C,=0

-

Boundary condition (2):

aw > N
(1.\. x=h M “
DVelocity field:
pg , Pg pgx
W= J—x" hx = ; (x — 2h)
~ L A ~fL

®Since x < h in the film, w is negative everywhere, as
expected (flow is downward). The pressure field is
trivial; namely, P = Patm everywhere.



Oil Film Flowing Down a Vertical Wall

®Step 6:Verify the results.
let x* = x/h and w* = wu/(pgh?)
Normalized velocity profile:

x* |
wk = > (x* — 2)
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Fully Developed Flow - Poiseuille Flow

©® Consider steady, incompressible, laminar flow of a Newtonian

fluid in an infinitely long round pipe of radius R = D/2.We
ignore the effects of gravity. A constant pressure gradient
OP/0x is applied in the x-direction,

JdP P3 — P[ Pipe wall

— = = constant

0x X, — X,

Fluid: p,

where X, and X, are two
arbitrary locations along :
the x-axis,and P, and P, !
are the pressures at those

two locations. v



Fully Developed Flow - Poiseuille Flow

@®Derive an expression for the velocity field inside the pipe and
estimate the viscous shear force per unit surface area acting on
the pipe wall.

Solution:

Assumptions

|. The pipe is infinitely long in the x-direction.

2. Flow is steady, 0/0t =0
3. Parallel flow, u, = zero.

4. Incompressible, Newtonian, laminar, constant properties
5.A constant-pressure gradient is applied in the x-direction
6. The velocity field is axisymmetric with no swirl, implying that ug = 0

and all partial derivatives with respect to O are zero.
/. lgnore the effects of gravity.



Fully Developed Flow - Poiseuille Flow

Solution:
@ Step 2: List boundary conditions.
(I)atr =R, {/>= 0.
(2) at r = 0,du/dr = 0.

@ Step 3: Write out and simplify the differential equations.

Loy | 19w ou _ u_

v or / 00 ox BT

L.

N

assumption 3 1xxumpt10n 6



Fully Developed Flow - Poiseuille Flow

Solution:

Result of continuity: u = u(r)only

We now simplify the axial momentum equation

( ﬁ QJ “99/ ' ax)

A

ey e’
qq\umpuon?_ assumption 3  assumption 6 continuity
2
JP I 0 ( du l d /z{ J
= Ty T ps T\ o >y T
dx < rar 69 X2
assumption 7 assumption 6 continuity

Or

| d ( du) | 0P
— (=) =
rdr\ dr M 0X



Fully Developed Flow - Poiseuille Flow

Solution:

In similar fashion, every term in the r-momentum equation

0P
r-momentum: — =0
or
Result of r-momentum: P = P(x) only

Finally, all terms of the 8-component of the Navier—Stokes
equation go to zero.
@ Step 4: Solve the differential equations.
After multiplying both sides of equation by r, we integrate once
to obtain
du r* dP
e = } Cl
dr 2 dx




Fully Developed Flow - Poiseuille Flow

Solution:
Dividing both sides by r, we integrate again to get
“ dp
u:’ ICllnI‘+C2
4 dx
@ Step 5: Apply boundary conditions
Boundary condition (2): 0 =0 + C, — C,
Boundary condition (1): R? dP
U = F0+C,=0
4 dx )
R* dP
—  —



Fully Developed Flow - Poiseuille Flow

Solution:
Finally, the result becomes

1 dP ,

u = (r-— R°)
4 dx

@ Step 6: Verify the results
You can verify that all the differential equations and
boundary conditions are satisfied.



