On the generalised ensembles

Al

We consider two systems depicted in fig. 1, where the system 2 plays the role of reservoir
(large system), and the system 1 is the system of interest. The total system 142 is isolated:
it exchanges neither energy nor work with the external world.
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Figure 1: An isolated system partitioned into two subsystems, 1 and 2.

Each of the two systems is described by the extensive variables (EZ,{xgl)}), where
1=1,2 and mgi) is a set of extensive variables xéi) =VO NO M@

We allow the two systems to exchange energy and the quantity mg-k), with k fixed (e.g.,
we can allow exchange of volume). So, the two systems have equal 7" and equal X}, which
is the intensive quantity conjugated to x (e.g., X} is the pressure). Since the total system

is isolated, we have

FEiw = FE,+ Ey = const. (1)
Thtot = xfcl) + 3:22) = const. (2)

We also know, that the first law for reversible processes reads

TdS = dE - ) X;dz;. (3)
J
Using the same approach introduced for the canonical and grand canonical ensemble,

and noticing that the total system is isolated, we can estimate the the probability of
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finding the system 1 in the state with a given value of the energy F; and a given value of
the extensive variable zg):

P\(E x(l)) _ Ql(Ela$§gl))Q2(E2, 351(@2)) _ Q1<E17‘r]&l)>92(Ewt — B1, T ot — xl(cl))
1 1 — = ,
Zallstates Ql(EhIIE:l))QQ<E27x](c2)> Z/(T7 Xk‘)

(4)
where in the last equality we have exploited eqs. (1)-(2), and have introduced the general-
ized partition function Z'(T, X}) in the denominator. Keep in mind, that similarly to the
canonical and grand canonical ensemble, here ;(F;, SI?S)) indicates the number of states in
system 1 or 2, compatible with the given value of the energy and of the extensive variable.

Given the relation between entropy and number of states, we can write
QB — E — 2y = L Sy (Bu— E —zV 5
2( tot 15 Tk tot flfk) exXp 2 2( tot 15 Tk tot 33k) . ()
B

Given that the system 2 is large, the quantities E;, and x,(:) are small with respect to the
total energy and the total extensive quantity, so we can expand the rhs of eq. (5) in a

Taylor series up to the first order in E;, and x,(;), thus obtaining

852 852 (1)
So(Brot — B Trgor — 210) = So(Brot, Thtot) — - - =2 (6)
tot tot k tot tot OF, m](f) al’,(f) x;f) k
B Xl
- S an ot) T T k 5 7
5(Ftots Tk tot ) T+ T (7)

where in the last equality we have exploited eq. (3). Thus, eq. (4) can be written as

(1)
Ql (E17 xl(cl))Q2(Etota xk,tot)e_B(El_kak )

1
Pi(Bn ) = Z'(T, Xy)

(8)

By noting that the constant term Qo(Fiot, Tk tot) appears also in Z'(T, X}), we can finally
write eq. (8) as follows

0 (B, $/§1))675(E1*ka§:))

9)

Pl(Eh J:l(cl)) =

Z(T, X) ’
where
Z2(T, Xy) = / dB, dzlVQy (B, 2V)e B —Xai), (10)
Finally, the generalised free energy reads
F(T,Xy) = —kgTIn Z(T, Xy), (11)

from which we can obtain the equations of state for the ensemble under consideration.
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We have, for example,

(By) =

Y

I 9B
O Z(T, X))  O[BF(T, Xy)]
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