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Modifying the Schrodinger equation

Another suggestion is that the collapse of the wave function is a real
phenomenon. Cleary it cannot occur only during measurements;
possibly, it is part of the quantum dynamics, but becomes dominant only
during specific circumstances, such as measurements.

This means that the unitary dynamics as expressed (at the non
relativistic level) by the Schrodinger equation is not exact; it is an
approximation of a nonlinear (and stochastic) dynamics. This is not new
in physics. The linearity of Newton'’s gravitational potential is a weak field
approximation of a nonlinear dynamics as given by General Relativity.

One interesting question is how to modify the Schrodinger equation in a
nonlinear sense. Apparently there infinite ways of doing it. But then one
can show that this not the case. The reason is the following.

1. A statistical mixture is a a collection {(|Y,>, pn)}h =1 n Where |p> are
normalized states, not necessarily orthogonal to each other, and p, are
positive numbers summing to 1. The idea is that the state of a system is
described by |Y,>; we do not know which one, we know only the
probability distribution. A statistical mixture can be associated the
density matrix

N
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2. Two statistical mixtures {(|Y>, pp)tn=1.nand {(1@>, Am)im=1.mare
said to be equivalent if they give rise to the same density matrix:
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We focus now to the cases when the states |y,> are orthogonal to
each other and, similarly, the states | ¢,,> are orthogonal to each other.

3. Equivalent statistical mixtures can be created (ideally, instantly) at a
distance, by exploiting entanglement. Suppose that Alice and Bob, who
are arbitrarily far away from each other, share an entangled pure (for

simplicity) state pag = |W><W].

Alice decides to measure one of two possible observables O, and 0%,,
whose associate operators are:

Op=> opPt,  Pp=lop)opl, k=1,2

n

By the Born rule and collapse postulate, Bob will end up with having the
state:
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It is easy to show that

P1r = P2 =P

This means that the two statistical mixtures
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Being equivalent, the two mixtures cannot be distinguished. This is the
essence of the no-signaling theorem, which will be discussed later in
connection with nonlocality.

This is an experimental fact (up to experimental error), therefore any
modification of QM must takes this into account.

Given this, let us come back to our nonlinear dynamics. Assume that
after Alice’s measurement, Bob waits a little bit for the nonlinear
dynamics to build up, before performing a measurement. The state |y,>
changes into |YF.>, and likewise |@,> changes into |@f,>. We assume
the final states normalized (otherwise troubles would emerge in making
sense of the wave function). Not that the probabilities p,, and g, do not
change because they are related to our ignorance about the true state
of the system

Then the two initially equivalent statistical mixtures need no remain
equivalent any longer. For example, consider the two equivalent
statistical mixtures

{(‘¢1>7 1/2)7 (|¢2>7 1/2)}7 {(’¢+>7 1/2)7 (|¢—>7 1/2)}

where |¥,> and |y,> are orthogonal to each other and

|W.> = [|Y> £ |YP,>]/V2. Suppose the nonlinear dynamics is such that
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Clearly, the initially equivalent mixtures loose their equivalence after
some time. If they are not equivalent anymore, they can be distinguished
by some measurement. Hence a faster-than-light protocol is possible.



The faster-than-light effect here discussed, which is related to the
collapse of the wave function and quantum nonlocality, has nothing to

do with working with nonrelativistic QM. It would remain in relativistic
QFT.

If we demand that faster-than-light is not possible, then the nonlinear
dynamics must be such that the equivalence among statistical mixtures
must be preserved over time. This poses a severe constraint.

If the statistical equivalence is preserved over time, then one can define
an evolution for the density matrix:
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The nonlinear dynamics for the state vector uniguely identifies a
dynamics for the density matrix. A key property is that the dynamics
for the density matrix is, by construction, linear.

Take p = A p1 + A, p, (convex combination of p; and p,). Let us
consider a decomposition, among the many possible ones, of the
two density matrices p; and p,:

o= > _PEWEN W, k=12
Then p admits the decomposition
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Suppose that the states |(¥.> evolve into [¢*F > Then the density
matrix p evolves into (remember that any decomposition is good to
compute the time evolution of the density matrix, because
equivalence is preserve):

pe = A ol Rt I+ A2 Yol ) (W]

= Mpir+ A2p2r

The conclusion is: to avoid faster-than-light signaling, the (nonlinear)
dynamics for the state vector must be such that, at the density
matrix level, the evolution is linear.

The basic reason for the result is that “ignorance propagates
linearly”, i.e. if a system is initially either in state x with probability p
and in state y with probability g, and if x evolves into Xand y into Y,
then the system will end up in state X with probability p and in state
Y with probability g.

It is rather obvious that a deterministic nonlinear dynamics for the
state vector cannot become linear at the density matrix level: these
dynamics are excluded at the fundamental level. Extra degrees of
freedom, in the form of stochastic terms are needed in order to
wash out nonlinearities of the state vector’s dynamics at the density
matrix level. This poses a strong constraint of the possible forms of
the dynamics.

Physics books are full of nonlinear deterministic Schrédinger’s
equations, such as the Gross-Pitaevskij equation, or the Schrodinger
Newton equation. These are phenomenological equations, which are
very useful and valid within their domain of validity. They cannot be
considered or promoted to fundamental equations, for the reasons
explained here above.



Nonlinear stochastic Schrodinger
equation

Which kind of dynamics can we write, considering the previous
constraint? We assume that the dynamics is Markovian, which in general
is a good working hypothesis. There has been quite an extensive work
also with non-Markovian models, though.

At the density matrix level, the dynamics is of the QDS type and by
construction is completely positive, since it is defined at the wave
function level. Therefore it is of the Lindblad type:
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Then, mathematically speaking, the goal is to find a dynamics for the
wave function which, at the density matrix level, reproduces the
Lindblad equation.

Since the Lindblad equation consists of a unitary part, plus a non-unitary
term, it is rather natural to look for an equation for the wave function
which also consists of two parts: a unitary part (the standard
Schrédinger dynamics) and a non unitary (nonlinear and stochastic) part.

As a working model, we assume that the non unitary part occurs as a
jump process, i.e. at random times. One can consider a continuous
process, and there is an extended literature at this regard, based on
stochastic differential equations for the wave function. We will not touch
on this

A very natural model for a jump process is a Poisson process
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A stochastic process (N(t)):>0 is said to be a counting process if N(t) counts the total

number of ’events’ that have occurred up to time ¢. Hence, it must satisfy:
(i) N(t) >0 for all t > 0.

) N(t) is integer-valued.

(iii) If s < t, then N(s) < N(¢).
) For s < t, the increment N ((s,?])

occurred in the interval (s,t].

L N (t) — N(s) equals the number of events that have

A counting process is said to have independent increments if the numbers of events that

occur in disjoint time intervals are independent, that is, the family (N(Ix))1<k<n consists
of independent random variables whenever Ii,..., I, forms a collection of pairwise disjoint
intervals. In particular, N(s) is independent of N (s +t) — N(s) for all s, > 0.

A counting process is said to have stationarydncrements if the distribution of the number
of events that occur in any interval of time depends only on the length of the time interval.
In other words, the process has stationary increments if the number of events in the interval
(s,s+t],i.e. N((s,s+ t]) has the same distribution as N((0,t]) for all s,¢ > 0.

One of the most important types of counting processes is the Poisson process, which can

be defined in various ways.

Definition 1.1. [The Axiomatic Way|. A counting process (N(t));>¢ is said to be
a Poisson process with rate (or intensity) X\, A > 0, if:
(PP1) N(0) =0.
(PP2) The process has independent increments.

(PP3) The number of events in any time interval of length ¢ is Poisson distributed with mean
At. That is, N((s,t]) 4 Poi(At) for all s,t > 0:

e (X8

P(N((s,t]) =n) = e oy

, n € Np.

If A =1, then (N(t))i>0 is also called standard Poisson process.

Definition 1.2. [By Infinitesimal Description]. A counting process (N (t)):>0 is

said to be a Poisson process with rate A, A > 0, if:
Only a reference value

(PP1) N(0) =0. - .
Markovianity + time
(PP4) The process has stationary and independent increments. S .
tranlaltion invariance
(PP5) P(N(h) =1) = Ah + o(h).
(PP6) P(N(h) = 2) = o(h). Two events are not
too close to eaxh
A function f: R — R is said to be o(h) (for h — 0), if other
lim M = 0.
h—0 h

~N




Consider then what happens, at the density matrix level in an
infinitesimal amount of time:

1

plt +dt) = (1= o) (p(0) ~ 31, p(0]) + AdeT )

L v )\ )
No event - Schrddinger Event - collapse term
evolution

olt) = —LTH, p(0)] = X (1) ~ Tlp(1))

which is a special type of Lindblad equation, with:

[ Tlp()] = > wLip(t)L, Z%Llh—l]

Going back to the wave function, the nonlinear process cannot be

deterministic, otherwise the nonlinearity does not cancel at the density
matrix level. So it has to be stochastic. Suppose that an initial state | >

is transformed into:
V) — |Fr(v)), with probability pg

with |F({)> normalized state vector. Then it must be:

> Rl Fe(@)(Fe(@)] = > Lil) (¥ L]
k )

we have absorbed the coefficients y, into the Lindblad operators L. The

right hand and hand side of the equation represent two equivalent
unravelings and by theorem 2.6 page 103 on Nielsen-Chuang
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Theorem 2.6 New Lindblad term -
unitary freedom of the
Lindblad equation

Then, by dropping the tilde:

_ Lily)
[Fr()) = N

and since the left hand side is normalized, we arrive at the final result:

L
9) = Y i probability py = el

(o

together with the constraint Z L;LL;C =1

k
which also ensures that the probabilities p, sum to 1.

This is the general form of a collapse model, based on a discrete Poisson
process. The collapse model then reads:

1. A wave function is associated to a physical system, as in standard
QM.

2. The wave function evolves according to the Schrodinger equation,
except that at random times it is subject to a random collapse as
described above.

For different systems, collapses occur independently (minimal choice).
As for any theory, collapse models declare what there is, and how it
changes in time. Everything lese follows from here. Note that a new
parameter has been introduced, the collapse rate A. The operators L,
identify the model; there can be different choices.



The GRW model

Since the problem with Quantum Mechanics is why we do not see
objects delocalized in space, the assumption is that collapses occur in
space. Therefore the discrete index k becomes a continuous index x, the
point in space where the collapse occurs

Given a system on N particles, the collapse operator associated to the i-
th particle is taken equal to:

1

LW(x) = (rro)l exp [

2
2ré

where q; is the position operator of particle i. In the position
representation, the action of the operator amounts to multiplying the
wave function by a Gaussian.

A second parameter appears, the size r. of the Gaussian function; in
total, we have two new parameters. The rest of this section is meant to
explain how the new dynamics works.

Example 1. Collapse probability. Consider a particle in 1 dimension,
whose state is delocalized in space

Collapse operator: %

Collapse operator

Possible . 1 \ /

collapse point
Collapse probability

Possible Collapse point

10
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The collapse is more likely to occur where the the wave function is more
appreciably different from O. This is the ultimate reason for the
recovering of the Born rule, which we haven’t talked about, so far.

Example 2. Large Gaussian. Consider a particle in a Gaussian state,
centered in x = a with width r > r_.

v
v

The most probable collapse will occur around x = a. let as assume for
simplicity that it occurs exactly in a.

]_ (w—a)2 ]_ @ (a:—a)2
Y(x) = —=—e 22— —e e e 27
wr N
(z—a)?
~ ! e 27

YT,

.

The initially spread out wave function has been localized in space, with
resolution equal to r,.

Example 3. Narrow gaussian. Consider a particle still in a Gaussian state,
centered in x = a, with width r < r,

11
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Now we have

W(@) = e 5 1 g _e—a?
xr) = (& 2r — —€ e e 2r
/T N
]_ _(asfa)2
~ e 2r
T

The state hasn’t changed much.

Example 4. Now consider a particle whose state is the superposition of
two Gaussian states, one centered in x = a and the other in x = -a, with
2a > r,, each having spread r < r..

+

v



The collapse has roughly % probability to occur on the left at x = —a, and
% probability to occur on the right at x = a. Suppose it occurs no the
right. Then:

(x) =

C

1 [ _Gta? N _Ge=—)? 1 @0 [ (a2 N _—a)?
— |e 2r e 27 —e T e 27 e 27
N N’
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1 [ —222  @+a)? _@—a)?
e 2ce 22+ e 2r2

N’
v =0

Where only the approximation r < r. has been used. The Gaussian on
the right has been exponentially suppressed, and is essentially pert of
the tail of the Gaussian on the right.

Example 5. Now consider a particle whose state is the superposition of
two Gaussian states, one centered in x = a and the other in x = -a, with
2a K r,, each having spread r K< r..

4

I+

v

\ 4

As before, the collapse is more likely to occur around x = -a or x = a.
Suppose it occurs at x =a. The calculation is the same as before, since
only the approximation r < r. has been used :

13
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Now however the Gaussian on the left is not exponentially suppressed:
both terms of the superposition survive.

_(m+a)2 (ma)2‘| 1 _% l _(m+a)2 _(ma)2]
€

12

The conclusion is that not all superposition states collapse; only those
with spread larger than r. do collapse. The other ones are not
appreciably affected (of course, they also change a bit, but not much).
This is the physical meaning of the parameter r..

We can summarize the situation in the following way

States with States with
delocalization delocalization
AX KL r. Ax>> 1,
STABLE UNDER UNSTABLE UNDER
COLLAPSE COLLAPSE
& —~
collapse

Hilbert space of the system

These considerations suggest the numerical value one should attribute
to r.: @ mesoscopic distance, which kills macroscopic superpositions (Ax
> r.) but preserves microscopic ones (Ax < r.), which have been tested
experimentally with success. The number suggested in the literature is:

[ .=~ 107 cm]

14



Amplification mechanism

This is a crucial property of collapse models. So far we considered only
what happens for one particle. Suppose we have two particles (the
generalization to an arbitrary number of particles tis straightforward),
which form a bounded system, like a diatomic molecule, an example of a

rigid object. The composite system is in a superposition state as in the
picture

T

r < r.
22> r,

s«<a ||}

v
\ 4

- d _
-a-6 a -a+6 a-0 a+b d

oo + 00 -0

d
a-0 a+b

The initial state of the two-particle system is:

1 | _@+tate)? _ (y+a—6)2 _(@—a+8)? (y—a—o)?

w(fv,y)zﬁe 22 e 22 de T 22 e 27

The collapse processes for the two particles are independent. Suppose
that particle 1 (with coordinate x) suffers a collapse around x =a — 6.
From what seen before, this occurs with probability about %.

15



The wave function changes into:

1 [ 22092 iat46)? _ @4a=8?  _(@-at5? _ (y-a—6)>2

¢<$, y) -~ |e 2rg e 22 e 212 +e 22 e 212

| ~o

The first term of the superposition is exponentially suppressed. This
means that the collapse for one particle has killed the superposition of
the entire system.

This is the amplification mechanism: when we have a composite system,
like a macroscopic object, in a macroscopic superposition (Ax > r,)
"here” plus “there” (what is called a Schrodinger’s cat state), then the
collapse of one of its constituents cause the collapses of the entire wave
function. Given that the collapse process for each constituent are taken
to be independent, this means that:

 Collapse rate for one particle: A

 Effective collapse rate for and N-particle object: NA

This allows to choose A such that, for microscopic systems the collapses
are rare and almost negligible for all practical purposes, while for

macroscopic objects the amplification mechanism makes sure that their
wave function is very rapidly localized. The original value suggested was

[ A= 10857 ]

For example, for a macroscopic object with N =~ 20%* (Avogadro’s
number) particles, we have Ayacro = NA = 1024 x 1016 51 = 108 5L, This
means that once every 10® s (almost immediately) there occurs a
collapse somewhere in the object, which kills the macroscopic
superposition, if present: macroscopic objects are always well localized
in space.




A way to represent this is:

Micro world Meso world Macro world
> N, number of
. o . particles
Few particles, Transition Many particles,
few collapses region many collapses

Yet, not always a system with a large number of particles is so heavily
affected by the collapse process. Consider again the two particle system,
now mimicking an ideal gas rather than a rigid object: the two particles

are independent from each other, which is represented by a factorized
wave function:

1 _ (z+a+8)? _ (z—a+6)? _ (wta—6)2 _ (y—a—6)2
w<x, y) = N e 272 —|— e 272 ® [ 272 —|— (& 272

r<re r<re
2a>r, || 2a > r,
S«<a if|E §«<a
L} | | | | | |
-a-6 _a—a+6 a-0 a+b -a-6 _a—a+6 a-6 d a+b

17



Suppose again that particle 1 (with coordinate x) suffers a collapse
around x = a — §; once again, this occurs with probability about 7. The
wave function changes to:

1 [ 292  (4iais)? (x—a+5)2 (y+a—3)2 (y—a—8)2
r2 - 2] - 2] - T 5.2 -
Uz, y) =~ N |€ e e 27 te 2 ® e =T +e o

The collapse has localized the state of particle 1, but not that of particle
2: there is no amplification mechanism.

This shows that the amplification mechanism occurs only when the
multi-particle wave function is in a specific state, an entangled state of a
significant number of particles composing the system. In all other cases,
the collapse remains ineffective.

This is important, because there is an increasing number of experimental
results with cold atoms, superconductivity, superfluidity, where a larger
and larger number of particles are set in a collective quantum state. All
these cases turn out to be sufficiently stable against the collapse,
because none of them is a Schrodinger’s cat state of the form “here” +
“there”.

Ironically, entanglement, which is considered the characteristic feature
of QM, is what is needed to recover classicality.



The overall picture, which emerges from collapse models, is the
following

Stable. Already localized (A << r¢)

Stable. A too small

Macroscopl

Microscopic objects

systems

Stable. No cat-like
superposition

Unstable! NA large and Ax >> r¢

B+

Macro superpositions

BECs,
SQUIDs,
¥ superfluids




Testing collapse models

By changing the dynamics, collapse models make predictions, which
differ from standard quantum mechanical predictions.

The direct way to test these models is via interferometric experiments:
one takes a system as massive as possible, in order to trigger the
amplification mechanism, and creates a superposition state, with Ax as
large as possible, keeping at as long as possible.

Prediction of Prediction of
guantum mechanics collapse models
(no environmental noise) (no environmental noise)

If one detects quantum coherence, than QM is right and Collapse
models are wrong; if on the other hand there is a loos of coherence
even if environmental noises are kept low, than one has to wonder what
is happening in the experiment.

Such experiment are difficult to perform: it is difficult to create large
mass macroscopic superpositions, for a variety of reasons.



The alternative way is to test them non-interferometrically. Such kind of
experiments are based on the following property of collapse models.

Consider again example 3 of one particle in a narrow Gaussian state.
Before we said that the collapse is practically ineffective. There we
assumed that the collapse occurs exactly at x=a, which is the point with
the highest probability density. But also nearby point have a similar,
though slightly smaller, probability density to be the collapse point.

Suppose then that the collapse occurs near a, as a+6. Then, under the
usual approximation r < r, we have:

1 _ (z—a—¥)2 1 _@ _ (z—a)?
Y(x) = —— 2r2 — —e ¢ e 22
r N
1 (@—a-5")2 r?
~ e ST § = ﬁ(S
{1/7r_7“c re 47

The shape an size of the wave function hasn’t changed significantly, but
now the center has slightly moved, in this case to the right: its mean
position has shifted.

Since the probability that the collapse occurs exactly in x = a is zero, then
every collapse causes a (slight) shift of the particle’s position - random
motion

4 )
Quantum Mechanics Collapse models

v
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The important point is that, while the collapse of the wave function is
appreciable only when Ax > r,, the random motion occurs also when
the wave function is well localized in space. Therefore there is no need
to create quantum superpositions in order to observe this effect. This
experimental advantage can be used to test these models, via high-
precision position measurements, of microscopic or macroscopic
systemes.

Note that this effect is an unavoidable feature of any model which
collapses the wave function in space. It is another way of saying that the
collapse, being nonlinear, requires random terms in order to generate a
linear evolution at the density matrix level, in order to avoid
superluminal signaling.



Density matrix

From the previous analysis, the one particle Lindblad equation for the
GRW model is:

d 5 — —%[H, p()] = A (p(t) = T(p(t)])

Tlp(0) = [ oL (x)p()L(x)

In the position representation is reads

d 7 _ (x—y)?

ap(X7Y7t) = h[Hv IO(X7th)] — A <1 —€ e ) p(XaYat)

Note that the Lindblad terms determine the decay of the off-diagonal

elements of the density matrix (in position) es an effect of the collapse.

Their strength is:

_sz
A(Ax) = A (1 —e c>
4

> |Ax]|

* Quadratic increase for small Ax: good for experiments

 Saturation for |Ax| > r.: it does not help experimentally to create too

delocalized states, much larger than r.
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The density matrix can also be written in the form

olt) = —L[H, p(0)] ~ L0, [L(x). p(0)]

Remembering that L(x) is function of the position operator g, and
considering the case of a free particle, one can quite easily derive the
following results for the average position and momentum;

(@) = (@)™
P)e = (P)i"

where "SCH” refers to the pure Schrodinger evolution, without the
collapse. On the average, the (free) particle moves like in standard
guantum mechanics. For the variances we have:

Ag? — 2 — A 2(scH) AR? 43
¢ =((@—={a)"): = Ag 7+ 6r2m?
A2
A = (= (P = AR+ D
C

Both the variance in position as well as in momentum increase over time; this
is an effect of the underlying random process. The physical picture is the
following:

)KSad —
o
—
. . > t
Initial state First collapse Second collapse

Green = pure Schrodinger spread

24



In particular, for the kinetic energy we have:

A\R?

t
4rZm

There is a linear increase of the mean energy, sourced by the collapse
process. It is a form of violation of energy conservation.

All these results are useful to quantify the predictions of collapse models
to be tested experimentally.

For a N-particle system, being the collapse events related to each
particle independent from each other, the Lindblad equation reads:

Colt) = —LIH.plt) ROCOREA)

where for simplicity we assumed that the collapse rate A is the same for
all particles, and T,[.] is the collapse operator for the n-th particle.

By writing the explicit expression for T,[.], moving to the center-of-mass
(Q) and internal ({r;}) coordinates, and taking the partial trace over the
internal coordinates, one finds that

D (T, o]) = T[T (0)] = Tolpal,  po = T (p)

where pq is the (reduced) density matrix for the center of mass.
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To discuss this point, let us introduce the center of mass and relative motion position operators Q

and r; (j=1,2,...,N — 1), related to the operators g; by
J
N—1
gi=0+ Y cyry . (6.41)
j=1

Eq. (6.39), when the Hamiltonian H can be split into the sum of the center of mass and internal
motion parts Hp and H, acting in the respective state spaces, reads

d i i
3 PO =—3[Ho. p(0)] = £ THy, p(0)] = D s(p(6) = TiLp(O]) (6.42)
where the operator 7;[p] can now be written as
+
Tipl =/~ / " G e DT o o0 et (6.43)
T —0o0
The dynamical evolution of the center of mass of the system is described by the statistical operator
po = Tr(r)[p] , (6.44)

obtained by taking the partial trace on the internal degrees of freedom of the statistical operator p
for the complete N-particle system. Taking the » trace of the operation T;[p] one gets

o +oo Vol )
/ dl"l ce dI”N,I — / dx Ci(a/z)[Q#—Z}:l el
TJ-—c

and integrating over x

(ri...rv—i]pln ...i’]\/—l>€3_(9‘/2)[Q+Z]fv:_‘l €t =’ ) (6.45)

so that, by shifting the integration variable x by the amount ; ¢ijTj, one finds

Te"(T[p]) = To[Tr"(p)] , (6.46)
where

o 00 2 2 /2 2
TQ[ 1= E / dx e~ (#/2)(@—x) [ ]e—(l/ NQ—x)" (6.47)
—0o0

If one takes the r trace of Eq. (6.42) one then gets

d i

3 Pe()=—71Ho.pol = > _ Ji(po = Tlpol) - (6.48)

Assuming also that the total Hamiltonian splits into a term Hq for the
center of mass, plus a term Hy;, for the internal degrees of freedom, we
arrive at the following equation for the center of mass coordinate

© palt) = = Ha. pa(t)] ~ NA(po(t) ~ Talpa(H)

which is the equation for one particle, with the collapse rate amplified N
times. It is the mathematical manifestation of the amplification
mechanism.
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The equation for the internal degrees of freedom depends very much on
the internal structure. For a crystalline structure, typical of rigid objects,
by working with the phonon formalism, one can show that phonon

states are excited over time, since the systems warms up subject to the
collapse.

Open questions:

* The origin of the collapse: is it an intrinsic feature of Nature, or is it

caused by some agent? Which agent? Penrose suggests it might be
gravity.

* What is the role of the wave function? It is not a field in 3D space,
therefore it does not allow for a naive interpretation as
representing the stuff in 3D space.

FURTHER MATERIAL
e QUMPL and measurement process
* (LS equation
* DP model
e Experimental bounds
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