FTs and out-of-equilibrium experiments
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Fluctuation Relations

e Probability of the reversed path
Pl@ | 2(0)] = Ple | 2(0)] e 7O

e Unconditional probabilities: Crooks’ relation

~

Plz] = Plx] e PWVI-AF)
o Integral fluctuation relation: Jarzynski’s equality
<e_6w> = e_BAF, with Z)\(O)/Z)\(tf) = exp(SAF)
e Detailed fluctuation relation (aka Gallavotti-Cohen relation)
7/5[%] _ ,]D[w]e_AStot[;p]/k;B7 with AStot — ASB + ASSyS

SBlx] =3, QP[] /To, AS™S = kplog [p(2(0),t0)/p(x(ts), ts)]
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Are they useful?

e Mechanical unfolding of biopolymers (Nucleic Acids, Proteins)

e Experiments performed in non-reversible conditions

o Out-of-equilibrium statistical mechanics can be used to evaluate
equilibrium properties of the molecules



R
A Rna hairpin

P(-W) = P(W)e PW=AF).  P_W*) = P(W*) = W*

D. Collin et al, Nature 2005
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System in a steady state

QN

. ol N N Nl el vl v

o H=31" g0+ [q% +qk + 2L (i — Qi)2:|
o At equilibrium 77 = TN
(pipj) = 0 if i # j
(gipj) =0, Vi, j
e when T # T these variables are correlated
Let z = ((]1, ...gN,P1,s- - .pN), and Cij = <£L’1l'j>
P(z) = exp [—%ci;lxixj] / [(%)N J/det (cfl)]

Rieder, Lebowitz, Lieb, J. Math. Phys. (1967)
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1t exchanged by the ¢-th particle: Q);

Langevin equations of motion

dgi _ OH _
@ o P
dpi oOH
- = - —I'pi 4+ 1) (01, + 0w
p a%Jr( i+ i) (613 + 6N i)
Q1 is our macroscopic observable
(]
At At
OH OH
Qi= [ daim—+dpiyg—= [ dtpi(t) (~Tpi+m) (01, + ny)
to aql 8p7, to

o with @1 and Qn #0,and @; =0,i1=2,... N —1



___________________________
Probability distribution P(Q1,t)

o Exact result:
> Qi = H({a:(At)}, {pi(At)}) — H({ai(to) }, {pi(to)})
@ One expects
o (Q1)/t x (Ty — Ty) in the long time limit
o (Q1) =—(Qn)

One can prove that, for any interaction potential and for ¢t — oo

P(Q1) = P(—Q)e /T |

where kg =1, and T = (1/Ty — 1/Tn) ™"
This is a particular case of a more general relation, the
Gallavotti-Cohen relation



Simulations vs. exact solution
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An electric circuit with viscous coupling

S. Ciliberto, et al. PRL 2013

(@) (b)
V1 }c} VZL@L
ct %mjn n c2
T @ 2 T
. Vi .
i1+ = —Rf-f—CVQ-F?h
1
. Vs .
(C2+ O = _R7+CV1+772
2

where 7; is the usual white noise: <17m§-> = 20 %5 (t—1t).
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Nyquist effect

The potential difference across a dipole fluctuates because of the
thermal noise




Thermodynamic quantities

e Dissipated power in an electric circuit
P=VvV.I

o Heat dissipated in resistor 1

t+AL
Q:1(t,At) = / dt’ Cvi(t)
t

t+At !
_ / At Vi (¢) (Vl(”
¢ Ry

e Analogous definition for o




aka F'T for (); at t — oo: slow convergence

tedo P(Q1) o 1e12 P(Q1) ©
le12 : P00 ep(=Q1/7) le-14 P(=Q1) exp(=Q1/7)
4 2 C201 2 4 6 4 2 Q)l 2 4 6
At =10.2s, At=05s
Pys(—Q1)

B=1/T) —1/T

T, =88 K, Th, = 296 K, C = 100pF, C, = 680pF, Co = 420pF and Ry = Ry = 10MQ




A few definitions

o ASPath: the entropy due to the heat exchanged with the reservoirs
up to the time At

ASRE™ = Q1 ae/Ti + Qant/To

@ the reservoir entropy ASZ%th is not the only component of the

total entropy production: entropy variation of the system?
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A trajectory entropy

The system follows a stochastic trajectory through its phase space, the
dynamical variables are the voltages V;(t).

Vi




R
A trajectory entropy

Vi

t

e Following Seifert, PRL 2005, for such a system we can define a
time dependent trajectory entropy

S (t) = —kplog P(Vi(t), Va(t))
@ Thus, the system entropy variation reads

P(Vi(t + At), Va(t + At))
PVi(t), Va(t))

ASY = —kplog



These are measurable quantities

@ (); can be measured as discussed earlier
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e P(V1,Va) can be easily sampled

&

[uV]

V.

Left: 77 =296 K (eq.) right: 77 = 88 K
e The system is in a steady state: P(Vi,Va) does not change with ¢
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Total entropy

e Measure the voltages V; at time ¢ = 0 and ¢ = At, and thus obtain

P(Vi(At), Va(At))
P(V1(0), V2(0))

ASY = —kplog

e Measure the heats Q1 and Q2 flowing from/towards the reservoirs
in the time interval [0, At] and thus obtain

ASR™ = Q1 at/Ti + Qoae/To

@ Define the total entropy as

AStot ASbath + ASSAytS



R
FT for the total entropy

@ The theory predicts that the following equality holds
(oxp(~AS™ /) = 1,

e We also know that the following FT holds for any trajectory «
Plz] = Pla]e 25

which implies that P(AS™") should satisfy a fluctuation theorem
of the form

log[P(AS™")/P(—AS™")] = AS™" kg, VAL, AT,



FT for the total entropy: experimental verification
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single-electron tunnelling events

Vi (mV)
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Distribution of entropy productionin a
single-electron box

J. V. Koski'*, T. Sagawa?, O-P. Saira"?, Y. Yoon', A. Kutvonen*, P. Solinas™*, M. Métténen'S,
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single-electron tunnelling events: FT

a
“2‘ 01
S
s
= 0.001
o
1
15
b 1
© Meas. 2
5 OTF o Meass
4 ool *Meas s
T
< 0.001
1
-10 10 15
c 1
~ 01
4 oo
lW
0.001
0.0001
-10
m
Asiot
Figure 3 | Distributions of entropy ion at different

a, An(W — AF) distributions for a 40 Hz forward protocol at different bath
temperatures. The symbols show measured values (key in b applies to all
panels), solid lines are numerical expectations (all panels), and dashed
lines demonstrate what the distribution would be for Ts = Ty, such that
Jarzynski Equality would be satisfied. b, Corresponding Asgl, distributions
¢, Aslfy distributions for single jump trajectories.
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Figure 5 | Test of the DFR. a, DFR for As},. Despite the asymmetry of
forward and backward protocols due to detector back-action, the relation is
satisfied. b, DFR for As{h, of the forward protocol. In both aand b, the
expected dependence given by equation (5) is shown as a solid black line.



Thermal cyclic engines: classical system

Realization of a micrometre-sized stochastic heat engine
Working fluid: a single colloidal particle in a laser trap

T=22°¢

V. Blickle and C. Bechinger Nat Phys (2012)



Motors and rotors of biological interests

Organelle

F1 '
& 5
R ooflbo( PLITITY
{ Iy
‘:;“h_g D L feddan
o_/'

Motor
protein

") Direction of

movement

YOI —enwememmooren. Fg. 15 Sk (b)

Molecular motors are protein machines that convert chemical
energy into useful work

Example: Kinesin moves cargo inside cells along microtubules

Example: RNA polymerase, transcribes DNA sequences into
mRNA

Example: ATP-synthase. The motor is driven by a proton
gradient across the membrane.



Thermal cyclic engines: quantum system

A single-atom heat engine
Working fluid: a single calcium ion in a tapered ion trap
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Quantum thermodynamics

Thermodynamics preceded quantum mechanics, and for many decades
the two theories developed separately.
The gap is now being bridged

Fundamental Theories of Physics 195
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How can process-dependent thermodynamic
quantities, such as work and heat, be meaningfully
defined and measured in quantum systems?

What are the efficiencies of quantum engines and
refrigerators? Are they better or worse than their
classical counterparts?

How do non-equilibrium fluctuation relations extend
to the quantum regime?

‘Which corrections to standard thermodynamic laws
and relations have to be made when considering
systems that couple strongly to their surroundings?



Thermodynamic of Information

A % a &g K. K. Maruyama, F. Nori,
— ‘_.Sa and V. Vedral
(d) f () l The physics of Maxwell’s
demon and information.

Rev. Mod. Phys. 81, 1
(2009).

(a)

FIG. 1. (Color online) Schematic diagram of Szilard’s heat en-
gine. A chamber of volume V contains a one-molecule gas,
which can be found in either the right or the left part of the
box. (a) Initially, the position of the molecule is unknown. (b)
Maxwell's demon inserts a partition at the center and observes
the molecule to determine whether it is in the right- or the
left-hand side of the partition. He records this information in
his memory. (¢) Depending on the outcome of the measure-
ment (which is recorded in his memory), the demon connects a
load to the partition. If the molecule is in the right part as
shown, he connects the load to the right-hand side of the par-
tition. (d) The isothermal expansion of the gas does work upon
the load. whose amount is k7 In 2 which we call 1 bit. Adapted
from Fig. 4 in Plenio and Vitelli, 2001.



|
Landauer’s principle

LETTER

Experimental verification of Landauer’s principle
linking information and thermodynamics

Antoine Bérut', Artak Arakelyan!, Artyom Petrosyan', Sergio Ciliberto’, Raoul Dillenschneider” & Fric Lutzt

40i110.1038 /nature 10872
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Figure 1| The erasure protocol used in the experiment. One bit of
information stored in a bistable potential is erased by first lowering the central
barrier and then applying a tilting force. In the figures, we represent the
transition from the initial state, 0 (left-hand well), to the final state, 1 (right-hand
well). We do not show the obvious 1 — 1 transition. Indeed the procedure is such
that irrespective of the initial state, the final state of the particle is always 1. The
potential curves shown are those measured in our experiment (Methods).




Information engine

T —s —X

Wait 7
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Free evolution Sample continuously
in U(z,—L) until z > A

| —

| Update U

e Brownian particle in U(z, \) = k/2(z — \)?, with
P(z,t=0) = Pz, \ = —L)

o first passage at xt = h
o extracted work w = 2khL




Tapes as information reservoirs
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Figure 5.2. The Bennett-Feynman information-fueled engine. A tape (fuel) containing a
large number of Szilard cylinders, each with the molecule in state 1 (right), is fed into the
machine. Once inside, each cylinder undergoes the Szilard manipulation, and an average
amount of work — W = kgT In2 is extracted. At the end of the manipulation, the location
of the molecule in the cylinder is randomized (exhaust). See the discussion in Feynman
[53, pp- 146-147].

from PP, chapter 5



Cooling of trapped atoms with a Maxwell’s Demon

repumping!
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Figure 3: Using a Maxwe
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ions and configured to create a one-
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ns can be tuned to atomic
ay potential barrier; atoms may cross unimpeded in
Ewm left to right left in this figure, but not in the other. Left panel : when the
iphery of the trapping potential, (right side) the atoms that cross
r will l:u mw Ihd( have converted nearl ly all their kinetic energy to potential energy, in
other words, the cold ones. By slowly sweeping the barrier (from the right to the left) across the
trapping potential, one can sort cold atoms (blue) from hot ones (red), reminiscent of Maxwell’s
famous thought cool an entire atomic ensemble. Because the cold atoms do work
against the opt as it moves, their kineti mall even as they return to
the deep portion of the potential well. Right pancl: schematic representation of the optical sct-up
showing the optical trap (red beam), the transle

ional stage and the two beams one way b

Adapted from M. G. Raizen, Science 324, 1403-1406 (2009)



Climbing a staircase with a Maxwell’s Demon

re
LETTERS natre,

Experimental demonstration of
information-to-energy conversion and validation
of the generalized Jarzynski equality

Shoichi Toyabe', Takahiro Sagawa?, Masahito Ueda??, Eiro Muneyuki'* and Masaki Sano?*

Figure 2: Experimental set-up2%30,




