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Suppose now that we want to perturb the system so the induce a spin-flip transition. Physically, since the
interaction Hamiltonian Hgp is proportional to &, then opposite contributions arise when the system is in |0)
and [1). Thus, by making the system change fast between [0) and [1), one can average out the contributions
from Hgg, effectively decoupling the system from the environment.

Specifically, we will consider a modified Hamiltonian reading

Hy — H(t) = Hy + Hp(2), (8.42)
where the Hamiltonian perturbation f{p(t) can be implemented via a monocromatic alternating magnetic field
applied at the resonance. Its explicit form we consider is

np
Ap(t) = 3 VO 1) {5, cosanlt — 1)) + &, sinfuo(t — )]}
. (8.43)
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with np being the number of pulses, tl(," is the time at which the pulse is switched on every At, namely

t =ty +nAt, with ne{l,... np}. (8.44)
Finally, the switch of the impulse is determined by V(™) (t), which is defined as

(8.45)

g = [V forte R R
0, otherwise,

where 75 is the duration time of the pulses.

The exact dynamics with respect to the modified Hamiltonian H (t) cannot be solved. However, we can
assume that during the pulses the contribution of Hgp is negligible and we completely neglect it. Then, the
dynamics becomes piecewise, alternating Hgp to Hp.

As for the unperturbed case, we tackle the problem in the interaction picture. Namely, the effective Hamil-

tonian becomes R R N
HO(t) = H (1) + H (1), (8.46)

where H{"(t) is shown in (8.5) and

HO(t) = exp [; (ﬁs + HB)] Hp(t) exp {—; (fls + HB)] ;

e (8.47)
_ eiwoa-zt/Q Z V(n) (t) (6’+6iw0(t_t£9n)) + &_e—iwo(t—tgl))> e_iwo&zt/Q.
n=1
However, one has that
eiwo&zt/2&76—iw062t/2 — eiwgézt/Q |0> <1‘ e—iwoﬁzt/Z’
= et 0y (1], (8.48)
— eiwgta/\__7
and similarly o o _
6zwgazt/26,+671wgazt/2 _ 671w0t6,+' (849)

Then, we obtain
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np
HY (t) = Z v (1) ((}Jre—iwot;") I &761‘%75;")) 7
- (8.50)
= Z 124 (t)ei“’“&zt%n)/Q&zefiwo&zt;")/z’
n=1

where we exploited that 6 4+ 6_ = &,. Notably, the only time dependence is in V(™) (t), but it is only formal
as one can see from Eq. (8.45). Then, when considering the corresponding unitary, we have
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v (8.51)
) L (n) L (n)
= exp (;Vezwoo'ztp /Q&xefzwoaztp /2TP> )
By Taylor expanding
) E
. 1 Lo (n) s (n)
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_ piwodat ﬂzﬁ (_;V%Tp> gm0t /2, (8.52)
—~ k!
_ eiwoﬁzt;")/ze—%vz%ﬂp 672'“;0&215;")/2.
We finally fix V' and 7+ so to have an actual bit-flip. This is provided by setting
%4
hTP - g (8.53)
which gives
—iys.n —iZs .

e RTImTE = e7'2% = —iG,. (8.54)

Notably, we can consider the limit of the time pulses that go to zero, i.e. 7. — 0, as long as V' — oo and
Eq. (8.53)) holds. Since from here V' does not appear explicitly, this will only simplify the calculations.
Then, we have that

N A () s (n)
VO (1p) = VP = —ie™07="v 125 e 1wo0ste /2, (8.55)

By considering that the following relation holds
e w00=t/2 — cos(wot/2)1 — isin(wyt/2)6, (8.56)
and the anticommutation relation {6,,5.} = 0, we have that
a_xefiwoé'zt/Q _ eiwoﬁzt/Qa_z. (857)
It follows that one can write the operator f/;j) in two equivalent ways:
5(1) __ . iwo&zt(") A - A 77;(,«)05'215(")
VP = —ie PG, = —idge P (8.58)

Let us now consider the time evolution of the first entire cycle of spin-flips: this is from time ¢y through
time tg) when the spin flips the first time, to time tg) when the spin flips back to the original spin state. In
particular, we define this latter time as t; = tg + 2A¢. The unitary dynamics from ¢g to ¢; is given by
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U (to, 1) = VU (1, 62000 (ko 117),

_ {%mv{m} [(]}{1)) oo () 4 2))1}(1)} U9t tg)), (8.59)
where, up to a unimportant phase, we have
3 L. T iw 7 —iw *
O (tas t5) = exp [202 S (Bt gty — ta) — bre™regi (15 m))] . (8.60)
k
The first square parenthesis in the last line of Eq. (8.59) is given by
90 < () ()
(8.61)
— _iwods (¢ —t")
Similarly, the second square parenthesis in the last line of Eq. (8.59)) can be rewritten as
N -1, N o 1 . o
(V) OO 2P = enrt g exp {Q&ZB(tIQ”,tf))] Goe 07t (8.62)

where B(tl(al), t1(>2)) =3 (Bgeiwk-té“gk (At) — i)ke—iwktg)gz(AtD . Here, we Taylor expand the central exponential,
which gives

l
1. - 1 R
exp [26ZB(tl(,1),tl(,2))] = Z . ( LB >,t<2>)> . (8.63)

We divide the Contrlbutlons to the sum in those with even and odd values of I. For even values, we have 6! = (}Zl/7
where [ = 20'; then 61 = 1 = (—.)". For odd values of I, we have 61 = 62/'*+! where | = 20’ + 1; then &% = 5.
But more specifically, we also have that &g;&i&w =0,0,0, = —0, = —&lz. Thus, it follows that
(f}{l)) U(”(t(1 t(2 )V(I) = exp [—20 B( e t(z))] (8.64)
Thus, we have that Eq. (8.59)) reads
N o 1, - 1, -
Uy (t0, 1) = —e" 07081~ exp {ﬂB(tl&”,t?)} exp [2 @B@o,té”)} , (8.65)
and can be recasted as
~ 1 PO ~ .
U (t0,11) = exp [moﬁz(t@ — )+ 50 Y (Bl tom(A) — e o (An)) (8.66)
k
where we neglected the overall unimportant phase and we defined
M (At) = & (AL) (1 — ex41) (8.67)

Now, the full evolution from time ¢y to time ¢ty after N entire cycles of spin-flip is simply given by

H u(l) n 17 = exp lzwoaz(tN — to) + Uz Z (bT Z zwkto N At o bk Z —iwgto (]\]7 At)>‘| ,

(8.68)
where we introduced
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(N At —m)kto Z ew}ktﬂ 1 )
N (8.69)

At) Z einkAt(n—l).

Such an evolution is to be compared to that with no pulses on the same time period. This is given by Eq. (8.60)
where one substitutes ¢, — to and tg — tn. Then, since ty — tg = 2N At, we have

~ 1 a~r ~ )
U (Lo, tr) = exp [2&2 3 (bLeZkaogk(QNAt) - bke—wktog;(wm)) (8.70)

k

Notably, the expressions in Eq. (8.68) and Eq. (8.70) have a similar structure, with the important difference
being the factor n (N, At) substituted with & (2N At). Thus, the decohering factor I'(t, t) will take a suitably
modified expression as that in Eq. (8.39)), namely

wrlony (N, At)|? hw
Cto,tn) = e ’7’“2( ADE oth (BQ ’“) (8.71)
E
We now compare the difference between these two factors:
N N
Me(N, At) — (2N At) = n(At) Y e =1 — ¢ (2At) Z Ziwp At(n—1) (8.72)
n=1 n=1
where we exploited the composition of the & terms. Then, by considering that
. 2 . .
G(AT) (1 + 0 A0) = T (1 — (A1 4 (),
_ @(1 _ 2wty (8.73)
WE ’
= & (2A%),
and the definition of n;(At) in Eq. (8.67)), we obtain
Me(N, At) — (2N At) = =284 (At)elr 21y~ eZiwndin=1), (8.74)
n=1
Equivalently, we have
nk(N7 At) = gk(QNAt) (1 - fk(Na At)) ) (875)
where 5 (A1)
N. At) = k zkat 2wy At(n—1) )
TN, At) = 2250 570 Z (8.76)
By exploiting the geometric series and the definition of &, we get
(1 _ eikat) o A (1 _ eZiwkNAt)
fu(N, At) = (1— e2iwkNAt)e * (1 — e2iwn Aty
(8.77)

-9 (1 - eikat) eikat
- (1 _ einkAt) '

Finally, by taking the limit of dense pulses, i.e. At — 0, we obtain
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which means that under the same limit we have
li N, At) = 0. 8.79
Almy me(N, A1) (8.79)
As a consequence, the decoherence factor vanishes: I'(tg,tn) — 0. Namely, the decohering effect of the en-

vironment on the system is cancelled. Effectively, one has a (dynamical) decoupling of the system from its
environment.
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