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8.2.2 Probabilistic error cancellation

The Probabilistic error cancellation (PEC) method cancels the effects of the noise employing a map that acts
as the inverse of the noise map under a suitable average.

Suppose the ideal circuit is performed by a unitary CPTP map U being the consecutive application of unitary
gates: ﬁcircuit = ﬁd ... Ul, where d is the depth of the circuit. One can represent the corresponding noisy circuit
by substituting each unitary operation with its noisy counterpart, namely UlﬁUZT — U; A (9] Uj , where A; is a
CPTP noisy map and p is the N-qubit state. If we focus on a single gate 01-, the two corresponding circuits are
represented as

U — = — AU — (8.98)

Now, the point is if we can invert the CPTP map A; via the application of its inverse A; ! In general, this is
not possible. Indeed, typically, A; ! is not a CPTP map and thus such an inverse operation of the noise cannot
be implemented. Nevertheless, such an operation can be implemented on average.

Consider the toy model of a single qubit, where the unitary noiseless operation is the identity: U =1, and
the noise channel is the bit-flip with a probability p. Thus, the corresponding map is

A(p) = (1 = p)1pl + p6, 6. (8.99)

This map corresponds to the unravelling with two components: with a probability p one applies an extra gate X,
and with probability (1 — p) one does nothing, i.e. applies the gate 1. Notably, both these gates have an inverse.
Indeed, 171 =1 and 671 = 6,. Then, we construct the inverse noise map A~! as having two components: with
a probability ¢ we apply an X gate, and with a probability (1 — ¢) we apply an 1 gate. The corresponding total
circuit can be then decomposed in the four components:

a), with prob = (1 —p)(1 — ¢q),

Dy = O e B o

¢), with prob = p(1 — ¢),

d), with prob = pq.

Now, we want to fix ¢ such that, under the ensemble average, the circuit b) occurs with a probability being the
opposite value of that of circuit ¢) occuring, and that the sum of the probabilities of having the circuit a) and
d) gives 1. This implies the following system of equations

P,Pi=(1-p)(1—q)+pg=1, and PP.=(1-p)g+p(l—q)=0. (8.101)

The solution is given by
—-p
_ 7 8.102
=15 (8.102)
which is a quasi-probability, since it can take negative values, and it is shown in the left panel of Fig. Now,
the inverse noise map A~! is given by
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Fig. 8.3: Quasi-probability ¢ (left panel) and renormalisation constant v (right panel) as a function of the
probability p of having an error.

A7N(p) = (1= q)1p1l + ¢6.p6,
= sgn(1 — q)|1 — q|1p1 + sgn(q)lq|62p6%, (8.103)
=7 [S1P11p1 + Sx Px6:6s] ,

where in the first line we used z = sgn(z)|x|, with sgn indicating the sign function, and in the second line we
introduced

v=11-ql+ldl, (8.104)
which is represented in the right panel of Fig. [8.3] Finally, we defined

1—
Sl:Sgn(]‘*q)a Pl: ‘ q‘a
| |7 (8.105)
SX - Sgn(q)a PX - %7

where Thus, one has that P;, Px > 0. Thus, independently from the unravelling of the noise map, i.e. without
knowing if the bit-flip noise is applied or not, we apply the map A~! as written in the last line of Eq. (8.103).
This can be implemented with the following circuit:

My

a), with prob = Py,
Mx

b), with prob = Px.

(8.106)
A classical post-processing (CPP) is applied to multiplicate the outcome of the result by the proper sign factor.

Eventually, the mitigated result is given by

(M)
AT -

<M>:7(S]_P1M1+SXPXMX). (8107)

This is an unbiased estimator. The cost of the mitigation procedure goes in the variance, which grows by a
factor v compared to the unmitigated one.

Consider a more general case of the noise map A acting on a single qubit, which reads
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A(ﬁ) = )‘0/3 + Ala'xﬁa'z + /\26'y/36'y + )\3&zﬁ6za (8108)
where
3
Ao >0, and > Ay =1 (8.109)
a=0

Such a map is a CPTP map. Similarly as done above, we construct the inverse map A~! as
ATH(P) = qop + 18wpbs + 4265y + 4362p5 -, (8.110)
where we require that

3
> ga=1, (8.111)
a=0

but we do not add any restriction on the sign of g,. Then, in terms of unravellings, we have 4 possible evolutions
provided by A and 4 by A~! for a total of 16 possible mappings. Explicitly, they give

A |A_1| p—p |probability Pyg

i 1 p Aoqo
:!- &x &mﬁ&z )\0(]1
:!- Oy Oypoy Aog2
1 Cs;z a—zﬁa—z )\OQB
6o 1| 62962 Ao
Oy| Oy |G20yP00 A1G2
6| 6. (50200050 s (8.112)
6, 1| &,p0, A2qo
Gyl 60 (64500006, Nom
&y 6'y 6'2,65'12/ /\QQQ
(}y a;z a'yé'z[)a'z(':"y A2q3
5. 1| 6.p6, Asdo
&z 6'3: &zé—mﬁ&a:a'z >\36h
b.| 6, |6.6,p6,5. A3
6. 6. | 62po A3q3

However, we can exploit that 63 =1 and that 0;0; = i€;;,0%. Thus, the above table becomes
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A |A_1|,6 — ,6’|probability P,s

i1 5 Xoto
:1- 61 &xﬁé—x )\Oq1
:!- a'y &yﬁ&y Aog2
1 a;z a'z[)&z )\0%
6ol 1 |62poe Mo
6-:r 6-1 15 )\1(]1
a-z a-y &Zﬁ&z )\1(]2
Oz a;z a'y[)a'y A1g3
6, 1 |6,p6, A2do
&y &z &zﬁ&z )‘qu
a-y a-y )6 )\2(]2
&y é;z oy A2q3
6. 1 |6.p6. A3q0
b.| 64 |64p6, Asq
0. &y lopyilop” A3G2
a-z a'z /3 )\3(]3

(8.113)

Finally, we impose that the sum of the probabilities of getting p’ = p should be 1, and those such p’ # p should

be 0. Namely

Poo + P11+ Pag + P33 = Aogo + A\1q1 + A2g2 + Azgz = 1,
Po1 + Pro + Paz + P32 = Aog1 + Aiqgo + A2qz + A3q2 = 0,
Poz + Pao + P13 + P31 = Aog2 + A2qo + A1gs + Azq1 = 0,
Posz + P30 + Pi2 + Po1 = Aog3 + A3qo + A1g2 + A2g1 = 0.

The solution to this system of linear equations gives

1 1 1
q0:4(1+12>\12/\2+12)\12/\3+12/\22/\3>
1 1 1
« 4(1_1—2)\1—2)\2_1—2)\1—2A3+1—2)\2—2A3>
1 1 1
& 4(11—2)\1—2)\2+1—2)\1—2)\3 1—2)\2—2)\3>
1 1 1
q3:4(1+1—2>\1—2)\2_1—2)\1—2)\3 1—2)\2—2)\3>

The inverse map can be rewritten as

where

3
YP) =D dabaiba;
a=0
3
= 580(qa)|galdapba;
a=0
3
=7 Z SaPDL&apA&ou

a=0

3
Ao
N = Z |9al, So =sgn(q,), and P, = u

(8.114)

(8.115)

(8.116)

(8.117)



8.2 Quantum Error Mitigation 131

Then, the mitigated result is given by
3

(M) ZVZSaPaMaa (8.118)
a=0
where M, is the outcome obtained from the measurement at the end of the circuit at whose beginning we
applied 7.

The application of PEC mitigation works if one has an almost perfect knowledge of the noise. However, for
such a characterisation for N qubits, one needs to quantify 4¥ — 1 parameters, where 4 is the dimensions of the
single-qubit algebra and 1 degree of freedom is fixed as it corresponds to the map given by 18 whose associated
probability is given by the unity minus the sum of all the other probabilities. To be quantitative, for 2 qubits
one needs 15 parameters, for 10 qubits these become ~ 10%, and for 50 qubits we have ~ 103° parameters.
Therefore, it is an approach that requires too many classical processing to be used for a large number of qubits.
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