The Finite Difference Method, E. Nobile

FUNDAMENTALS OF
THE FINITE DIFFERENCE METHOD

Enrico Nobile

Dipartimento di Ingegneria e Architettura
Universita degli Studi di Trieste, 34127 TRIESTE

] 2y ]
KR
e
Ot ]

February 27, 2025

)

Coqus?

February 27, 2025 1/87

The Finite Difference Method, E. Nobile

OUTLINE

Introduction
m Generalities and notation

Finite Differences
Finite Difference Operators
Frequent Finite Difference approximations

Compact Finite Difference Schemes

B EEAN

Difference representation of Partial Differential Equations
m Truncation Error

m Round-Off and Discretization Errors

m Application of boundary conditions

Methods for obtaining Finite Difference equations
m Taylor series

m Polynomial fitting
= Estimation of one-sided boundary derivative

Bl Generation of difference formulas by Difference operators
m Difference formulas for First Derivatives
m Difference formulas for Higher Order Derivatives 7,

S’

February 27, 2025 2/87


https://moodle2.units.it/course/view.php?id=15138

The Finite Difference Method, E. Nobile | Introduction | Generalities and notation

Generalities

Basic concepts and techniques in the formulation of Finite-Difference (FD herafter):

m The most fundamental statement of conservation principles, like e.g. mass, energy,
momentum, et., applies to a fixed quantity of matter;

m From that, it is possible to develop conservation statements applicable to both a fixed region
in space and at a point, in the limit of a vanishing volume;

m The conservation statement applicable to a point appears as a Partial Differential Equation
(PDE) and the statement for a fixed region in space as an equation involving integrals;

m In the finite difference - FD - formulation, the continuous problem domain is discretized, so
that the dependent variables are considered to exist only at discrete points:

m The FD method is based on the properties of Taylor (Maclaurin) expansions and on the definition of
derivatives.

m The PDE form of the conservation principle is converted to an algebraic equation by approximating
derivatives as differences.

m In the finite volume - FV - methodology, the continuous problem domain is divided up into
regions called control volumes (CV):

m The dependent variables are considered to exists at a specified location within the volumes or on the
boundaries of the volumes;
m The integrals in the conservation statement are approximated algebraically.

m For both methods - FD and FV - a problem involving calculus has been transformed into an
algebraic problem.
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Definition and notation

In order to establish a finite difference procedure for solving a PDE, we need to replace the
continuous problem domain with a finite difference grid or mesh:

m As an example, suppose we wish to solve a PDE for which ¢(x, y) is the dependent variable
in the 2D (two-dimensional) square domain 0 < x < 1,0 <y < 1.

m We establish a grid on the domain by replacing ¢(x, y) by ¢(iAx,jAy), as illustrated in the

figure.
bij+2 |
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m Points on the grid can be easily located according to the values of i and j, so difference
equations are usually written in terms of the general point (i,) and its neighbors. ﬁ%’
H
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Definition and notation - cont.

Thus, if we think of ¢; ; as ¢(xg, o), then:
bir1j = ¢(Xo + AX, ¥o)
Bi—1j = $(Xo — AX, Yo)
Gij+1 = ¢(Xo, Yo + AY)
bij—1 = ¢(Xo0, Yo — AY)
b2 = ¢((Xo + 24X, ¥o)

|
Pij+1,k®
For 3D problems we would have: HT i
® P j,k+1
®it1,j,k = ¢(Xo + AX, Yo, 20)
Pi-1jk ik Pit1,,k
®ij+1.k = (X0, Y0 + Ay, 20) —e ) o—
bijk+1 = &(Xo0,Y0,20 + AZ)
®i,jk—1,0
...... ¢i’j_1’kT

For marching problems, e.g. time-dependent problems, the variation of the marching coordinate is
usually indicated by a superscript, such as ¢§'7F1, rather than a subscript.
Many different finite-difference formulations are possible for any given PDE (Partial Differential

Equation), according to:
m Accuracy
m Economy (computational costs)
m Simplicity (implementation/programming).
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Definition of derivative

Definition of derivative

0o lim P(Xo + AX, ¥o) — ¢(X0,Y0) (1)

OX  Ax—0 AXx

Here, if ¢ is continuous, it is expected that [¢(xg + AX, yo) — ¢(Xo, Yo)]/Ax will be a reasonable
approximation to 9¢/0x for a sufficiently small, but finite, Ax.

¢A
¢(Xo + AX) .
Mean-value theorem: the difference
?(xg) representation is exact for some point within the
Ax interval.
Xo Xg + Ax X

Developing a Taylor series expansion:

¢ 224\ (Ax)? 3¢\ (Ax)3
P(Xo + AX,¥o0) = #(Xo,¥0) + (5>0AX—I— <(9X2>0 2| + (3)(3)0 31
()
an—1¢ (AX)n_1 9" (AX)”
—|—...—|—<8Xn_1>0 (n__l)!—i-(%)EW XoSfS(XO—I—AX)

where the last term can be identified as the remainder, and the subscript 0 indicates (xg, ¥o)- g%%
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Forward difference

We can now form the forward difference by rearranging the previous equation (2):

<a_¢) _ (%0 + AX,¥0) — $(X0, ¥0) <a2¢> (Ax) (aS_qs) (Bx)? @)
OX J(xs.10) Ax ox? , 2 ox3 , 3
Switching to the index notation: N
(@) _ BRI =Bl g ()
X J; j AXx

Truncation Error
The difference between the partial derivative and its finite difference representation is the
truncation error, or TE for short.

We can characterize the limiting behavior of the T.E. by using the order of (O) notation:

09\  Pir1j— bij
(5¢), = " a " +ote

When the T.E. is written as O(AXx), it means that

IT-E.]l < K|l ax]
{ }
for Ax — 0 (sufficiently small Ax), and K is a positive real constant. =
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Truncation error

m In practical terms, the order of the T.E. is found to be Ax raised to the largest power that is
common to all terms of the T.E.
m More general definition of the O notation:

m When we say f(x) = O [¢(x)], we mean that there exists a positive constant K, independent of x,
such that:
f) < Kle(x)| vxe§

where f and ¢ are real or complex functions defined in S. For finite difference applications, we restrict
S by x — 0, i.e. sufficiently small x.
m Note that O(Ax) does not say anything about the size of the T.E., but rather how it behaves
as Ax tends towards zero.

m If another finite difference expression had a T.E. = O((Ax)?), we might expect, or hope, that
the T.E. of this second representation would be smaller than the previous one for a convenient
Ax, but we could only be sure that this would be true if we refined the mesh sufficiently:

m Sufficiently is a quantity that is extremely difficult to estimate, since it is very case-dependent.
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A remark on Taylor expansions

The Taylor expansion, eq. (2), has several important implications:

m The left-hand side (lhs) is the value of the function ¢ at an arbitrary distance Ax from point x,
with no restriction on Ax.

m In the right-hand side (rhs), all quantities are evaluated at point xp: it means that we can know
the value of the function at arbitrary distance from point xg, if we know all the derivatives at
this single point xg.

m In practical terms, it is possible to evaluate the function at a point xo + Ax, with a given
accuracy, from the knowledge of a finite number of derivatives at point xj.

Taylor Series Expansion

@ ¥ -G - approximation up to O(A xz)
’ ~ approximation up to O(A x4)
approximation up to O(A xé)
approximation up to O(A xg)

- e

~ approximation up to O(A xm)

=~ approximation up to O(A sz)

— 2 sin(3x) +x
-4 *
-6 1 5
Y
-8 : . . . oo
0 0.5 1 15 2 %%
x o,
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Backward and central difference

m An infinite number of difference representations can be found for (9¢/0x); ;.
m For example we can expand backward:

2 2
P(Xo — AX,Yo) = ¢(Xo,Yo0) — <%)0 Ax + <8 ¢> (CYs
0

ox ox2 2!
0%¢\ (Ax)° ©
2 4
- (ﬁ)o 3 + O((Ax)")
and obtain the backward difference representation:
1)) Gij— Qi1
- =2 T O(A 6
(ax).,,. I 4 o(an) ©
)
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Backward and central difference - cont.

m We can subtract eq. (5) from eq. (2):

0
P(Xo + AX,¥0) — ¢(Xo — AX, ¥o) = S(Xex¥0) — M"'( )0 +(8f:>OAX

- 83¢> (Ax)® (8% (Ax)® )
8x3 3! + 8x30 3! e

m Rearranging we obtain the central difference representation:

(@) _ 9% + AX, ¥o) — #(Xo — AX, ¥o) +o((ax)?)
ox (X0-Yo0) 2AX

and in index notation:

00\  Pit1j— Pi-1, 5
(5)1 = =P o(axy) ®)

m Since the T.E. of a first order FD formula is proportional to the second derivative, as seen from
eq. (3), it results that a first order FD approximation is exact for a linear function.

m Similarly, a second order formula has its T.E. proportional to the third derivative - see eq. (7) -
and therefore it is exact for a quadratic function. ﬁ

Qo

@am@‘“r
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Second derivative

m We can also add equations (5) and (2) and rearrange to obtain an approximation to the
second derivative:

B(Xo + AX, ¥g) + ¢(Xo — AX, Yo) = ¢(Xo,¥0) + (X0, Yo0) +Q%/— s
92¢ (AX)2 32¢ (AX)2
+ <8X2 >0 2l (aXQ W W+ O((AX)4

m Rearranging and in index notation:

2 S — . . .
<8_¢> = PO oAy ©
)

ox2 | (Ax)?2

m It should be emphasized that these are only a few examples of the possible ways in which first
and second derivatives can be approximated.

February 27, 2025 14 /87



The Finite Difference Method, E. Nobile | Finite Difference Operators

Forward and Backward difference operators

m First forward-difference of ¢; ; with respect to x at point /,j, Ax:

Axdij = Pir1j — dij (10)
and thus 4 A
(%) ~ 29, o(ay
OX J; j AX
Similarly:

Dy dij = Gijy1 — Pij

3¢> Ay i
— ) = +0(A
(5}’ ij Ay (&)

m First backward-difference of ¢; ; with respect to x at point/,j, Vx:

Vxgij = bij — bi—1 (11)
It follows 5 -
(52) =22 +oax)
8X i AX gﬁ%
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Central difference, averaging and identity operators

m Central difference operators 4, 6 and §2:

OxBij = i1 — Bi1 (12)
Oxbij = Piy1/2) — Pi—1/2, (13)
551 = Ox(Oxdij) = Ox(Bit1/2) — Bi1/2))
= (Pit1 — ¢ij) — (Gij — di-1) (14)
= Qi1 — 2¢jj + di—1

m Averaging operator p:

Giv1/2j + i—1/2;
px ij = /e 5 1) (15)
m |dentity operator /:
lgij = ¢ij (16)
®
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Shift and derivative operators

m Shift operator E:

E'¢ij = Exdij = i1 (17)
Ex'dij= i1 (18)
Eydij = &ij1 (19)

where the superscript, if it is equal to +1, is usually omitted.
It also follows that:

2
EX<¢ij = diroy
+1/2

ESV2¢; = Pit1/2,
EX" i j = dign,

m Derivative operator D:

¢
Do — [ == 20
0= (50, (20)
All these operators satisfy the commutative, associative and distributive laws satisfied by real or
complex numbers.
()
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Finite Difference operators relations

m We say that two operators are equal when both produce the same result when applied to any
function for which both operations are defined.

m With this understanding, it follows immediately that:

Ay = (Ex =) (21a)
Vi=(—-E" (21b)
o =EV2 g1/ (21c)

m Other useful relations are of the form:
Ay = Ey/26¢ = ExVyx (
ox = Ex/?Vy = Ex 2, (
Vy = E; V25, = E; ' Ay (22¢
VxAx = AxVx = Dy — Vx = 62 (
= (EV? + E.2) (22¢)

m Any of the difference operators taken to a given power n, is interpreted as n repeated actions
of this operator, e.g.:

A2 — AyAy = E2 — 2E, + 1 (23a)
Y
A3 =(Ex—1)® =E3—3E2 +3E,—1 (5@3
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Finite Difference operators relations - cont.

Let’s prove eq. (22a)

Exvx¢i,j = EX(¢i,j - ¢i—1,j)
= Pip1,j — bij
= Dxojj

1/2 1/2
Ey/ Oxdij = Ey/ (D172 — Bi-1/2,))
= Git1) — Pij
= Ax¢jj

February 27, 2025
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Finite Difference operators relations - cont.

Let’s prove eq. (22d)

VxAx¢ij = Vx(dip1j — i)
= it — bij— bij+ biqy
= Git1,j — 20j) + di—1,
= 6391
DxVxdij = Dx(dij — di—1,)
= i1, — bij — bij+ i1

= 0501,
(Ax = Vx)bij = Gi1j — bij — dij + di1j
= 8501,
®
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Finite Difference operators relations - cont.

m Difference representations can be indicated by using combinations of £ and / as, for example:

Dxij = (Ex = Ndij = div1j— ¢ij
m The specific operators defined for certain common central differences are convenient,
although two of them can be expressed in terms of first difference operators:
oxdij = Dxdij + Vxdi
= Qip1j — Gij+ dij— di—1 (24)
= Qiy1)j — Pi-1

0cdij = Dxdij — Vxoi
= Qi1 — Pij — Pij + Pi1)j (25)
= Qi1 — 2¢jj + di—1

5§¢i,j = AXVXCbi,j
= Vx¢it1j — Vxdij

= Git1,j — Pij— Pij+ di-1 (26)
= Git1,) — 20ij + Pi—1,
i J i J {WE
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Finite Difference operators relations - cont.

m Using the newly defined operators, the central difference representation for the first partial
derivative can be written as:

¢ Gip1j — Piz1) x¢,/
— ) = - =~ 4+ 0[(A = ~ 4+ 0[(A 27
(5¢), = " + Ol = 53+ Ol(any 27)
m The central difference representation for the second partial derivative can be written as:
¢ Git1,j — 20 )+ Pi-1 oy 050 2
— | = - - =~ +0[(A = ; o[(A 28
( — )/ 2 +OUMX] = (05 +OIAT (28)

m Higher order forward and backward difference operators are defined recursively as:

AR = Ax(A§_1<15i,j) (29)
Vg = Vx(Vi ¢i)) (30)
(i
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Finite Difference operators relations - cont.

Forward second-order derivative approximation:
AZ¢; _ Ax(dit1,j — ¢i)
(Ax)? (Ax)?
_ biyoj — 2Pip1 )+ bij
(Ax)?
_ (% + O(Ax)
S\ ox? )
IsJ
)
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Finite Difference operators relations - cont.

Backward third-order derivative approximation:

Vidij  Vx(Viei))
(Ax)®  (Ax)®
VxVx(¢ij — di—1,)
(Ax)3
_ Vx(bij —2bi_1j+ bi_2;)
B (Ax)3
B bij — 3q5,-_1,j + 3¢i—2,j - ¢i—3,j
B (Ax)3

3¢
= <@> ' + O(AXx)

1)
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Finite Difference operators relations - cont.

m In general, it can be shown that forward- and backward-difference approximations to
derivative of any order can be obtained from:

"¢\ AR
(8X” )i,j = (ax) + O(Ax) (31)
"¢\ V3idi,

m Central difference representations of derivatives greater than second-order can be expressed
in terms of Ay, Vx and 4, and will be illustrated in some detail in sect. 8.

The Finite Difference Method, E. Nobile ' Frequent Finite Difference approximations

Simple 1st order derivative

m Most of the PDEs arising in fluid mechanics and heat transfer involve only 1st and 2nd order
partial derivatives and, generally, it is convenient, for practical purposes, to represent these
derivatives using function values at only two or three grid points.

m With these limitations, the most frequently used first-derivative approximations on a grid for
which Ax = const., are

(%)},J = W +0(Ax) 33)
(%)J = % +O(Ax) (34)
(%)J - ¢,-+1,,.2;X¢ L+ 0((ax)?) (35)
(g),,- = R o) (36)
<a_(xﬁ>,,,- — 20RO 4 o((ax) (37)
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Simple 2nd order derivative

m The most common three-point second-derivative approximations on a grid for which Ax =

const., are
2271) - b — 29?2)1(7)1‘; Pi2) | o(ax) (38)
(327(5 i B - Z?I.A_;’)j; o= +0(Ax) (39)
(327? ij B o _(2A¢):;2+ iy + O((AX)Z) (40)

The Finite Difference Method, E. Nobile ' Frequent Finite Difference approximations

Derivatives with more than three grid points - First order derivative

m Some difference approximations for first order derivatives that involve more than three grid
points, on a grid for which Ax = const., are given here

—biioi 4 8bii: — 8 4 o
<%> _ ¢/+2,j+ ¢/+1,/ ¢/ 1,j+¢/ 2,j +O((AX)4) (41)
OX J; j 12Ax
ol 3pi1,j +10¢;; —18¢;_1;+6¢i_2; — ¢j_3; 3
— ) = . : : : = +0((A 42
<8x>,-7/- 12Ax +O((Ax)7) (42)

25¢; i — 48db; 1+ 360 o — 160 o+ 3di_4:
(@) _ ¢l,j ¢/ 1,j+ ¢/ 2, ¢l 3,/"‘ ¢/ 4.,j —I—O((AX)3) (43)
OX J; j 12Ax

)
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Derivatives with more than three grid points - Second order derivative

m Some difference approximations for second order derivatives that involve more than three grid
points, on a grid for which Ax = const., are given here

(gif) - 5¢i+1’f§xjf 421~ 9431 1 o(ax)?) (45)
(g@ e 5¢i_1’é;_x‘)1f =20~ 930 1 o((ax)?) (46)
(gif> 35¢;; — 104¢;_1 j + 111;1&)(2),2—56@ aj+11¢i_4; + 0((Ax)?) (47)
(g@ B ﬁgfg;)”; Y2i — 980 | o((axy?) (48)
(gizb) _ 45¢1; — 154¢i_4, +214¢,-_?£(—ALE;S¢,-_3,, + 61¢j_4; — 10_5 +o((ax)t) (49)

@
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Compact FD - Introduction

m In the standard FD approach considered so far, the e.g. first derivative (0¢/0x); ; depends
explicitly on the function values at nodes near i.

m In the spectral methods the values of (9¢/0x); ; depends on all the nodal values.

m The Padé or compact finite difference schemes mimic this global dependence and are derived
by writing approximations such as

o ¢ ¢ 0¢ 0
# (&) (G, o) e (5o, 2 (B,

biv3j — Pi—3, n b¢i+2,j — Pi_2; n a¢i+1,j — Qi1
6 Ax 4 Ax 2 Ax

(50)

=C

m In this case it is not possible to compute explicitly (0¢/0x); jlike in the standard schemes,
since it depends also on the values of (0¢/0x) in the near nodes.

m The relation between the coefficients a, b, ¢ and «, 8 are derived by matching the Taylor
series coefficients of various orders. The first unmatched coefficient determines the formal
truncation error of the approximation (50).

m It can be proved that, according to the terms used in the series, it is possible to obtain an
accuracy up to O((Ax)'%) and a resolution (see later) closed to that of spectral schemes.

m An expression analogous to (50) can be written for the second derivative.

@Am@‘“r
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Compact 4th order FD schemes

m Considering, for example, 4th order schemes, it can be proved that the computational
molecule can be reduced by setting, in eq.(50), the following values of the coefficients

B=0, c=0, a:%(a+2), b:%(4a—1) (51)

m As o — 0 this family merges into the already seen 4th order central difference scheme (41).

m Fora= ]—1 the classical Padé scheme is recovered, while for o = % the leading truncation
error coefficient vanishes and the scheme is thus formally 6th order accurate. Its coefficients

e 1 14 1
=0, ¢=0, a=—-, a=—, b=— (52)

and therefore eq. (50) becomes

170 d 1/0 1 $iyoy— biczj 14 Big1j— bio1
_ <_¢) + <_¢) + - ( ¢> _ _¢/+2,j of 2,f + _¢/+1,/ of 1, (53)
3 ox i—1,j ox i 3 15).4 i+1,) 9 4 Ax 9 2 Ax

m The application of (53) for each node, can be solved together as a linear tridiagonal system of
equations for the unknown derivative values.

February 27, 2025 34 /87

Pros and cons of Compact FD schemes

The use of compact FD provides a number of advantages compared to traditional (i.e. explicit) FD
schemes:

m They require a computational molecule smaller than the corresponding traditional FD scheme
with the same order of accuracy.

m Compared to the traditional FD approximations, compact FD schemes provide a better
representation of the shorter length scales. This feature brings them closer to the spectral
methods, while the freedom in choosing the mesh geometry and the boundary conditions is
maintained.

m Their resolution characteristic - rather than their formal order of accuracy - make them an
ideal candidate for the DNS (Direct Numerical Simulation) and LES (Large Eddy Simulation)
of turbulent flows, where the interest is to capture the smallest possible turbulent structures
for a given grid.

There are, however, some disadvantages:

m They increase the computational cost, since they require the solution of banded - tridiagonal or
pentadiagonal - linear system of equations in order to evaluate the first (or second) derivative.

m The derivation of similar high-order Compact FD expressions for the boundary nodes is not
straightforward.

8o e,v:%
®
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1D heat conduction equation

Let’s consider first the unsteady one-dimensional (1D) heat conduction equation, where o = k/pc

oT  &°T

8_19 = 8)(2 (54)

Using a forward-difference representation for the time derivative (¢ = n A¢) and the simplest
central-difference for the second derivative, we can approximate the heat conduction equation by:

—e ) e— n+1
0
T[7+1_T_r7 & —e ° ) n
i i n n n
Ao = e (i — 2T+ TLy)  (69) T__‘1 e
i — ! I+
— X

However, we already found that TE (Truncation Errors) were associated with the forward and
central-difference representations used in eq. (55)

aT BT TP Th o (

Th1—2T] + 7-/"7—1)

o0 “ox2 T A9 (Ax)2 i
S— ~ ~ ~
PDE FDE
(56)
N 92T\ A9 N T\ (Ax)? N
— | = — +«
892 ) 2 ox4 ) 12
n,l n,i
where PDE is the partial differential equation and FDE is the finite-difference equation. Rs.~
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1D heat conduction equation - cont.

m The TEs associated with all derivatives in any one PDE should be obtained by Taylor
expansion about the same point (n, i in the previous example of the unsteady 1D heat
conduction).

m The difference representation given by eq. (55) will be referred to as the simple explicit
scheme for the heat conduction equation’:

m For an explicit scheme, only one unknown appears in the difference equation, in a manner that
permits an economical evaluation in terms of known quantities.

m An implicit scheme, which would lead to three unknowns in each equation, would results if the 2nd
derivative was approximated by T at the (n + 1) time level. This, in turn, requires the solution of a
sparse (tridiagonal in this case) system of linear equations at each time-step.

m The TE is defined as
TE = PDE — FDE

which, in this case, if of O[AY, (Ax)?].

TN

(i

1A detailed examination of several temporal integration schemes will be given during the presentation of the Finite Volume “;#
method.
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Round-Off Error

m Round-Off error: difference between the calculated approximation of a number and its exact
mathematical value. It is due to the use of a finite number of digits in the arithmetic
operations.

m In FD (and Finite Volume and Finite Element methods as well) they may became very important
because of the large number of dependent repetitive operations that are usually involved. Sometimes
the magnitude of the Round-Off error is proportional to the number of grid points: in this case, refining
the grid may decrease the TE but increase the Round-Off error (use of double-precision
representation).

m Discretization error: caused by replacing the continuous problem with a discrete one, and is
defined as the difference between the exact solution of the PDE (Round-Off error free) and
the exact solution of the FDE (Round-Off error free). It is caused by the TE plus any error
introduced by the treatment of boundary conditions.

m The difference between the exact solution of the PDE and the computer solution of the FDE is
equal to the sum of the discretization error and and Round-Off error (associated with the finite
difference calculation).

m It will be seen that, in general, we have also to consider other type of errors:

m Modelling error: associated with the use of simplified mathematical models of complex phenomena
like, i.e., turbulence, combustion, multiphase et.
m Convergence error: associated to the use of iterative methods for the solution of the non-linear set of

PDEs which usually arise in CFD.
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Steady 2D heat conduction

Another example: let’s consider the 2D steady heat conduction equation without sources

02T 8T
ViT=—+—-—=0 57
Ox? + oy? (57)
We already found - eq. (9) - that
PT  Tiyrj— 2T+ Ty 2
= ’ : =~ 4+ 0((A 58
PT  Tijp1 — 2T+ Tijq 2
= = ’ ’ o((Aa 58b
57 T +0((89)) (58b)

Replacing eqgs.(58) in (57)

BT BT Ty —2Tij+Tiqy | Tijpr — 2T+ Tij
= ) ) . . P ) O AX 2 A 2 59
8)(2 + ayQ (AX)2 + (Ay)z +\ [( ) ’( y) :|J ( )
PDE FDE TE
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Steady 2D heat conduction - cont.

The previous FDE (59) can be re-arranged as
[Z(AX)2 + Z(A}’)Z] Tij— (Ay)?Tiiq ) — (Y Ty — (AX)2T; jp1 — (AX)?T; ;41 =0  (60)

and, in the particular case Ax = Ay, eq. (60) can be simplified in the following one

4Tij = Tiv1j—Tic1j = Tijp1 = Tij—1 =0 (61)
or
Tij= % [Tig1j+ Tictj+ Tijr + Tijr] (62)
and finally in compact form
Ti=g > (63)
n

where nb means neighbors.

m It is interesting to observe, from eq. (62), that, for uniform and constant grid spacing, the
temperature value of a node must be equal to the average value of its 4 neighboring nodes in
2D (2 and 6 in 1D and 3D, respectively).

m Tridiagonal (1D), pentadiagonal (2D) and eptadiagonal (3D) systems of equations.
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Steady 2D heat conduction - cont.

Another possibility would be to use a 4™ order approximation of the second-order derivative, i.e.
eq. (44), resulting in

02T N 0T
ox2  oy?
—— ——
PDE
—Tiy2; +16T;11; —30T;; +16T; 1 ; — Ti—z,jJr
12 (Ax)?
T Tiiiq —30T;; + 16T 1 — T, (64)
i.j+2 +16 ij+1 30 iJ + 16 ij—1 ij—2
12(Ay)?
FDE
+0 [(ax)*, (ay)!]
TE
oy
{ }
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Steady 2D heat conduction - cont.

Clearly, in order to maintain the same order of accuracy throughout all the domain, expressions of
2nd derivative of the same order have to be used at the boundary, using i.e. egs. (46) and (49) for
O((Ax)?, (Ay)?) and O((Ax)*, (Ay)?*), respectively.

Again, in the particular case Ax = Ay, eq (64) can be written as

607;; —16Tiy1; —16T;1; — 167541 — 1675 1+

(65)
Tivoj+Ti2j+ Tijra + Tij2=0
Equations (64) and (65) leads to a symmetrical, bounded (ennea-diagonal) system of linear
equations.
s-a,,&%
{ ¥
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Overview of boundary conditions

In order to attain closure to the system of discrete equations, additional equations are required,
and these came from the boundary conditions.

Although boundary conditions encountered in engineering can take a myriad of forms, the vast
majority of them can be classified under three canonical types:

Dirichlet, e.g. fixed value of the variable.
Neumann, e.g. fixed value of the first derivative (flux).

Robin or convective, e.g. a linear combination of the values of the variable and the values of
its derivative on the boundary of the domain.

We reserve the term boundary condition for conditions applied to to spatial operators, and initial
condition for conditions applied to temporal operators.
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Boundary conditions for 1D unsteady conduction

We select, as an example, the 1D unsteady heat conduction in a plane wall.
In this case the heat conduction equation, assuming for simplicity constant thermophysical
properties, is

oT 02T

LI .

99 Ox?
where a = k/pc [m?/s] is the thermal diffusivity, k [W/kg K] is the thermal conductivity, p [kg/m3] is
the density and c [J/kg K] is the specific heat.

(66)

m For simplicity, only symmetric boundary : -
conditions, respect to the wall axis, are :/\ T(,0=0)=T;
considered, although the general case of /_EQ\T(% 0)
different boundary conditions at the wall i
ends do not pose any significant problem.

m We discretize the wall using N equispaced
nodes.

;. T T3 Ty N3 Tn—2 Tn—1 Ty
L 4 L 2 *— +
i=1 2 3 4 N—3 N—2 N—1][N
L L
.—»aj* = :L‘/L s-a,,&%
(.}
$
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Boundary conditions for 1D unsteady conduction - cont.

Using a backward-difference representation for the time derivative (¢ = n Ad), and the simplest
21d order central-difference for the second derivative, we can approximate the heat conduction
equation by

Tt —Tr o 1 1 1
S = g (T -2 1) &
which can be written as
8 1 1 20! 1 (8 1 Tn
a5+ (25t mer) T - R = 25 =

The equation (68) should be written for all nodes i = 1 ... N and will result in a banded - frequently
tridiagonal - system of equations.

We will now consider the three cases of Dirichlet, Neumann and Robin (convective) boundary
conditions and how they are implemented.
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Dirichlet boundary condition

With the Finite Difference method, this boundary
condition is straightforward to apply, since the
nodes are placed exactly on the boundary.

If we assume that Dirichlet boundary conditions
are applied at both ends of the wall, we have

Ty =T, (69)
Ty =Tp' (70)

where Ty is the value of the imposed
temperature at both wall ends.

The two equations (69) and (70), together with
(N — 2) equations (68), constitute a linear
system of N equations, that can be easily solved
to obtain the N unknowns T4, To, ..., Ty.

February 27, 2025
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\Tw(—L7 0 > O)

Neumann Boundary condition

For this type of boundary condition, the value of
the gradient of temperature normal to the
boundary, 0T /9n, is prescribed on the boundary.
For 1D problems, the Neumann boundary
condition may be written as

or _w _ or (71)
OX |y—1 k OX |j—1

or _ “qw _ or (72)
OX |y—_1 k OX |i—n

where qyy [W/m?] is the prescribed value of the
heat flux. Therefore, the Neumann boundary
condition is referred, for heat transfer problems,
as heat flux boundary condition.

Equations (71) and (72) can be discretized using
different FD schemes for the first derivative.
Since we adopted a 2nd order scheme to
discretize the equation, we consider next only 1st
and 2nd order schemes.
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Neumann Boundary condition - cont.

Using a 1st order expression for 9T /9x we have

T£7+1 o T1n+1 _ +q_W
Ax k
1 1
TN = TR _ _aw
Ax k
and expanding
k k
ET{M - ETQH =-q (73)
k Kk
ET/'\;H - ET/'\’f:11 = —qw (74)
Using a second order scheme
—3T1n+1 +4T£+1 _ T;g_H B aw
2 Ax =%
1 1 1
3THH —4ToH 4 Tt _ aw
2 Ax k
which can be written as
3k n+1 2k n+1 k n+1
_ = T. — 75
2Ax ! Ax 2 +2Ax 3 R (75)
3k TI’I+1 . %TH*FI k TI'I+1

1+ _» = —Qqw
2Ax N Ax N=1 7T opax N-2
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Robin (convective) boundary condition

We assume that convective heat transfer - in

this case cooling - occurs at both ends.
From an energy balance at the wall surfaces

oT
h(Th — Teo) —k — =0 (77)
OX =1
oT
h(Thy — Too) + Kk — =0 78
(Tn )R = L (78)

where h [W/m? K] is the convective heat
transfer coefficient and T is the external fluid
temperature.

These equations can be discretized, as seen for
the Neumann BC, using different formulations

for OT /Ox. 6—»3:’%: z/L

TN

(i

P
Coguss?

amo®
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Robin (convective) boundary condition - cont.

First order expression for 0T /Ox.

Tn+1 . Tn+1
h (7 = Too ) — k=2 1 _g
Ax
Tn+1 _ Tn+1
n+1 N N—1
h (TR = Teo) kM= =0
which can be expressed as
k k
(h + E) EA Erg“ = hT (79)
k k
(h+ aw ) T8 = A THY = AT 0

Second order expression for 9T /Ox.
_3T1l7+1 +4T£+1 o T:;7+1

n+1 - —
h (T = Too) =k A2 0
3-,—n+1 . 4TI7+1 4 Tn+1
n+l N N—1 N—2 _
h (TR = Too) +k . =0
which, again, can be expressed in a form convenient for the numerical solution
3k 2k k
h Tn+1 _ _Tn+1 Tn+1 _ hToo 81
(+2Ax)1 Ax'2 Toax's (81)
3k 2k k s,
h+ — )7t — = ot T — hT }
( + 2Ax) N Ax N=1 T 2ax N2 g‘@"’

i

Matrix structure

Here we represent the matrix structure for the different boundary conditions and for 1st and 2nd
order schemes (N=11).

[ ] [ ] [ ] [ J
2 ° 2 [ ] [ ] 2 e o
[ ] [ ] e o o
4 o o 4 4 e o o
e o o e O o
6 e o o 6 6 e o o
e o o [ ] e o o
8 o o 8 e o 8 e o o
[ ] o o e o o
10 o o o 10+ e o o 10 e o o
[ ] o o e o o
12 12 12
0 2 4 6 8 10 12 0 2 4 6 8 10 12 0 2 4 6 8 10 12
nz =29 nz =31 nz =33
Dirichlet boundary First order Neumann or Second order Neumann or
conditions. Convective boundary Convective boundary
conditions. conditions.
)

Qg
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Available procedures

m As we start with a given PDE and a Finite-Difference mesh, several procedures are available
to developing FDEs:

Taylor-series expansions

Polynomial fitting

Difference operators

Integral method (or micro-integral method).

m It is sometimes possible to obtain exactly the same FD representation by using all four
methods.

m In general we will lean most heavily on method 1., using method 2. in treating boundary
conditions.

m Method 3 is very general and it will be described in a separate section.

TN

kY
2
(i
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Taylor-series expansions

Formal approach with Taylor-series expansions, satisfying specified constraints, to develop
difference expressions.
m Suppose we want to develop a difference approximation for (9¢/0x); ; having a TE of
O[(Ax)?] using at most values ¢;_5 ;, ;1 and ¢; ;.
m With these constraints and objectives:
Write Taylor-series expansions for ¢;_» ; and ¢;_4 ;, expanding about point (/, j).
Attempt to solve for (0¢/0x); ; from the resulting equations in such a way to obtain a TE of O[(Ax)?].

s (09 ¢\ (2ax)? (%) (—24x)
¢I—2,j = ¢/,/ iy (8_)()’7/ (—2AX) + (axz )I/ o] iy <8X3 ’ 3] + .- (83)
_ 4.1 (92 2¢\ (Aax)2 (3¢ (—Ax)®
bi—1,j = bij+ <6X >i,j (—Ax) + <8X2 > ol + <8X3 | 3 4. (84)

] 15

It is often possible to determine the required form of the difference representation by
inspection or simple substitution. Proceeding by substitution, we rearrange eq. (83) to put
(0¢/0x); ; on the left-hand side:

Lo bij P2 0%¢ 5

) =2 s A A
<8x>,-j 2Ax _ 2Ax ox2 | . X+ Ol(Ax)’] "
) if gﬁ?




The Finite Difference Method, E. Nobile | Methods for obtaining Finite Difference equations | Taylor series

Taylor-series expansions - cont.

m As s, the representation is O(Ax) because of the term (62¢/9x?); jAx.

m We can then substitute for (82¢/8x2),-7j in the previous equation, using eq. (84), to obtain the
desired result. From eq. (84):

¢ 21— bij) 0 B¢\ (—Ax)?
(m) AX= "% +2(a>,,,‘ <8x3> T

i IsJ
which, substituted in the previous expression of (9¢/0x); ;:

y o 2di 1 2
(%) _ ¢/,/ _ of 2, n oF 1 ¢I,/ +2<8_¢) —|—O[(AX)2]
ox jij 20Ax  2Ax AXx Ax X J;i

and rearranging we finally obtain:

0p\  bi_2j—4di_1;+39;; 2
(5),-,, _ - +0[(Ax)?] (85)
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Taylor-series expansions - cont.

In a more formal way:
Multiply eq. (83) by “a” and eq. (84) by “b”.
Add the two resulting equations:

adi_zj+boi_1;—(a+b)¢i;
2
_ (g_f) [—2a — b] Ax + (f’ ¢> 142+ B] aAxy2 1 of(ax)?)
I i j

ox? 2!

.

Impose that the coefficient of (0¢/0x); ; is equal to 1
—2a—b=1

Impose that the coefficient of (92¢,/0x2); ; is equal to zero, in order to have a TE of O[(Ax)?]
2a+b/2=0

Solve for a and b
a=1/2; b=-2

and therefore, from the previous expressions, we obtain again

¢ Gi—2j — 4pi_1j + 3¢i 2
s — P P P A go oy,
(8x ),/ N +Ol(Ax)] ()
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Taylor-series expansions - cont.

Some considerations

m We observe that it was in fact necessary, in this example, to include the terms involving
(83q5/8x3),-,j in the Taylor-series expansions - see egns. (83) and (84) - in order to determine
whether or not these terms would cancel in the algebraic operations and reduce the TE even
further to O[(Ax)?]. Fortuitous cancellation of terms occurs frequently enough to warrant
close attention to this point.

m It is sometimes necessary to carry out the inverse of the previous process. That is, suppose
that we had obtained, by some other means, the approximation represented by eq. (37), and
we wanted to investigate the consistency and TE of such an expression. For this, the use
Taylor-series expansions would be invaluable, and the recommended procedure would be to
substitute the Taylor-series expressions from eqns. (83) and (84) for ¢;_» ; and ¢;_4 ; into the
difference representation to obtain an expression of the form (9¢/0x); ; + TE on the
right-hand side. In this way the TE has been identified, and if lima,_.o(TE) = 0, the
difference representation is consistent.

m Our main interest is in correctly approximating an entire PDE at an arbitrary point in the
problem domain. For this reason, we must be careful to use the same expansion point in
approximating all derivatives in the PDE by the Taylor-series method. If this is done, than the
TE for the entire equation can be obtained by adding the TE for each derivative.
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Case of non-uniform grid

In this case we use the following notation
| We recall that, for equal spacing, the CD
+— 0 j,j+1 (Central Difference) representation for the
Ay, first derivative was equivalent to the
+— o i, arithmetic average of a forward and
backward representation, that is, for
Ay Ay, = Ay_ = Ay (egs. (24) and (27)):

1o ij—1 <%> _ by
7 oy iy 28y

where _ By9ij+ Vydij
2Ay

+0[(Ay)?]

Ay =VYij1—Yij and Ay_ =y —Yij1

s the 2" order accuracy preserved also for unequal spacing using a geometrical weighted

average ?
<@> 2 Bydiy ( Ay ) 4 Vydi ( Ay ) (86)
oy Jij  Ayy \Ay;+Ay_ Ay \Ay;+ Ay

We can verify it by use of Taylor-series expansion about point (7, ).
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Case of non-uniform grid - cont.

Letting Ay, /Ay_ = «, one obtains

7/ [,/

0 P#¢\ (aby-)?
Pijr1 = Pij + (@)I oAy + <8y2> ol

3 3 4 4 (87)
0°¢\ (aAy-) 0%\ (aAy-)
+ <8y3>ij ar <8y4>ij o
¢. , — ¢ i+ (6_¢) (—A )_|_ 82¢ (_Ay—)2
=0T Gy ) T T g2 ) T2
Y (88)

Bo\ (—Ay-)3 o*¢\ (—Ay-)*

As already done before, we will multiply eq.(87) by a, and eq.(88) by b, add the results and solve
for (8¢/0y)i -
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Case of non-uniform grid - cont.

Requiring that the coefficient of (0¢/dy); jAy— be equal to 1 after the addition gives
aoc—b=1

In order to have a TE of O[(Ay)?] or better, the coefficient of (92¢/8y?); ; must be zero after the
addition, which requires that
a?a+b=0

A solution to these two algebraic equations can be obtained readily as

1

a=—
ala+1)
o

The final result can be written as

(3_¢> _ Giji1 + (@2 — )i j — A j_1 (89)
Equation (89) can be rearranged further in the form given by eq. (86). oo,
]
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Polynomial fitting - Laplace equation

m This technique can be used to develop the entire finite-difference representation for a PDE.
However, the technique is perhaps most commonly employed in the treatment of boundary
conditions or in gathering information from the solution in the neighborhood of the boundary.
In the following we consider some specific examples.

m Consider again the 2D steady heat conduction (Laplace equation)

92T 02T
2

m We suppose that both the x and y dependency of temperature can be expressed by a 2nd
degree polynomial. In particular, holding y = y, fixed, we assume that temperatures at
various x locations in the neighborhood of point (/,j) can be determined from

T(x,y5) = a+ bx + cx?

where (x,y);; = (X0, Yo) and, for convenience, we let x = 0 at point (/,j), and Ax = const.

Clearly
( )
oX Ji i

92T
_2 — 20 5'%&%
8X [,j %ﬁg
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Polynomial fitting - Laplace equation - cont.

m The coefficients a, b and ¢ can be evaluated in terms of temperatures at specific grid points
and Ax. The choice of neighboring grid points used in the evaluation determines the
geometric arrangement of the difference molecule, that is, whether the resulting derivative
approximations are central, forward or backward differences.

m Here we will choose points (i — 1,j), (i,j) and (i + 1,j) and obtain:

Tij=a (90a)
Tii1j = a+bAx + c(Ax)? (90b)
Ti_1; = a—bAx + c(Ax)? (90c)

from which, subtracting (90c) from (90b):

b (g) _ Ty = Tiay
X Jij 2Ax

while summing (90b) and (90c):

1 <82_T> Ty —2Ti i+ Tiqy
2

ox? ) 2 (Ax)?

)
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Polynomial fitting - Laplace equation - cont.

m Thus

(327'> T —2T 4 Tiy (91)

ox? ) 2 (Ax)?

1)

The TE of expression (91) can be determined by substituting Taylor-series expansions about
point (i, ) for Tiy1jand T;_4 ; into eq. (91).
The TE is found to be of O((Ax)?).

m A finite-difference approximation for (92 T/8y2),-7j can be found in a similar manner.

m We notice that arbitrary decisions need to be made in the process of polynomial fitting, which
will influence the form and TE of the result: in particular, these decisions influence which of
the neighboring points will appear in the difference expression.

m We also observe that there is nothing unique about the polynomial fitting procedure that
guarantees that the difference approximation for the PDE is the best in any sense or that the
numerical scheme is stable when used for marching problems.
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Estimation of the heat flux at the wall

m Suppose that we have solved the finite-difference form of the energy equation for the
temperature distribution near a solid boundary and we need to estimate the heat flux at that

location.
oT
oy y=0

thus we need to approximate (9T /9y),—o by a difference representation that uses the
temperature obtained from the FD solution of the energy equation.

m From Fourier’s law

m One way to proceed is to assume that the temperature distribution near the boundary is a
polynomial, and to fit such a polynomial, that is, straight line, parabola, 3™ degree polynomial
et. to the FD solution that has been determined at discrete points.

m By requiring that the polynomial matches the FD solution for T at certain discrete points, the
unknown coefficients in the polynomial can be determined.
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Estimation of the heat flux at the wall - cont.

Example 1

Assume that the temperature distribution near the boundary is again a 2nd degree polynomial of
the form T = a + by + cy?, then, referring to the following figure, we note that (97 /8y),—_o = b.

Furthermore, for Ay = const, we can write:

1 6
)
| 5 Ii=a
? 2
|4 To =a+bAy +c(Ay)
)
Ay = const. | T3 = a+ b(2Ay) + c(24y)?
Tz The resulting solutions for a, b, and c are:
)
yT K a=T
® b— —3T; +4T, — T3
N 2Ay
. Ty =27, +T;
o 2(ay)?
This and other algebraic problems have been solved by the MATLAB® Symbolic toolbox. o

The Finite Difference Method, E. Nobile ' Methods for obtaining Finite Difference equations | Polynomial fitting | Estimation of one-sided boundary derivative

Estimation of the heat flux at the wall - cont.

Thus, we can evaluate the wall heat flux by the approximation

oT k
q :—k(—) ~ kb= —— (3Ty — AT, +T.

What is the TE of this approximation for (0T /3y ),—o ?

m This may be found by expressing T, and T3 in terms of Taylor-series expansions about the
boundary point and substituting these evaluations into the difference expression of

(8T /0y )y=o-
m Alternatively, we can identify the 2nd degree polynomial as a truncated Taylor-series
expansion about y = 0.
m Second degree polynomial:
T=a+by+cy?

oT 02T 2 *T 3
T:T(O)-l-(—) y + s y—+ a3 y—+
—— oy Jy=o oy= ) 2! oy° ) 3!
y=0 y=0

_’—/ N -~ 4 B © 25,
b Y
2c TE g'ﬁ }

m Taylor series:
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Estimation of the heat flux at the wall - cont.

m Thus the approximation
T ~a+by+cy?
is equivalent to utilizing the first three terms of a Taylor-series expansion with the resulting TE
in the expression for T being O[(Ay)3].
m Solving the Taylor series for an expression for (9T /dy),—o involves division by Ay, which
reduces the TE in the expression for (9T /dy),—o to O[(Ay)?]
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Estimation of the heat flux at the wall - cont.

Example 2

Assume now that that the temperature distribution near the boundary is a 4th degree polynomial:

T=a+by+cy?+dy®+ey*

(ﬂ) _b
a.y y=0

Then we have again

and, for Ay = const, we can write
Ty =a
T, =a+bAy+c(Ay)® +d(Ay)° + e(Ay)*
Ts =a+b2Ay +c(2Ay)? + d(2Ay)® + e(2Ay)*
T, =a+b3Ay +c(3Ay)? + d(3Ay)3 + e(3Ay)*
Ts =a+b4Ay + c(4Ay)? + d(4Ay)3 + e(4Ay)*
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Estimation of the heat flux at the wall - cont.

Solving for a, b, ¢, d and e by means of MATLAB® Symbolic toolbox, one obtains:

a="T;

p_ —25T1 +48Tp — 3675 + 167, — 375
12 Ay

o _ 3571 —104T, + 114T; — 56T, + 1175
24(Ay)?

g =571 +18To — 2475 + 14T, — 3T

12(Ay)3
o 14T+ 673 — 4Ty + T
24(Ay)*
Then, as before:
qw = —k (ﬂ> ~ kb= K (25T, _ 48T, + 36T, — 16T, + 3Ts)
8y Jy—q 12 Ay
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Estimation of boundary value

m Suppose that now, for the energy equation, the wall heat flux is specified as a boundary
condition.

m We may then want to use polynomial fitting to obtain an expression for the boundary
temperature that is called for in the FD equation for internal points.

m In other words, if gw = —k(9T /9y),—o is given, how can we evaluate T aty = 0, that is, Ty in
terms of gw /k and T, T3, etc. ?

m Assume that
T =a-+by+cy? +dy°
near the wall, and that (0T /9y),—o = b = —qw /k (given).
m Our objective is to evaluate T1, which in this case equals a. Referring to the previous figure,

we can write:
To=a— 2 Ay +c(Ay)? +d(Ay)°
Ts—a— q7w 2Ay + c(2Ay) + d(2Ay)°

T.=a— %W 3Ay + c(3Ay)? + d(30y)°3
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Estimation of boundary value - cont.

m Solving for a, ¢ and d in terms of Ty, T3, T4, gw/k and Ay (by means, in this case, of
MATLAB® Symbolic toolbox):

]
1
c=—————-(19T0k —26T3k +7T4 k — 12qw A
22k(Ay)2( 2 3K+ 714 qw Ay)
1
d=———(5Tok —8T3k+3T4k —2qw A
22k(Ay)3( 2 3K+ 314 qw Ay)

m The derived result T follows directly from T; = a and is given by:

y
Ti = 51 (18Tok — 9Tsk + 2T, k + 6qw Ay) + O[(Ay)'] (92)
m The TE in eq.(92) can be found by substituting Taylor-series expansions about the boundary
point for the temperatures on the right-hand side, or by identifying the polynomial as a
truncated series by inspection.
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Expressions for wall value of derivative

Expressions for wall values of the first derivative of a function in terms of values of the function,
with the assumption that Ay = const.

OT\  Tijr1 —Tij
(5), = & +oimy (93)
1)
aT 1 .
3y ) = 3y (37 4Tij = Tijie) + Ol(AY)] (94)
1)
oT 1 .
oy ) = 6ay 117+ 18Tiw1 = 9Tijpe +2Tijs) + OL(AY)] (95)
&
oT 1 )
y ). 127y (—25T;; +48T; ;11 — 36T 12+ 16T; ;.3 —3T;;14) + O[(Ay)*]  (96)
1)
(i)
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Expressions for wall value of a function

Expressions for wall values of a function in terms of the values of the function and its first derivative
at the wall, with the assumption that Ay = const.

oT
Ty =Tiger = Ay (5 ) +O0l(ap (97)
oY Jij
1 oT
Tij=3 [4Ti,j+1 = Tij+2 — 24y <5> | +0l(ay)®] (98)
1)
1 [ aT s
Tig= 37 18T = Tijia +2Tissa 68y (5 ) | +00(ay)) (99)
L 1)
1 [ aT 5
Tij = 5¢ 487141 —36Ti 2 + 16T 153 — 8T; 44 — 124y ), +O[(Ay)°]  (100)
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Generalities

m In section 3, where we defined the Finite Difference operators, we have introduced some
simple recursive formulas for first-order accurate forward- and backward-difference
approximations to derivative of any order.

m In the following we will see a general methodology for the generation of arbitrary FD formulas
with prescribed order.

m They are also based on the Finite Difference operators defined in sect. (3).

m For the derivation of these and other FD formulas, it is convenient to use a symbolic
manipulator, like the MATLAB Symbolic Math Toolbox™ and its associated function/tools:
taylor, taylortool et.
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Relation between D and E operators

The important point, for generating Finite difference formulas, lies in the relation between the Shift
operator, eq. (17), and the Derivative operator, eq. (20).
This relation is obtained from the Taylor expansion?

2 2 3 3
d(x + AX) = p(x) + (8¢> Ax + (g f) (AZ)!() + (%)0% + ... (101)

and in operator form

AxD)?  (AxD)3
Ep(x) = ¢(x) <1+AXD+( 2|) +( SI) +> (102)
Remembering that
o xN X2 3 xn
X P — —_— —_— — — —
e _an —1+1|+2|+3| MEERRr
n=0
the relation (102) can be written as
Ep(x) = p(x) P (103)
&g

2In the following and subsequent equations, unless necessary, we will either omit the indices, or use just a single index for *, k
brevity.
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Relation between D and E operators - cont.

The relation (103) can be expressed symbolically as

E=e" (104)

m This relation should be interpreted as giving identical results when acting on the exponential
function e#* and on any polynomial of degree n.

m For a polynomial of degree n, the expansion on the r.h.s. has only n terms and therefore all
the expressions presented in the following are exact up to n terms.

m Equation (104) can be used in the inverse way, leading to

AxD =InE (105)
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Forward differences

m The formulas for forward differences are obtained by taking into account the relation (21a),

e.g.
AX:(EX—I)
This leads to
AxD =1InE =In(1+ Ax) (106)
A2 A3 A4
=N, — X4 =X _ X4 107
x =&+ - Il (107)

= i(q)”ﬂ A_Q
n=1 n

m The order of accuracy increases with the number of terms kept in the r.h.s. of eq. (107), and
the first neglected term gives the T.E..

m Keeping the first term only, leads to the first order formula (4) and a T.E. equal to
(0%¢/0x?)Ax/2:

’
Dg; = Ax (Pit1 — oi)
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Forward differences - cont.

m If the first two terms of (107) are considered, we obtain

1 A2 1 Ax
D¢ = <Ax — 7) ¢ = 7 (Gin1 = 8) = o (G — 61)

.
= iy (=3¢ +4¢it1 — diy2)

i.e. the second order formula (36) with the truncation error Ax?/3 (93¢/0x3).

m Therefore, the relation (107) leads to various FD formulas for the first derivative with
increasing order of accuracy.

m Since the forward difference operator can be written as Ay = Ax (9/9x) + O(Ax?), it follows
that the first neglected operator A} is of order n, showing that the associated T.E. is
o(Aax" .
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Backward differences

m Backward difference formulas can be obtained, with increasing order of accuracy, by
application of eq. (21b), e.g.

Ve =(-ET")
which leads to
AxD =1InE = —In(1 — Vx) (108)
\VE R VA B VA S v
=Vx+——+"+——+—+. (109)

2 3 4 5
0 n
=3
n=1 L

m Again, keeping the first term only, leads to the first order formula (6) and a T.E. equal to
(0%2¢/0x?)Ax /2

’
D¢ = A (i — di—1)

m Keeping the first two terms we obtain

’
Dg; = B (3¢ — 4di_1 + ¢j_2)

i.e. the second order formula (37) with the truncation error Ax?/3 (93¢ /0x3). gfﬁ%’;
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Central differences

m Central differences are obtained from eq. (21c), i.e

Oxbi = Pit1/2 — bi—1/2 = (E;/Z 1/2) ol

m Remembering that

X3 X5 x X2n+1
smhx—x—i—§+§—|— z%m (110)
it follows that
6y = eP/2 _ g=8xD/2 — 3 ginh (ATXD> (111)

m The Taylor expansion of arsinh ¢ (e.g. sinh™")¢ is

= (=)@ oy
arsmhx—§4n(n!)2(2n+1)x v (112)

therefore, inversion of equation (111) leads to
Ax D = 2 arsinh dx /2

o 1 [(&\® 1.3 [/6\° 1.3.5 (5X)7
—p| L X)) =2 (X 113
[2 2-3(2) +2-4-5(2> >a67\2) " (13)
52 355 547
S R L L SR \
*~ 24 T 540 " 7168 { ¥

Qegusst”
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Central differences - cont.

m Equation (113) generates a family of central difference schemes of first order derivatives
(0¢/0x); based on values of ¢ at half-integer grid point locations, and are not reported here.

m To derive expressions involving only integer grid points, we could apply the same procedure
to the operator dx

5 (EX+1 _ EX—1) _ (eAxD _ eAxD) — 2sinh(AxD) (114)

and therefore

Ax D = arsinh 6x/2

S —\ 3 —\ 5

Ox 1 Ox 1-3 Ox
=X — | Z —= 115

2 2-3<2> +2-4~5<2> * ( )
5B 95
2 48 1280

m This formula, however, is of little help, since the second term leads to a fourth order scheme
for (0¢/0x); involving the four points i — 3,7 —1,i+ 1 and/ + 3, ratherthani — 2,7/ — 1,/ + 1
and i+ 2.
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Central differences - cont.

m A better approach, in order to obtain a general formula for central difference representation of
(0¢/0x);, is to start from the identity (22e)

1 -
=52+ EC)

It follows

1 _ 62
Mﬁ:Z(Ej1+E;1+2E;/2EX1/2):1+ZX (116)

and then, using e.g. function taylor of the MATLAB Symbolic Math Toolbox™

52 —1/2

52 354 566 3558
(1o x % X o4 117
“X< 8 T 128 7024 " 32768 © (117)

m Observing that

Ox
pxOx i = Excbi
E.%”g
we can now multiply equation (117) by equation (113) g_j@i_?
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Central differences - cont.

m The resultis

Ox 52 5f 68 689 68
AxD=—|1- X4+ XX X 118
X 2 < 6 + 30 140 * 1720320 * (118)

m We can now recover the second order accurate central difference scheme of the first
derivative, eq. (8) with a T.E. equal to (9%¢/0x3)Ax? /6, by keeping only the first term of
eq.(118)

Ox
- 2Ax 2
_ ir1 — Pi—1
2AX

Do;
(119)

m Keeping the first two terms of (118), will result in the 4th order accurate central difference
scheme, eq. (41)

D¢; = L Ox 1—55 b
T oax f 6 "

_ —Pir2 + 891 — 81+ &2
12 Ax

with a T.E equal to (9°#/9x%)Ax*/30. B2
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Higher order derivatives

m Higher order derivatives can be obtained, with the same approach seen for the first derivative,
using the FD operators.

m In CFD the major interest is in second order derivatives.
m For completeness, however, we show some general formulas for n-th order derivatives.
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Forward differences

m From equation (106)

A%

AXx" 2

n

o4 P 1 n,
<8Xn>,- =D"¢; = Ax" [In (1 + Ax)]" i
n(3n+5)A2

24

nn+2)(+38) 15

48

o)

m |t is easy to see that:

(121)

m For n = 1 (first order derivative) and keeping only the first term of (121), we recover equation (4),
while keeping the first two terms, we obtain the formula (36).
m For n = 2 (second order derivative), we obtain eq.(38) if we keep only the first term, and equation (45)

if the first two terms are considered.

m For arbitrary n (nth order derivative), by keeping just the first term of eq.(121) we recover eq.(31).
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Backward differences

m From equation (108)

VQ[

~AxD 2

n
1+ =Vx+

"¢\ _pny 1 BRI
<8Xn>,- =D"¢; = Ax" [In(1 = Vx)]" i

n(3n + 5) v2 4 n(n+2)(n+3) o
X X

24

48

4=

b

m Also in this case, one can see that:

(122)

m For n = 1 (first order derivative) and keeping just the first term of (122), we obtain equation(6), while

keeping also the second term we recover equation (37).

m For n = 2 (second order derivative) and keeping only the first term, it is easy to see that we obtain eq.

(39), and we recover eq. (46) by adding also the second term of the formula (122).

m For arbitrary n (nth order derivative), by keeping only the first term of eq.(122) we recover eq.(32).
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Central differences

m Central differences for n even can be obtained from equation (113)

N 2 4
(axf),:Dn¢,: (E arSInh(S)(/Z) d)i
_ ] 5—5§+355—557+ nqb-
T Axn | 24 " 640 ¥ 7168 R
1 n n
= "1 - —624+ — (22+5n)64
Ax”x[ 24X+5760( +5n) o
n /5 n—1 n—1)n-2
—25 <7+ 5 +( ég )>5§+..} bi (123)

m In this case
m For n = 2 (second derivative) and keeping only the first term of formula (123), lead to the well-known

three-point expression (9).
m For n = 2 but keeping also the second term, it is easy to verify that we recover equation (44).
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Central differences - cont.

m In case of n odd (uneven), a general formula can be obtained from eq. (117)

o n
<a ¢>' P — (&arsinh(Sx/Q) &
]

Ox™ [1+062/4]
n+3 5n +27)(n+5
= 255 {1— " 52 4 | 57;8 )5;‘+..} & (124)

m For this case
m For n = 1 (first derivative), eq. (8) is obtained from the previous formula keeping only the first term.

m For n = 1 but keeping also the second term of formula (124), we recover eq. (41).
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