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Liouville equation

Classical system: N particles, Hamiltonian H({q⃗i, p⃗i}), with
q⃗i = (xi, yi, zi) and p⃗i = (px,i, py,i, pz,i)

Equations of motion

˙⃗qi =
∂H

∂p⃗i

˙⃗pi = −∂H

∂q⃗i

Density of particles at position q⃗ is proportional to the particle number

n(q⃗, t) =

N∑
i=1

δ(q⃗ − q⃗i(t))

particle conservation
∫
dq⃗ n(q⃗, t) = N



Liouville equation II

Joint probability distribution function of finding the particle 1 at position
q⃗1 with momentum p⃗1, . . . particle i at position q⃗i with momentum p⃗i, at
time t

P ({q⃗i} , {p⃗i} , t) ∝
∑
i

δ(q⃗i − q⃗i(t))δ(p⃗i − p⃗i(t))

Time evolution

∂P ({q⃗i} , {p⃗i} , t)
∂t

= −

{∑
i

∂

∂q⃗i
[δ(q⃗i − q⃗i(t))]

∂q⃗i
∂t

δ(p⃗i − p⃗i(t))

+
∂

∂p⃗i
[δ(p⃗i − p⃗i(t))]

∂p⃗i
∂t

δ(q⃗i − q⃗i(t))

}
Plug the Hamilton’s equations into the previous equation

∂P ({q⃗i} , {p⃗i} , t)
∂t

=
∑
i

− ∂

∂q⃗i

[
P ({q⃗i} , {p⃗i} , t)

∂H

∂p⃗i

]
+

∂

∂p⃗i

[
P ({q⃗i} , {p⃗i} , t)

∂H

∂q⃗i

]

normalization is conserved
∫ ∏

i dq⃗idp⃗i P ({q⃗i} , {p⃗i} , t) = 1, ∀t.



Stochastic system

Canonical ensemble (T = const.), prepare you system with any initial
condition P ({q⃗i} , {p⃗i} , 0)
at t → ∞ you expect the system to be in equilibrium

P ({q⃗i} , {p⃗i} , t) = Peq({q⃗i} , {p⃗i}) =
e−βH({q⃗i,p⃗i})

Z

Extension of the Liouville equation

∂P ({q⃗i} , {p⃗i} , t)
∂t

=
∑
i

− ∂

∂q⃗i

[
P ({q⃗i} , {p⃗i} , t)

∂H

∂p⃗i

]
+

∂

∂p⃗i

[
P ({q⃗i} , {p⃗i} , t)

∂H

∂q⃗i

]
+ ?

Additional terms such that we obtain again the Liouville equation when
we eliminate the source of stochasticity?



Brownian motion

A micron-sized particle in solution performs a random walk, as an effect of the
large number of random collisions with the solvent molecules

Jean Baptiste Perrin, Les Atomes (1914)
mastic particle r = 0.53µm, mesh size 3.2µm



Langevin equation

For a single particle in 1D

ẋ =
p

m

ṗ = −U ′(x)− γ
p

m
+ η(t)

η(t) is called Gaussian noise

⟨η(t)⟩ = 0; ⟨η(t)η(t′)⟩ = 2kBTγδ(t− t′)



Gaussian noise?

t

eta

The noise mimics the effect of the large number of random collisions with
the solvent molecules

Central limit theorem ⇒ in a small interval δt

P(ηt) = e
−δt

η2
t

4γkBT

√
δt

4πγkBT
⇒ ⟨ηt⟩ = 0 AND ⟨ηtηt′⟩ =

2γkBT

δt
δt,t′

with ⟨ηt⟩ =
∫
dηt ηtP(ηt), ⟨ηtηt′⟩ =

∫
dηtdηt′ ηtηt′P(ηt)P(ηt′)



Liouville eq. → Fokker-Planck eq.: quick and dirty

ẋ =
p

m
; ṗ = −U ′(x)− γ

p

m
+ η(t)

∂P (x, p, t)

∂t
= − ∂

∂x

[ p

m
P (x, p, t)

]
+

∂

∂p

[(
U ′(x) + γ

p

m

)
P (x, p, t)

]
+ ?

we want that Peq({q⃗i} , {p⃗i}) = e−βH({q⃗i,p⃗i})

Z , with ∂tPeq({q⃗i} , {p⃗i}) = 0

∂P (x, p, t)

∂t
= − ∂

∂x

[ p

m
P (x, p, t)

]
+

∂

∂p

[(
U ′(x) + γ

p

m

)
P (x, p, t)

]

+γkBT
∂2

∂p2
P (x, p, t)

Peq({q⃗i} , {p⃗i}) is the stationary solution of the Fokker-Planck equation



Langevin eq. → Fokker-Planck eq.

Let’s consider a free particle U(x) = 0 ⇒ ṗ = −γp/m ⇒

p(t+ δt) = p(t)− δt γ
p(t)

m
+ δt η(t)

with no assumption on the noise variance

P(ηt) = e−δt
η2
t

2A

√
δt

2πA
⇒ ⟨ηt⟩ = 0 AND ⟨ηtηt′⟩ =

A

δt
δt,t′ (∗)

Conditional probability of finding momentum p′

given that you start from p

P (p′, t+ δt|p, t) = ⟨δ(p′ − p(t+ δt))⟩noise

where ⟨. . .⟩noise is an average over P(ηt)

Let’s define ϵ = δt(−p/m+ η(t)), and p = p(t), we have

δ(p′ − p− ϵ) ≃ δ(p′ − p) + ϵ
∂

∂p
[δ(p′ − p)] +

ϵ2

2

∂2

∂p2
[δ(p′ − p)]



Langevin eq. → Fokker-Planck eq. II

Consider eq. (*) in the previous slide, and keep the terms up to the first
order in δt (η(t) ∼

√
A/δt )

P (p′, t+δt|p, t) = ⟨δ(p′ − p− ϵ)⟩noise =
[
1− p

m
δtγ

∂

∂p
·+δt

A

2

∂2

∂p2
·
]
δ(p′−p)

Use P (p′, t+ δt) =
∫
dpP (p′, t+ δt|p, t)P (p, t)

∂P (p, t)

∂t
=

∂

∂p

[
γ
p

m
P (p, t)

]
+

A

2

∂2

∂p2
P (p, t)

We want P (p, t → ∞) = Peq(p) = exp
[
−βp2/2m

]
/Z, with

∂tPeq(p) = 0 ⇒
A = 2γkBT

Fluctuation-dissipation relation: the noise (A) and the friction force
(−γp/m) have the same physical origin



Fokker-Planck → Smoluchowski eq.

in the Langevin eq.
mv̇ = −U ′(x)− γv + η(t)

let’s assume that the relaxation time τ = m/γ ≪ 1 is much smaller than
any natural time scale associated with the motion in the potential U(x):
overdamped regime
Neglect the inertial contribution mv̇/γ

The Langevin equation becomes

ẋ = −ΓU ′(x) + η̃(t), withΓ = 1/γ, ⟨η̃tη̃t′⟩ = 2ΓkBTδ(t− t′)

With a procedure similar to the one described above one obtains the
Smoluchowski equation

∂P (x, t)

∂t
= Γ

∂

∂x
[U ′(x)P (x, t)] + ΓkBT

∂2

∂x2
P (x, t)



Einstein relation

Smoluchowski equation with U(x) = 0

∂P (x, t)

∂t
= ΓkBT

∂2

∂x2
P (x, t)

with stationary solution Pst(x) = exp(−x2/(4Dt))/
√
4πDt

D = ΓkBT〈
∆x2

〉
t
= 2Dt



Generalized Brownian motion

Evolution of an observable: m(x, p) takes values m

Peq(m) =

∫
dxdp δ(m(x, p)−m)

e−βH(x,p)

Z
≡ e−βF(m)

Z

A SDE for m
dm

dt
= V(m) + ηm(t),

assumptions:

m varies over time scales which are longer than those for ηm(t)

ηm(t) is the result of many independent processes
⇒ ηm Gaussian with ⟨ηmη′m⟩ = 2λδ(t− t′)

m is independent of the instantaneous value of m (this requirement can
be relaxed)



Generalized Brownian motion (cont.)

Write a FP equation

∂P (m, t)

∂t
= −∂m [V(m)P (x, t)] + λ

∂2

∂m2
P (m, t)

and require Peq(m) to be the steady state solution

⇒ V(m) = − λ

kBT
∂mF(m)

and defining Γ = λ/kBT we obtain

dm

dt
= −Γ∂mF(m) + ηm(t), ⟨ηmη′m⟩ = 2kBTΓδ(t− t′)



Construction of a field theory

Fields ϕl defined on N sites of a d-dimensional regular lattice with position xl

H({ϕl}) =
∑
l

G(ϕl) +
1

2

∑
l,l′

Kl,l′(ϕl − ϕl′)
2

with G(ϕ) a power series expansion about ϕ = 0 and Kl,l′ a finite range
coupling matrix.
The partition function and the (overdamped) Langevin equation are well
defined

Z =

∫ ∏
l

dϕl e
−βH({ϕl})

dϕl′

dt
= −∂H({ϕl})

∂ϕl′
+ ηl′(t), ⟨ηl(t)ηl′(t′)⟩ = 2kBTδl,l′δ(t− t′)



Construction of a field theory (cont.)

continuum limit

volume per lattice site v → 0 and keep the total volume V = Nv constant

xl → x continuous variable∑
l →

∫
dx/v (d-dim)

∑
l

G(ϕl) →
∫

dx g [ϕ(x)] , g = G/v

1

2

∑
l,l′

Kl,l′(ϕl − ϕl′)
2 → 1

2

∫
dx k(∇ϕ(x))2, k =

1

dv

∑
l

x2
lKl,0

H [ϕ(x)] =

∫
dx′ g [ϕ(x′)] +

1

2
k(∇ϕ(x′))2

Z =

∫
Dϕ(x) e−βH[ϕ(x)]



Time dependent Landau-Ginzburg equation

�
�

�
�

dϕ(x)

dt
= −δH [ϕ(x)]

δϕ(x)
+ η(x, t),

⟨η(x, t)η(x′, t′)⟩ = 2kBTδ(x− x′)δ(t− t′)

Taking, e.g., g [ϕ(x)] = rϕ2/2 + uϕ4/4 one obtains

H [ϕ(x)] =

∫
dx′ r

2
ϕ2(x′) +

u

4
ϕ4(x′) +

1

2
k(∇ϕ(x′))2

dϕ(x)

dt
= −rϕ(x)− uϕ(x)3 + η(x, t)


