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A solid knowledge of the astrophysics behind radio observables is necessary to achieve a
complete understanding of the various phenomena/astrophysical sources that will be
investigated in this course.
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But we have neglected that a system (atom or molecule) A B B
UL LU UL

can be also excited/de-excited by collisions with other

V V

atom or molecules.

If collisions dominates the transitions between U and L:

CLU NU Su hv
N, N..Ciw =N,N...C — = —eXx R
U Veoll“' UL LVeoll“ LU C i NL ; P T

== kinetic temperature

Where C;; and Cy; are the excitation and de-excitation collisional coefficients (M3 s-1)
(0.0)
C, = J o, (V)f(v)dv f(v) velocity distribution function of the colliding particles
0 o, collision cross section
N, is the number density of the collisors



i) Statistical equilibrium equation and excitation temperature

In general both radiation and collisions regulate the transition rates

NC

Statistical equilibrium equation

N vAyr + NyBy U + NyNooCu = Ny B U + N,

oll CLU;

We can define an excitation temperature 7, so that

Ny &y hy "' T, Ay + ToCyyp
— =—-cxp| — 1 Tex = TK 3
Ny e KT L TkAu+ ToCu |

==u excitation temperature ) S "
in the approximation that Tey, Tk, Tp >> TO

Tex —> Ty when CUL>>AUL

Tex _—> Tb when AUL>>CUL

We can define a critical density N* as the density when
If N>N* the upper level is de-excited by collisions rather than to emission

It N<N* the upper level is de-excited by emission of photons rather than collisions



'Statistical equilibrium equation and excitation temperature

In general both radiation and collisions regulate the transition rates

N, coll CLU;

NUAUL 4+ NUBULU + NN, 1Cyr. = NLBLU(_] + N Statistical equilibrium equation

The generalization of the statistical equilibrium equation to a multi-level system is obtained by adding all
the excitation and de-excitation terms to and from a level. The results is a system of Ny, (= number of

levels) equations:

Ny U-1
Ny Z Ayp+ By Uy + NeonCyr = Z NiNeonCry + NeBryUpy U=1,.Ney_
L=U+1 L=1

de-excitation excitation



The generalization of the statistical equilibrium equation to a multi-level system is obtained by adding all

the excitation and de-excitation terms to and from a level. The results is a system of Ny, (= number of
levels) equations:

Ny U-1
Ny Z Ayp+ By Uy + NeonCyr = Z NiNeonCry + NeBryUpy U=1,.Ney_
L=U+1 L=1
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In a multi-level system, one defines a rotational temperature Tror which is the temperature if all the levels
were thermally populated (i.e. in LTE). When the gas is in LTE the excitation temperature and the
rotational temperature are the same and equal to the gas temperature.



) Line formation (wrap up)

Consider a system (atom or molecule) with two energy levels only, U and L The two levels are populated
according to the statistical equilibrium equation.

Whatever is the mechanism governing the level population, there will always be Ny atoms/molecules in the
upper level U, a fraction of which will decay in the lower level L by spontaneously emitting a photon at the
frequency corresponding to the energy difference between the two levels, hyy = E; — E;. This occurs with
a probability given by Ay.. If the gas is illuminated by a strong radiation field at the same frequency of the
transition frequency, then there will also be stimulated emission.

The emitted photons will form an emission line at the frequency of the transition.

If the radiation field at the frequency vq is strong enough, then the line will be in absorption. This happens
when the atoms/molecules are excited to the upper level by the absorption of the radiation field photons
rather than collisions. Quantitatively, absorption occurs when the excitation temperature (which is a
measure of the processes regulating the level population) of the transition is lower than the radiation

tem pe rature.




) Problems

% Use Boltzmann's relation to estimate T for a two-state system with equal statistical weight
factors and level populations N1=1.01N> (upper state is 2).

*Suppose that the collision rate, Cyq, is given by n{(ov), where the value of (ov) is ~10-10. For
the 21 cm hydrogen line, Ay; = 2.85 x 10-15 s-1. Find the critical density N* for this transition.
Repeat this calculation for the J = 1 — 0 rotational transition of the molecule HCO+ , modelling
the molecule as a two-level system in which the Einstein A coefficientis Ay; = 3 x 10-5 s . What
is the value of N*? Compare this to the value for the 21 cm line.

For HCO+ (v = 89.186 GHz), take Tx = 100K; find the value of the local density for which Tex =
3.5 K. Tb=2.7 K. For the same density, calculate N* for the J = 1-0 transition of the carbon

monoxide molecule CO (v =115.271 GHz), modelling this as a two-level system with Ay = 7.4 x
108 51,






¥ Line broadening mechanisms

Atomic/molecular levels are not infinitely sharp, nor are the lines connecting them.

Several physical effects determine the line shape, among which those we are mostly interested in are:

Natural broadening and Doppler broadening

Natural broadening

AEAt ~ h/(2r)

The profile from this uncertainty is a Lorentz (or natural) profile

A given width to the atomic/molecular level is implied by the uncertainty principle. The spread energy

AFE and the duration At in the state have to satisfy
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Doppler broadening

Any atom/molecule is in thermal motion, so that the frequency of emission or absorption in its own
frame corresponds to a different frequency for an observer: Doppler shift with respect to the observer.

Atoms/molecules move according to the Maxwell distribution, the effect is a spread of the line over a
frequency range.

The change in frequency is linked to the atom/molecule via the velocity along the line of sight:
WV,

I/_I/():
C

where 1 is the rest-frame frequency. The number of atoms/molecules with velocities in the range

v, to v, + dv, is given by the Maxwellian distribution

2kT mv;? -
N(Vz)dvz — ﬂ—mexp — T (velocities)

From which the brightness profile is 1

] (frequencies, Gaussian profile)

where Avp is the Doppler width



%) Line broadening mechanisms

V=
The Doppler width is defined as AVD — —@
c™

[2kT [T
b=,/—=0.129,[—
mx AX

In which mx is the mass of the species x and A, is the atomic number

Where b is the Doppler parameter

Then, if Avpyw is the full width at half maximum of the line profile, is related to b via the relation

X
z
Z
<

AVpwipy i @n observed parameter that provides a measurement of the gas temperature.

The larger the gas temperature, the larger the line width. Also, the larger the mass of the
species, the smaller the line width caused by Doppler broadening.



' Molecular emission

Compared to atoms, molecules have a complicated structure and the Schrodinger equation of the system
will be correspondingly complex, involving all nuclei and the electrons.

In principles, in a molecule we have three categories of transitions:

- electronic transitions (energies of a few eV, T~104 K)
- vibrational transitions (energies of 0.01-0.1 eV, T~102-103K)

- rotational transitions (energies of 103 eV, T~10K)
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Compared to atoms, molecules have a complicated structure and the Schrodinger equation of the system
will be correspondingly complex, involving all nuclei and the electrons.

In principles, in a molecule we have three categories of transitions:

- electronic transitions (energies of afew eV, T~104K) 4 Optical-UV
- vibrational transitions (energies of 0.01-0.1 eV, T~102-103K) < Infrared
- rotational transitions (energies of 10-3 eV, T~10K) & mm and cm
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(i) Polar molecules

A molecule is polar if its permanent electric dipole moment is not zero.

p(xX’) charge density
P = [ xp(x)dx X infinitesimal volume element
|4

V volume containing the charges

Symmetric molecules (e.g. diatomic hydrogen Hz) have no permanent electric dipole moment, but most
asymmetric molecules (e.g. carbon monoxide CO) have asymmetric charge distributions and are polar.

The electric dipole moment of polar molecules can be viewed as an antenna, oscillating as the molecule
rotates. The acceleration of positive and negative charges gives rise to radiation whose frequency is that

of the angular velocity w of the rotation. Polar molecules radiate at their rotation frequencies.
(Longair 1992, High-energy astrophysics, chapter 2.7)

Non-polar

Polar




) Diatomic molecules and angular momentum

Consider a rigid diatomic molecule

N

/ two atoms
no internal motions (e.g. centrifugal forces) m,
re = ra+rg equilibrium distance
ra, rg distances of the nuclei from center of mass: rama=rgms | V
center of mass

The angular momentum of a molecule rotating around its center of mass is simply

1

J=1w

where [ is the moment of inertia and w is the angular velocity of the rotation. As nearly all the mass is in

the nuclei I = myry + mprg, from which

MyMp
J = r’w = mriw
mA _I_ mB EE

where m is the reduced mass of the molecule




) Diatomic molecules and angular momentum

s R s e s i ,\.
Consider a rigid diatomic molecule

/ V\\ two atoms QE

no internal motions (e.g. centrifugal forces)

re = ra+rg equilibrium distance

ra, rg distances of the nuclei from center of mass:

/ v\/

rAMA=rsmMs | V I -
center of mass

e
The angular momentum of a molecule rotating around its center of mass is simply

1

J=1w

where [ is the moment of inertia and w is the angular velocity of the rotation. As nearly all the mass is in
the nuclei I = myr; + myrg, from which

mamg 5
= Y, = mr,o

where m is the reduced mass of the molecule
mA _I_ mB Bl

For our rigid diatomic molecule, J is simply the angular momentum perpendicular to the axis of the
molecule. In the case of N>2 molecules the angular momentum depends on the direction of the rotation:

—

J=Iw

Similar (more complex) expressions can be calculated. In general I will be a three-axial ellipsoid and
depend on the relative orientation of the nuclei.



The effective radius of a (simple) molecule is about 105 times the radius of the nucleus of an atom (Rco
> A). The moment of inertia I of such a molecule is 21070 times that of an atom of the same mass. J is a

quantity that cannot be neglected compared with the other internal energy states of the molecule, (e.g.
translational, vibrational).

The rotational kinetic energy associated with the molecule angular momentum is:

2
Hrot — _Ia)z — J_
2 21

As the angular momentum of an atom/molecule is quantized (multiples of #2), the rotational energy is also
quantized. The corresponding energy eigenvalues of the Schrodinger equation are:

h? *
Hy= | =7 )70+ 1) J=0,1,2,.

The energy change of permitted transitions is restricted by the quantum-mechanical selection rule

1

AJ==*x1




#) Rotational ladder

For a transition from J to J-1 the energy released is:
AH = - JJ+1) - -DJ]= il
) 1

r

And the frequency of the emitted photons is therefore:

J=0,1,2,...

X 3k

AH #J

UV = = =

h 27l

hJ

Am’mr?

The radio spectrum of a particular molecular species will look like
a ladder whose steps are all harmonics of the fundamental
frequency.

The fundamental frequency (J=1) depends only on the moment of

inertia, i.e. it it depends only on the reduced mass and equilibrium

distance of the molecule.
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#) Rotational ladder

For a transition from J to J-1 the energy released is:
AH = - JJ+1) - -DJ]= il
) 1
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And the frequency of the emitted photons is therefore:

J=0,1,2,...

X 3k

AH #J
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The radio spectrum of a particular molecular species will look like
a ladder whose steps are all harmonics of the fundamental
frequency.

The fundamental frequency (J=1) depends only on the moment of

inertia, i.e. it it depends only on the reduced mass and equilibrium

distance of the molecule.

12C1¢Q has a relatively small moment of inertia, so its fundamental
frequencyis at v=115.271 GHz (A=2.6 mm)
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Rotational ladder

For a transition from J to J-1 the energy released is:

2 n*J
AH, = E[-’(]‘F D-U-DJ]= a

And the frequency of the emitted photons is therefore:

AH, hJ hJ J=20,1,2,... (angular momentum of the upper level)
U = — —
h 2nl  4rimr?

= (W)

v ~ 115,230,345,...GHz

0.1 s e BT

100 1000 1)(8,(01010,
v (GHz)




) Radio spectra of complex molecules

Spectra of non-linear molecules can be very complex!
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i) Collisional excitation and minimum temperature

We have seen that molecules can be excited into by ambient radiation and by collisions in a dense gas. The
minimum gas temperature needed for significant collisional excitation

H., vh(J+1)
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(i) Collisional excitation and minimum temperature

We have seen that molecules can be excited into by ambient radiation and by collisions in a dense gas. The
minimum gas temperature needed for significant collisional excitation
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Example: spiral galaxy NGC1068 (Garcia Burillo et al. 2014)
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} Fine-structure transitions

In atomic physics, the “gross structure” of line spectra describes the energy levels expected by the
gquantum mechanics of non-relativistic electrons with no spin. For a hydrogen atom, the gross structure
energy levels only depend on n, the principal quantum number.

The "fine structure” takes into account relativistic and spin effects. The corresponding corrections to the
non-relativistic Schrodinger equation break the degeneracy of the energy levels and split the
corresponding spectral lines. The scale of the fine structure splitting relative to the gross structure energies

is on the order of (Za)2~10-5¢V, where Z is the atomic number and a~1/137 is the fine-structure constant.

The most important relativistic correction to the
kinetic energy is the correction due to the spin-
orbit coupling, that is a relativistic interaction of
a particle's spin with its motion inside a
potential.
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https://en.wikipedia.org/wiki/Atomic_number
https://en.wikipedia.org/wiki/Fine-structure_constant
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In atomic physics, the “gross structure” of line spectra describes the energy levels expected by the

gquantum mechanics of non-relativistic electrons with no spin. For a hydrogen atom, the gross structure
energy levels only depend on n, the principal quantum number.
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(81) Fine-structure transitions

Examples of fine-structure transitions in the interstellar medium of galaxies
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) Fine-structure transitions

Examples of fine-structure transitions in the interstellar medium of galaxies
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In atomic physics, hyperfine structure is defined by small shifts in otherwise degenerate energy levels. It
arises from the energy of the nuclear magnetic dipole moment interacting with the magnetic

field generated by the electrons.

Hyperfine structure # fine structure. Fine structure which results from the son-orbit interaction the magnetic
moments associated with electron spin and the electrons' orbital angular momentum. Hyperfine structure,
with energy shifts typically $10-¢ eV, results from the interactions of the nucleus (or nuclei, in molecules)

with internally generated electric and magnetic fields.

The energy levels are split according to the total spin
F=|I+S5]|

| =+ 1/2 nuclear spin

S =£1/2 electronic spin

F =0,1 (for the ground level)

' Hyperfine structure transitions
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moments associated with electron spin and the electrons' orbital angular momentum. Hyperfine structure,
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with internally generated electric and magnetic fields.
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(@) Atomic lines: examples

Table 13.1 Parameters of some atomic lines

Element and Transition v/GHz Aij/s! Critical
ionization density
state n*

DI *S12, F=3/2—-1/2 0.327  4.65x 10717 ~ 1

HI 2812, F=1-0 1420 287 x10°1 ~ 1

SHe ™t 81/, F=0—1 8.665 1.95 x 1012 ~ 10

CI 3p, -3 P, 492.16 7.93 x 1078 5% 102
CI 3p 3P 809.34 2.65 %1077 10

cIl Py —* Py )y 1900.54 2.4x10°° 5x 103
OI 3py—3 P 2060.07 1.7 %1073 ~4x10°
OI 3pp-3p, 474477 8.95x 1073 ~3x10°
OIII 3p -3 PR 3392.66 2.6%x 1072 ~ 5 x 102
oIl 3p, 3P 5785.82 9.8 x 107> ~4x10°
NII 3P 3P, 1473.2 2.1x10°° ~5x 10!
NII 3p, 3P 2459.4 7.5%x 1076 ~ 3 x 10?
NIII 2Py/p —* Py 5230.43 4.8x 107 ~3x 103







