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(many slides are adapted by M. Peressi from S. Baroni, P. Giannozzi)

Ab-initio	simulations
Mini course on DFT for PhD


March 2024



To	summarize	the	first	lecture:

- need	of	transferable	methods

- at	the	atomistic	level

- giving	results	with	predictive	capabilities


=>	ab-initio	methods:

-	ingredients:	nuclei,	electrons,	interactions

=>	many-body	Schroedinger	equation:	how	to	solve	it?
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Ab-initio	simulations



A first physical approximation
• the adiabatic (Born-Oppenheimer) approx. (M>>m): decouples electronic and 

nuclear problems

Density Functional Theory (DFT) for the electronic problem: from a many-
body wave function (3N variables) to the electron density n(r) (3 variables): 
• use of the variational principle: ok for occupied states (not excited)
• map the interacting system into a non-interacting system and factorize => one-

electron Scr. eq.

The formal derivation is exact, but approximations are necessary for 
the practical implementation of the theory:
• choice of approximate exchange-correlation (xc) functionals
• use of pseudopotentials
• use of k-point discrete meshes for numerical integration in k-space
• use of periodic boundary conditions and plane-waves for wavefunction 

expansion (ok for perfectly periodic extended systems; for others? problem of cell 
size [today])

Not only… 3

How	to	solve	the	many-body	Schr.	eq.?
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2. Towards electronic ground state (fixed nuclei)

Possible methods to find the DFT ground state:

1. By the self-consistent solution of the Kohn-Sham equations

HKS i ⌘ (T + V + VH[n] + Vxc[n]) i = ✏i i

where

– n(r) =
X

i

fi| i(r)|
2 is the charge density, fi are occupation numbers

– V is the nuclear (pseudo-)potential acting on electrons (may be nonlocal)

– VH[n] is the Hartree potential, VH(r) = e
2

Z
n(r0)

|r� r0|
dr0

– Vxc[n] is the exchange-correlation potential. For the simplest case, LDA, Vxc[n]
is a function of the charge density at point r: Vxc(r) ⌘ µxc(n(r))

Orthonormality constraints h i| ji = �ij automatically hold.

How	to	solve	the	one-electron	Schr.	eq.?
Given the one-electron Schroedinger equation (i.e., the Kohn-Sham eq.)
how to proceed to really solve it?

the choice of pseudop and xc functional enters here
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Self-consistent	cycle	-	1
2. By constrained global minimization of the energy functional

E[ ] =
X

i

fih i|T + V | ii+ EH[n] + Exc[n]

under orthonormality constraints h i| ji = �ij, i.e. minimize:

eE[ ,⇤] = E[ ]�
X

ij

⇤ij (h i| ji � �ij)

where

– V , n(r) are defined as before,  ⌘ all occupied Kohn-Sham orbitals
– ⇤ij are Lagrange multipliers, ⇤ ⌘ all of them

– EH[n] is the Hartree energy, EH =
e
2

2

Z
n(r)n(r0)

|r� r0|
drdr0

– Exc[n] is the exchange-correlation energy. For the simplest case, LDA,

Exc =

Z
n(r)✏xc(n(r))dr where ✏xc is a function of n(r).
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Towards electronic ground state II

In a self-consistent approach, we need to find the self-
consistent charge density (or potential), performing
the following operations:

• Calculate the potential from the charge density

• Solve (diagonalize) the Kohn-Sham equations at
fixed potential

• Calculate the charge density from Kohn-Sham
orbitals

In a global-minimization approach, the operations are
basically the same, since one needs the gradients of
the energy functional, that is, HKS products:

� eE[ ,⇤]

� 
⇤
j

= HKS j �

X

i

⇤ji i
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Self-consistent	cycle	-	2

Calculation of the total energy

Once self-consistency (or the minimum) is reached, the total energy of the system
can be calculated:

E =
X

i

fih i|T + V | ii+ EH[n] + Exc[n] + Eion�ion

where Eion�ion is the repulsive contribution from nuclei to the energy:

Eion�ion =
e
2

2

X

µ 6=⌫

ZµZ⌫

| Rµ �R⌫ |

Equivalent expression for the energy, using Kohn-Sham eigenvalues:

E =
X

i

fi✏i � EH[n] + Exc[n(r)]�

Z
n(r)Vxc[n(r)]dr+ Eion�ion

The total energy depends upon all atomic positions Rµ.

mix new-old potential
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running	the	pw.x	code:
In the input: 
…

/

&electrons

    …

    mixing_beta      =  0.5

    conv_thr         =  1D-10

    electron_maxstep =  100

/

    In the output:  

    Self-consistent Calculation


     iteration #  1     ecut=    50.00 Ry     beta= 0.50

     Davidson diagonalization with overlap

     ethr =  1.00E-02,  avg # of iterations =  2.2


     total cpu time spent up to now is       20.0 secs


     total energy              =    -202.68145378 Ry

     estimated scf accuracy    <       0.45007650 Ry


     iteration #  2     ecut=    50.00 Ry     beta= 0.50

     ….

     ….


     End of self-consistent calculation


     convergence has been achieved in  13 iterations
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https://www.quantum-espresso.org/Doc/INPUT_PW.html

……

…
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In the input: 
…

/

&electrons

    …

    mixing_beta      =  0.5
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?
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Diagonalization of the KS Hamiltonian

The solution of the Kohn-Sham problem HKS = ✏ at fixed potential is (usually)
the toughest problem. How to proceed? By expanding  into some suitable basis set
{�i} as

 (r) =
X

i

ci�i(r).

For an orthonormal basis set, we solve the secular equations

X

j

(Hij � ✏�ij)cj = 0

where Hij = h�i|HKS|�ji are the matrix elements of the Hamiltonian.
For a non-orthonormal basis set, we solve the generalized problem:

X

j

(Hij � ✏Sij)cj = 0

where Sij = h�i|�ji is the overlap matrix.

Diagonalization algorithms are well known in linear algebra, but in practice, one has
to resort to smarter iterative algorithms, allowing not to store those matrices.

If we expand the unknown ψ 

onto a basis set,


we transform the problem 

into one of linear algebra

How	to	solve	the	one-electron	Schr.	eq.?
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Plane-wave	basis	set	-	1Plane-wave basis set

A PW basis set for states of wave vector k is defined as

hr|k+Gi =
1

p
N⌦

e
i(k+G)·r

,
h̄
2

2m
|k+G|

2
 Ecut

⌦ = unit cell volume, N⌦ = crystal volume, Ecut = cuto↵ on the kinetic energy of
PWs (in order to have a finite number of PWs!). The PW basis set is complete for
Ecut ! 1 and orthonormal: hk+G|k+G0

i = �GG0

In a PW basis set one works with Fourier components (ci,k+G below):

| ii =
X

G

ci,k+G|k+Gi

ci,k+G = hk+G| ii =
1

p
N⌦

Z
 i(r)e

�i(k+G)·r
dr = e i(k+G).

Real-space quantities can be obtained on a grid using Fast Fourier Transform.

ϕk+G(r) =
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Plane-wave	basis	set	-	2

Advantages and disadvantages of various basis sets

• Localized basis sets:

+ fast convergence with respect to basis set size (just a few functions per atom
needed)

+ can be used in finite as well as in periodic systems (as Bloch sums: �k =P
R e

�ik·R
�(r�R))

– di�cult to evaluate convergence quality (no systematic way to improve
convergence)

– di�cult to use (two- and three-centre integrals)
– di�cult to calculate forces (Pulay forces if basis set is not complete)

• Plane Waves:

– slow convergence with respect to basis set size (many more PWs than localized
functions needed)

– require periodicity: in finite systems, supercells must be introduced
+ easy to evaluate convergence quality (just increase a single parameter, the cuto↵)
+ easy to use (Fourier transform)
+ easy to calculate forces (no Pulay forces even if the basis set is incomplete)

Periodicity needed !
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Pseudopotentials	-	04. The need for Pseudopotentials

Are PWs a practical basis set for electronic structure calculations? Not really!
From simple Fourier analysis: length scale � �! Fourier components up to q ⇠ 2⇡/�.
In a solid, this means ⇠ 4⇡(2⇡/�)3/3⌦BZ PWs (volume of the sphere of radius q

divided by ⌦BZ = 8⇡3
/⌦, volume of the Brillouin Zone).

Estimate for diamond: 1s wavefunction has � '

0.1 a.u., ⌦ = (2⇡)3/(a30/4) with lattice parameter
a0 = 6.74 a.u. �! 250, 000 PWs! We need to:

• get rid of core states

• get rid of orthogonality wiggles close to the
nucleus

0 0.5 1 1.5 2 2.5 3 3.5 4

r (a.u.)

!1

0

1

2

R
(r

)

C 1s2 2s2 2p2

1s

2s

2p

Solution: Pseudopotentials (PP). A smooth e↵ective potential that reproduces the
e↵ect of the nucleus plus core electrons on valence electrons.
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Pseudopotentials	-	1

r ψ(r) AE=“all electron” 

(i.e. calculations including 

also core electrons)


PS=“pseudopotential”

(explained in the following)

Vl
ps =Vloc(r)+Vl(r)Pl =V (r)+    ∑m  Ylm(r)V(r)δ(r−rʹ)Y∗lm(rʹ) 

One pseudo potential for each angular momentum :

with Vloc(r)=-Zv e2 / r
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Pseudopotentials	-	2

<=   norm-conserving

<=   atomic energy levels must be reproduced

<=   coincidence between the “true” and “pseudo” wfc in the external region
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Pseudopotentials	-	3
US	pseudopoten:als

HUS⇥n = �nS⇥n �⇥n|S|⇥m⇥ = �nm

“soft” or “ultrasoft” pseudopotentials:  release the condition of norm-conserving =>

Smoother potentials => smoother wfc => less plane waves to describe them (see later)



17

Non-periodic	systems:	supercells	-	1
Imposing Periodic Boundary Conditions (which allows for a Fourier transform treatment)

=> Artificial repetition of a “building block”

but “supercells” (cells larger than the normal size of bulk periodic systems) allows to 
reasonably describe even non periodic systems provided that images from adjacent 
cells are separated enough not to interact each other

image

image

atom or 

molecule
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Non-periodic	systems:	supercells	-	2

•

Surfaces:
slab geometry. The number of layers of the materials
must be “big enough” to have “bulk behaviour” in
the furthest layer from the surface. The number of
empty layers must be “big enough” to have minimal
interactions between layers in di↵erent regions.

•

Alloys, amorphous materials, liquids:
the supercell must be “big enough” to give a
reasonable description of physical properties.

Conceptually there is no di↵erence between a “supercell” and an ordinary unit cell:
typically, “supercell” is used when the periodicity is not perfect or non-existent
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5. Brillouin Zone sampling

• The calculation of the charge density (and
of many other quantities) requires sums
over all k-points in the Brillouin Zone (BZ);
in practice, some form of BZ sampling is
needed. Convergence wrt k-point sampling
must be tested!

• For insulators in large supercells, amorphous
systems, liquids, molecules, sampling with
� (k = 0) only is fine. For other insulators,
a small number of k-points is usually
su�cient.

• For metals, a very fine sampling of the Fermi surface, together
with some broadening, or smearing, technique, is needed. One
could in principle use Fermi-Dirac occupations at finite T , but
this would require either very high T or too fine sampling

Brillouin	zone	sampling

only,  . Rather cumbersome expressions results. An important feature of the resulting equations
is that the charge density is no longer given simply by the square of the orbitals, but it contains
in general an additional (augmentation) term:

n(r) =
X

i

| i(r)|2 +
X

i

X

lm

h i|�liqlm(r)h�m| ii (69)

where
qlm(r) = �̃l(r)�̃m(r)� �l(r)�m(r) (70)

(using the completeness relation, Eq.(66)). Conversely the pseudo-wavefunctions are no longer
orthonormal, but obey instead a generalized orthonormality relation:

h i|S| ji = �ij , S = I +
X

lm

|�liQlmh�m| Qlm =
Z

R
qlm(r)dr. (71)

Ultrasoft PP’s can be derived from PAW assuming a pseudized form for qlm(r). Norm-conserving
PP’s in the separable form can be derived from PAW if the atomic states �̃l and �l obey the
norm-conservation rule (thus S = 1). The LAPW method can also be recast under this form. The
careful reader will also remark some similarity between the PAW approach and the venerable PP’s
based on the OPW method (those with the infamous “orthogonality hole”: PAW plugs the hole
by defining the charge density in the correct way).

2.7 Brillouin-Zone sampling

In order to calculate the charge density n(r) in a periodic system one has to sum over an infinite
number of k-points:

n(r) =
X

k

X

i

| k,i(r)|2 (72)

where the index i runs over occupied bands. Assuming periodic (Born-Von Kàrmàn) boundary
conditions

 (r + L1R1) =  (r + L2R2) =  (r + L3R3) =  (r), (73)

a crystal has L = L1L2L3 allowed k-points (L is also the number of unit cells). In the “thermody-
namic” limit of an infinite crystal, L ! 1, the discrete sum over k becomes an integral over the
BZ.

Experience shows that this integral can be approximated by a discrete sum over an a↵ordable
number of k-points, at least in insulators and semiconductors. When present, symmetry can be
used to further reduce the number of calculations to be performed. Only one k-point is left to
represent each star – the set of k-points that are equivalent by symmetry – with a weight wi that
is proportional to the number of k-points in the star. The infinite sum over the BZ is replaced by
a discrete sum over a set of points {ki} and weights wi:

1
L

X

k

fk(r) �!
X

i

wifki(r). (74)

The resulting sum is then symmetrized to get the charge density.
Suitable sets for BZ sampling in insulators and semiconductors are called “special points”. This

name is somewhat misleading: in most cases those sets just form uniform grids in the BZ.
In metals things are more di�cult because one needs an accurate sampling of the Fermi sur-

face. A suitable extension of DFT to fractionary occupation numbers is needed. The Gaussian
broadening and the tetrahedron techniques, or variations of the above, are generally used.

In supercells, the k-point grid is often limited to the � point (k = 0). A better sampling may
be needed only if it is important to accurately describe the band structure of a subjacent crystal
structure. This is the case of point defects in solids and of surfaces. If, on the contrary, supercells
are used to simulate completely aperiodic or finite systems, the � point is the good choice: a better
k-point grid would better account for the periodicity of the system, but this is fictitious anyway.

15
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Grids of k-points for Brillouin Zone sampling

Typical ways of sampling the Brillouin Zone (BZ):

• Special Points (e.g. Baldereschi, Chadi and Cohen)
Points designed to give quick convergence for particular crystal structures.

• Uniform Grids (e.g. Monkhorst-Pack)
Equally spaced in reciprocal space. May be centred on origin (“non-shifted”) or
not (“shifted”).

In presence of symmetry, only k-
points in the Irreducible BZ, or
IBZ, need to be computed: the
charge density is reconstructed
using symmetry. Appropriate
weights for k-points must be
specified (or can be calculated).
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is that the charge density is no longer given simply by the square of the orbitals, but it contains
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i
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X

i

X
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15
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Numerical	approximations

• finiteness	of:	basis	set	
• Integration	in	reciprocal	space	(“special”	k-point)
• discretized	meshes	for	differentiation	(FFT	grid)
•…

we	need	to	study	convergence	!!!
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Plane-Wave Pseudopotential method, summary

• Supercell geometry: lattice
vectors + atoms in the unit
cell

• Plane-wave basis set,
determined by the lattice
and by a single parameter
(cuto↵)

• Atom-based pseudopotentials
representing the electron-
nuclei potential (Vnuc in the
figure)

• Charge density computed with
valence electrons only, on a
suitable grid of k-points.



23

What	can	I	do	with	“standard”	DFT?	

Electronic	structure:	SCF	diagonalization	(Kohn-Sham	
eqs.,	electronic	energy	minimization)


Geometry	optimization:	calculation	of	forces	acting	on	
atoms	via	Helmann-Feynman	theorem	and	consequent	
optimization	of	nuclear	positions	=>	also	calculations	of	
energy	barrier	for	reactions

Dynamics:	Born-Oppenheimer
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Recent		QE		tutorials

http://qe2019.ijs.si/program.html

https://indico.ictp.it/event/9616/other-view?view=ictptimetable
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Pseudopotentials that work: From H to Pu,
Phys. Rev. B 26, 4199 (1982)

M. Peressi – Giugno 2005 – 19

X. Gonze, R. Stumpf and M. Sche✏er,
Analysis of separable potentials,
Phys. Rev. B 44, 8503 (1991).

S. Goedecker, M. Teter, J. Hutter,
Separable dual-space Gaussian pseudopotentials,
Phys. Rev. B 54, 1703 (1996).

D. Vanderbilt,
Soft self-consistent pseudopotentials in a generalized

eigenvalue formalism,
Phys. Rev. B 41, 7892 (1990).

Punti speciali per l’integrazione nella zona di Brillouin:

A. Baldereschi,
Mean-Value Point in the Brillouin Zone,
Phys. Rev. B 7, 5212 (1973).

D. J. Chadi and M. L. Cohen,
Special Points in the Brillouin Zone,
Phys. Rev. B 8, 5747 (1973)

H. J. Monkhorst and J. D. Pack,
Special points for Brillouin-zone integrations,
Phys. Rev. B 13, 5188 (1976).

Metodo dei tetraedri per metalli e calcoli di densità degli stati
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Structural	optimization
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Hellmann-Feynman Forces

Forces on atoms are the derivatives of the total energy wrt atomic positions. The
Hellmann-Feynman theorem tells us that forces are the expectation value of the
derivative of the external potential only:

Fµ = �
@E

@Rµ

= �

X

i

fih i|
@V

@Rµ

| ii = �

Z
n(r)

@V

@Rµ

dr

the rightmost expression being valid only for local potentials, V ⌘ V (r) (the one at
the left is more general, being valid also for nonlocal potentials V ⌘ V (r, r0)).

Demonstration (simplified). In addition to the explicit derivative of the external potential (first term),
there is an implicit dependency via the derivative of the charge density:
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@n(r)

@Rµ

dr

The red term cancels due to the variational character of DFT: �E/�n(r) = µ, constant.

The calculation of the Hellmann-Feynman forces is straightforward (in principle, not
necessarily in practice!) once the self-consistent electronic structure is calculated.
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This last “=“ in particular is

The	calculation	of	the	Hellmann-Feynman	forces	is	in	principle	straightforward	

Forces	on	the	atoms	-	I
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Forces	on	the	atoms	-	II
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Forces	on	the	atoms	-	II
calculation = ‘relax’
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Structural Optimization and Molecular Dynamics

Within the Born-Oppenheimer, or adiabatic approximation, the total energy as a
function of atomic positions, or Potential Energy Surface (PES), determines the
behaviour of nuclei.

The global ground state can be found by minimizing
the function E(R1,R2, ...,RN), depending upon the
3N atomic coordinates for a system of N atoms.
This is a “standard” mathematical problem: finding
the minimum of a function, knowing its derivatives,
that is, the Hellmann-Feynman forces (in the picture,
a cartoon of a PES in two dimensions with the path
to the minimum).

Once forces are calculated, one can perform not only structural optimization, but also
molecular dynamics. If a classical behaviour of the nuclei is assumed, all the machinery
of classical MD can be recycled, with forces calculated from first principles.

Courtesy of P Giannozzi


