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These lecture notes are designed for a 48-hour course aimed at second-year master’s students, offering
a comprehensive journey into the mathematical theory of the incompressible Euler equations. Our goal is
to bridge the gap between the classical theory of smooth solutions and the modern, often surprising, world
of weak solutions, where many of the most challenging and exciting problems in fluid dynamics reside.

The notes are divided into two parts. Part[[]is dedicated to the theory of strong solutions. We begin in
Chapter 2 by establishing the foundational local-in-time existence and uniqueness result in Sobolev spaces
H? for sufficiently smooth initial data, following the classical work of Kato [9]. This provides a solid frame-
work to investigate the central question of global regularity versus finite-time blow-up. We will then, in
Chapter (3| derive the celebrated continuation criteria, including the Beale-Kato-Majda criterion, which
connects the potential formation of singularities to the behavior of the fluid’s vorticity. This analysis culmi-
nates in proving the global existence of strong solutions in two spatial dimensions, a result that highlights
the profound difficulty of the corresponding open problem in three dimensions.

Part [[] ventures into the richer and more complex landscape of weak solutions. This framework is es-
sential for addressing physically relevant scenarios with non-smooth initial data, such as the evolution of
vortex patches, and for describing fluid motion beyond the point of a potential singularity. We will explore
two distinct regimes of weak solutions. First, in Chapter 4} we delve into the "tame" setting of Yudovich’s
theory [15], which establishes global well-posedness in two dimensions for initial vorticity in L' n L*. This
theory is powerful enough to rigorously treat the vortex patch problem, and we will present in Chapter |
the remarkable persistence of regularity result by Chemin [4], which shows that the boundary of a smooth
patch remains smooth for all time.

Finally, in Chapter [6} we will confront the "wild" side of weak solutions by introducing the powerful
geometric method of convex integration, as pioneered in fluid dynamics by De Lellis and Székelyhidi [5].
This technique, rooted in the work of Gromov [6], reveals an astonishing degree of non-uniqueness, allowing
for the construction of infinitely many solutions with prescribed, and at times physically paradoxical, kinetic
energy profiles. Chapters[4|to[6|are largely inspired by lecture notes from courses given by the author at the
University of Trieste (2017 and 2019) and the Basque Center for Applied Mathematics (BCAM, 2017).
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Notation

In the present lecture notes all vectors are considered to be row vectors, unless stated otherwise. Given V
a smooth vector field and with V; its components we denote with VV := (6,- Vj)l.]. its gradient matrix, while
with JV := (VV)T its Jacobian matrix. We denote with . (;K) the class of Schwartz functions from Q to K
and with .7 (Q;K) the class of Schwartz functions with zero moments of arbitrary order. We denote with
D := —iV. We use the convention of summation on repeated indexes. Throughout, the space dimension
is denoted by d € N*, and the ambient space is R4, For vectors a,b € RS, we write a- b for the Euclidean
scalar product and |al for its norm. For matrices A, B € R%*¢, AT is the transpose, Id is the identity, and the
(row—column) tensor product is defined by

(a@b),'j =a; bj.
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Chapter 1

Introduction

1.1 Aglimpse into continuum mechanics: budget laws.

Fluids, as well as any object in the universe, are subjected to motions. The concept of motion is very intu-
itive and well understood by anybody, but a mathematical formulation of such natural concept may not be
straightforward. We shall adopt the following definition

Definition 1.1. Letd € N*, Q a C%! subset of R, T > 0 a motionis a C®> map X : [0, T] x Q — R? such that for
every t € [0, T] the map X (t, ») is invertible . We define

* Q(1) := X (¢t,Q) as the set which the body occupies at time ¢,

o T:={(t,x):t€[0,T],x€Q(t)} is the set of trajectories,

e themap X~ ':= (X (t,+))7!: Q(#) — Qis called the reference map or back-to-label map,
¢ the velocity flow is defined as u (¢, X (¢, x)) := %X(t,x) =X (t,x).

We shall many times refer to a generic motion X as a flow.

1.1.1 The mass conservation

In the present section we assume d = 3. We denote with V the 3D Lebesgue measure. One of the most
important properties of bodies is that they possess mass. We here consider bodies whose mass is distributed
continuously. No matter how severely such a body is deformed, its mass is the integral of a density field. Let
us make these concept formal, a reference density is a function

P0 € Liye (5R4),

and the mass of the body Q is defined as
m(Q):= fQ po (x) dV (x).

Indeed the deformed body Q (#) possesses as well a mass, and we assume that, no matter the deforma-
tion X (z, ¢), the mass is an invariant of the motion, i.e.

m(Q(1)=m(), Yit>0,

and since the mass can always be described as the integral of a density field

m(Q (1)) =:f p(t,y)dv(y). (1.1)

Q1)

We want to express such integral in terms of the space variable x € Q, let us use the compact notation

X =X(t,x), (1.2)
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we haveﬂ using a standard substitution argument

m(Q(t)):f p(t, X (t,x)dV (X (t,x),
Qo (1.3)
=fp(t,X(t,x))det(]xX(t,x))dV(x).
Q

Since Q is arbitrary, comparing Egs. and (L.3), we can hence deduce the following relation which de-
scribes the density of the deformed body Q () in terms of the reference density py :

po (X" (y))

po (x) = p (£, X (t,x)) det J X (£, x)) = p(ty):= S X L X ()]

(1.4)
Being the mass constant we deduce hence that

d

— (t,X) dV(X) =0,
dt Q) p

applying Reynold’s transport theorem (see [7, p. 78] for a proof)

Theorem 1.2 (Reynold’s transport theorem). Let X be a motion as in Definition[1.]] (cf. ), ® be a smooth

(scalar or vector) field, we have that

if D (1, X) dV(X):f (D +ddivy u) (£, X) dV (X).
dt Jow Q)

we deduce that

d
f (— p (5, X)+p (¢, X) divy u(t,X))dV(X) =0, (1.5)
Q) dt
by definition of the velocity flow we have that
d d
i p(t,X)= a p (&, X (t,x)=0:p (£, X (£, )+ u(t,X(t,x) -Vxp (£, X(,x), (1.6)

but, since Q was arbitrary combining Egs. (1.5) and (1.6) we finally deduce the conservation of mass equation
d:p +div(p u) =0. (1.7)

Definition 1.3. Let X be a motion as per Deﬁnition let w c Q an arbitrary C*! subdomain and w (f) :=
X (t,w). Let us define Vol (w (1)) := f o(t) dV (x). We say that a motion is isochoric or volume-preserving if and
only if

d Vol (w (1)) =0

— Vol (w (#)) =0,

dr
forallw c Q.
Lemma 1.4. 1. A motion is isochoric if and only if

divu =0; (1.8)
2. for allisochoric motion we have that
det(J,X(t,x)=1.

Proof. 1. Itis adirect application of Theorem[1.2]

2. Indeed by a change of variables we have that for all w < Q such that w (¥) = X (¢, )

Vol (w (1)) =[

w(1)

dV(y):fwdet(X(t,x))dV(x), Vol(w)szdV(x) .

But being the motion isochoric we have that Vol (w (£)) = Vol (w), and since w is an arbitrary subset of
Q) we obtain the claim.
O

Corollary 1.5. Let X be an isochoric motion, than the density function is given by the formula

p(,y)=po(X7" (1)
Proof. Tt suffice to apply Lemmall.4to (L.4). O

1We use the notation JV for the Jacobian matrix of V
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1.1.2 The conservation of the linear momentum

Next we focus on the forces acting on a determinate body. From first Newton’s law from each action it
corresponds a second, equal with opposite direction, hence we can assume that, for a moving body Q (), at
each r € [0, T] there is a balance of forces, i.e.

F; =Fe,

where F; are the internal forces and F, are the external forces acting on the body.
The external forces can be classified in two kinds

* forces from outside the system that act on it, which we denote with pb and;

* forces that subparcels of the of the body act upon the rest of the body itself due to deformation induces
by the motion X which we denote with F.

In the case of a fluid we have that

F, =f onds, o: T —-R¥>3. (1.9
0Q(1)

Equation (1.9) is known as Cauchy stress formula and o is the stress tensor, whose explicit expression de-
pends by the physical characteristics of the material under consideration. We do not justify and we
refer the interested reader to any book of classical mechanics, such as [7]. The total external force splits into
body and surface contributions:

Fe (1) = pbdV + / onds, (1.10)
Q) 0Q(1)

where b is the body force per unit mass and o is the Cauchy stress tensor.
The basic axiom connecting motion and force is the momentum balance laws, i.e.

Fe(t)Zi(t), l(t)Zf pudV. (1.11)
Q)
Notice that applying Theorem[1.2]we have that

. d .
1(6)=— pudV:f (up) +pu divx udVv.
dt Jawm Q)

Notice that ® = ®; + u- V® so that

f (up) +pu diVXudV=f (pru+pu;)+(pu-Vu+u-Vp u+pu divu) dv,
Q1) Q1)

and
pu-Vu+u-Vp u+pudivu=pujdju+u;jdjpu+pdjuju=0;(puju)=div(p ueu),

so that
16 =f 0; (pu) +div(p ue u) dV (X). (1.12)
Q(r)

Gauss theorem allows us to turn the surface traction into a volume term:

f ondS = div(o) dV. (1.13)
0Q(1) Q1)

Combining the results of Egs. (1.10) to (1.13) and by arbitrarity of the integration domain we deduce the
Cauchy momentum equation
0¢(pu)+div(pu®u)—div(o) = pb. (1.14)
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1.1.3 The final assumptions
In the following we assume the fluid to be

* homogeneous.

* incompressible;
A fluid is incompressible when its motion is isochoric (cf. Definition[1.3) hence it satisfies (I.8). Equa-
pr+u-Vp=0, (1.15)
(1.16)

tion implies that becomes
since is solved by (cf. Corollary|[L.5)
p(6y)=po (X7 (¥),

we immediately obtain that if pg € R is a constant the p defined in (1.16) is constant for all times in which

the motion is defined. So, if by normalization, pp = 1 on top of the incompressibility condition, we obtain
(1.17)

that the system composed of Egs. (1.7) and (1.14) is transformed intoE]
ur+ (u-Vyu=div(o) +F

{ divu=0
The stress tensor o can assume a variety of explicit expressions that are determined by the physical char-
acteristics of the fluid. This is an extremely active research field, for the purposes of the present course we
(1.18)

shall consider the option
og:=-pld.

The active choice of (1.18) applied to (1.17) give us the (incompressible, homogeneous) Euler equations
(here we assume the external forces to be nil), which we endow with a suitable initial datum
(E)

ur+u-Vu+Vp=0

divu=0
Uli=0 = Uo

Remark 1.6. Notice that if (I1.8) is satisfied than
u-Vu=u;0;u=0; (u;u) =div(ue u) ,

so that (E) can be, alternatively, written as
ur+diviue u) +Vp =0

divu =0
Uli=0 = Up

1.2 Functional setting
fx) e iy,

Given f € L' (R%C) we define, for & € R?
fO=—7
@m): Jra

1 N .
Fl)= —— f Feevide.
@m? Jrd

and, if f e L! (RY;C), we have the classical inversion formula which is valid a.e.

2Here u-V:=%;u;0;.
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We use as well the notation
F = Fy F1 ::ﬂ}__l,x,

to denote the Fourier transform a s a map between functional spaces. Notice that if a function is real-valued

we have the reality condition f (¢) = f (—&). We shall always work with real-valued functions. The Fourier
transform can be extended to the space of tempered distributions .7’ (R%;C): for all f € .’ (R%;C) we denote
with f as the unique g € .’ (R%;C) such that

(floy=C(gle) Vpe. 7 (R%C) .

(xy:=1/1+|x%

Definition 1.7 (Fourier multipliers). Let m € R we say that

We denote, for x € R4

i aL® (RGR) function & — a (&) € C* (RY\{0};C) is a non-homogeneous Fourier multiplier of order m if

for any multi-index a there exists a C, > 0 such that

0¢a®)|=Ca@m 1, VEeR?, (1.19)

We denote the space of non-homogeneous Fourier multipliers of order m as .# "™, which is endowed
with the family of seminorms

@l = maxsup (@&la-m aga(é)’, nen: (1.20)

a Snfeﬂ'\ud

ii an m-homogeneous L. (R4\ {0};R) function & — a (&) € C*° (R?\ {0};C) is a homogeneous Fourier mul-
tiplier of order m if for any multi-index a there exists a C, > 0 such that holds

0¢a(§)] = Calgl™ 1, VEERIN(0) .

We denote the space of homogeneous Fourier multipliers of order m as ™, which is endowed with
the family of seminorms

lal—-m

jal jm, = max sup €] |0%a @), nen.

|a|5n€€Rd\0

Definition 1.8 (Quantization of a Fourier multiplier). Let f € .7 (R%;C) (or % (R%;C)), a€ .#™ (or M) we
define
aD)f )= (af )0

Remark 1.9. By standard properties of Schwartz functions we have that .Z™ c L (.%).
Lemma 1.10. LetmeR, ue M™, then w(D) € L ().

Proof. The proofis organized into three parts. First, we establish that the core of the proofis to demonstrate
that for any f € .%}, the function g := p (D) f also has a Fourier transform that is flat at the origin. Second,
we recall and verify the necessary flatness property for any function in .#j. Finally, we combine these facts
to show that all derivatives of g vanish at the origin, confirming that all moments of g are zero.

Part 1 (Reduction to the flatness of m ). The continuity of the map p (D) : % — .7 is a direct conse-
quence of Remark|[I.9|after applying a standard cut-off decomposition near the origin. The main challenge
is to prove that the range of this operator is contained within the subspace .#). A function g belongs to .%)
if and only if it is a Schwartz function and all of its moments vanish. This is equivalent to the condition that
its Fourier transform, g, is flat at the origin, meaning 6% g (0) = 0 for all multi-indices a € N4,

By definition, ,LTD_)?(f) = 1 (&) f (&). Our goal is therefore to show that for any f €.%, all derivatives of
the product u (&) f (&) are zero at & = 0.
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Part 2 (Flatness of f for f €.%). Let f € .%. By definition, all its moments vanish:
f xPf(x)dx=0 forall multi-indices f € N%.
Rd

To show that f is flat at the origin, we use the Taylor expansion of e~ *¢ with an integral remainder. For any
NeN:

N-1(_: k N
—ixd _ (—ix-¢) ( ix-¢) N-1 =itxg
e = kgo 0 + m—w (1 f) dt. (1.21)

Multiplying (T.21) by f (x) and integrating over R? yields f (¢). Since every term in the finite sum corre-
sponds to a linear combination of moments of f, the sum vanishes entirely. The expression for f (¢) is thus
equal to its remainder term, which can be bounded as follows:

f(x &) f(x)f (1-pN e 14 qrdx

(N-D!
N
Ifl ”| N

|7 ©)| —‘

Fllis-

Since f € .7, we have that || 1N f H 11 <oo. This establishes the key property that for any NV € N, there exists a
constant Cy such that:
|7 ©]=cyieN. (1.22)

Part 3 (Conclusion). We now show that all derivatives of m(f) = u() f () are zero at ¢ = 0. By the
Leibniz rule:

R MGHGIEDY (g)aﬁu@) “Ff©.
B=a

By the properties of a homogeneous multiplier of order m, we have |6ﬁ u (€)| <|é /=18l From the moment
conditions on f, we know that 3*~# f (0) = 0. However, to handle the singularity of i at the origin when
—|B| <0, we rely on the flatness established in (I.22). For any term in the sum and for any N € N:

G B G

Applying to the function %~ f € 7, we get |0* P £ (&)| Sn 1€V Thus,

071 0°PF ()| S gAY

For any a and B, we can choose N large enough such that m — | ﬁ| + N > 0. This ensures that every term in
the Leibniz sum tends to zero as ¢ — 0. Therefore, 0% (p f ) (0) = 0 for all a, which proves that u (D) f € .%.

Since the map is continuous from .74 to . and its range is contained in the closed subspace .7, we
conclude that u (D) € L (#).

O
Definition 1.11 (Sobolev spaces). Let f €. (R%R) and fp € % (R4 R):

iletseR, pe(l,00),letusdefine

a WP (RGR) *= I <D>Sf||LP([Rd;[R) I foll Wsp (RGR) *= |||D|Sf0||LF’(Rd;[R)’

we define
WP (Rd R) mll s (rd.m) WP (Rd;R) - m”'”ws,p(mdﬂ);
ii let seN, p=1,00and a € N let us define
||f|| WsP (RER) ::HZ ||6af”LP([Rd;R) Hf0|| Wsr (REGR) *= I; ”aaf”LP([Rd;R)’
a|<s aj=s
we define

WP (Rd;R) - —y (Rd;R) el sp (rm) WP (Rd;R) - —y() ([Rd;lR) ||'||Ws,p(Rd;R);
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Definition 1.12 (Sobolev spaces when p = 2). 1. Inthe case p = 2we denote H* := H’ (R%R) := W2 (R%R)
and H' := H* (R%R) := W52 (R%;R) and applying Plancherel theorem we have that

. s| ¢ 2 .
= w@d@ 17 @ de;

o= [ el e

iii A vector-valued function F := (Fy,..., Fy)T € H* (R4 RY) = (H%)" if and only if

i |7l

Fll ggsyv := Fillgs <oo.
1 Ellgop = max 1Flz: < oo
Similarly for vector-valued homogeneous Sobolev fields.

2. For any s € R us define the subspace of solenoidal Sobolev vector fields
Hy:={ue H® : divu=0} — H’.

Remark 1.13 (First properties of Sobolev spaces). * Ofcourse we have that H* — H*for s > 0and H® —
H? for s < 0;

* the maps ¢ — (£)° is a non homogeneous s-Fourier multiplier and ¢ — |¢]° is an homogeneous s-
Fourier multiplier;

¢ thanks to the equivalence of norms in RY we may use the notation || F|| gs even for vector-valued func-
tions F € (H9Y.

Remark 1.14. ¢ Definition[1.8|can be lifted by density to any Sobolev space;

* accordingly to Definition[1.8|the operator D is the quantization of the vector-valued Fourier multiplier

ce(aM)*,
Fourier multipliers have a natural action on Sobolev spaces
Lemma 1.15. Letm,seR

1. let fe H® and ae€ .#™, we have that a(D) € L(H®; H™™) and

laD) f| gom < lalgmo | £l s

2. letfe H® andae .#"™, we have that a(D) € L (H; H™) and

D) £l gs-m < 1@l g 1 £ ]| 175

Proof. The proof is immediate, in fact

R -1.19,-1.20 R
f &2 |a @) F O ¢ LI 20 e f @& |F o ae,

the same goes for the second point. O

There is a natural classification of Sobolev spaces with integer regularity

Lemma 1.16. Let s €N, then we have that

\lfllys~|Z lo% 1.z -

al=s
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Proof. Notice that, setting |a| = s the multi-index 0% is the quantization of the Fourier multiplier ¢ —

()S¢7" €5 € LA#*, hence we apply Lemma and we obtain that |0%f||,> < || f| - For the inverse

inequality notice that by equivalence of norms in R?

d
1€ Za Y I&I° -
j=1

Notice that |&j|° = ((i&;) (~i&j)) 2 which is the quantization of (1) a7, so that

d
TRy osr
J:

12 5 |a|Z:sHaaf”L2 :

O

Theorem 1.17 (Sobolev embeddings in Lebesgue spaces). Letd e N\O0, s € [0, %), then the space HS embeds
continuously in LPs where p;:= 755

Theorem (1.17|is a fundamental result in mathematical analysis and it is widely used in the analysis of
PDEs, its proofis based on two technical results, that we only state here. For the proof we refer the interested
reader to [1]:

Lemma 1.18 (Hardy-Littlewood-Sobolev inequality). Let a € (0,d) and (p, r) €[1,00]% satisfy

1 «a 1
—+—=1+-
p d r
A constant C then exists such that
o™ = f Lr(RY) S C”f”LP(Rd)'

Lemma 1.19 (Fourier transform of a power function). If s € (0,d), then .7 (|¢|™°) = cq,s [o]5—4 for some con-
stant cq,5 depending only ond and s.

Proof of Theorem[1.17 Let ¢ € ., we have that ¢ = K  (|D|* ¢p) where K (x) := 9}‘_1% (IE17°) (x) = ca,s x5
thanks to Lemma Applying Lemma with @ = d — s and p = 2 we obtain the desired claim for
Schwartz function. The generalization to Sobolev functions follows by density. O

Theorem does not hold true for the endpoint case of L, instead we shall use the following very
simple embedding result:

Lemma 1.20. Lets> d/2 then HS — L*°.

Proof. The proofis rather straightforward, in fact

dé
(&%

since the r.h.s. of Eq. (1.23) is independent of x we obtain the desired inequality. O

1@ Sl Sy [ 160 Flie 1.23)

Definition 1.21 (Hodge decomposition). Let us define

¢
{5

)dxd

Q)= (— P () :=1dga — Q(8),

.....

and Q:= Q9 (D), P:=P (D). Themap Pe L ((Lz)d) is known as the Leray projector. The decomposition
v=Pu+Quv

is known as Hodge decomposition.
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Lemma 1.22. Lets€ R and v € HS, we have that
> divPv=0;
> there exists a € H*! such that Qv = V¢;
> ifu,veL? thenP and Q are L*>-self-adjoint, i.e. (Pv | Qu) 2 =0.
Vdiv

Remark 1.23. 1. Most of the times it is convenient to think of P =1 — R and the same for O;

2. Notice that applying P to (E) we obtain that the system (E) is equivalent to

{ut+77(u-Vu):0 (1.24)

Ulr=0 = Up
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Partl

Strong solutions

11






13

Here in this first part we discuss the theory needed to construct strong solutions for (E).

After having derived the incompressible Euler equations (E) from fundamental principles of continuum
mechanics in Section we now turn to their rigorous mathematical analysis. The central question is
whether these equations admit solutions that are well-defined, unique, and reflect the physical behavior
they are meant to model.

This first part is dedicated to the theory of strong solutions. These are solutions that possess enough
regularity for all terms in the equations to be interpreted in a classical, pointwise sense. The main challenge
stems from the nonlinear advection term, u-Vu, which can potentially lead to the formation of singularities
and the breakdown of smoothness in finite time.

Our strategy will be to work within the framework of Sobolev spaces H*, which provide a robust setting
for handling the interplay between derivatives and nonlinearity. We will establish a cornerstone result by
Kato on the local-in-time existence and uniqueness of solutions for sufficiently smooth initial data. Subse-
quently, in Chapter 8] we will investigate the crucial question of what prevents these local solutions from
being extended globally in time. This will lead us to the celebrated continuation criteria, including the
Beale-Kato-Majda criterion, which connects the potential blow-up of solutions to the behavior of the fluid’s
vorticity, Q. Finally, we will see how these tools guarantee the global existence of strong solutions in the
special case of two spatial dimensions, a result that starkly contrasts with the notoriously difficult open
problem in three dimensions.
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Chapter 2

The incompressible Euler equations:
Well-posedness in H*®

The first natural question that we may pose is the following one: do classical solutions to (E) exist? Is so, in
which space? Are they unique in such functional setting?
The main result we prove in the present section is the following one:

Theorem 2.1. LetdeN,d=2, s> % +1 and let up € Hj. There exists a constant Cs > 0 such that, defining

T*:=T" (s, lugllps) := S ) 2.1
2Cslluoll s

then there exists a unique solution u of (E) in the space
ueC([o,T*];HS)nC ([0, T*]; HSY)
that satisfies the bounds

sup lu(®llgs =2luoll ps sup llug (0l g1 <ACTugllFys T* . 2.2)
te(0,T*] te(0,T*]

The local well-posedness for the Euler equations is a classical result. The specific formulation in Sobolev
spaces, as stated in Theorem was first established by T. Kato in [9]. The proof presented here follows a
classical regularization scheme, drawing its framework from modern presentations of the argument like
those in [1}2].

The regularity guaranteed by Theorem [2.1]is crucial because it ensures the velocity field u is Lipschitz
continuous in space. This is precisely the condition needed to solve the ordinary differential equation gov-
erning fluid particle trajectories, which in turn defines a unique flow map:

Theorem 2.2 (Existence and Uniqueness of the Flow Map). Let u € C([0, T*|; H}) with s > § +1 be the
unique solution to the Euler equations (E) given by Theorem[2.1} Then, there exists a unique map

X:[0,T*] xR* — R?

such that for every fixed x € R%, the trajectory t — X (t,x) is of class C' ([0, T*];R?) and solves the ordinary
differential equation:
d
—Xt,x)=u(t, X(t,x
q (bR =ub XX Y (£,x) € [0, T*] xR (2.3)
X(0,x)=x

Furthermore, for each fixed t € [0, T*], the map x — X (t, x) is a homeomorphism of R® onto itself with inverse
Xt

15
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2.1 Aprioriestimates

The main result we prove in the present section is the following one

Proposition 2.3. LetdeN, d=2, s > % + 1, let u be a global solution of (B) (o1, equivalently (1.24)) with
initial datum uy € Hy,, belonging to the space(?llOC (Ry; HS). Then there exists a C,Cs >0 and T* defined as in

such that holds true.

An idea of the proof
Let us give a very brief intuitive idea of the proof of Proposition[2.3] Let us consider the case in which d = 2,3,
seN,let @ e N¢, |@| < s be a multi-index, from (E) we have that

0%u;+0% (u-Vu) +Vo*p =0 (2.4)

multiplying for 0%u and integrating give us that

1d
55”6“14";=—<6“(u-Vu)+V6“p|6“u>L2. 2.5)

Notice that, integrating by parts and due to the assumption that the functions p and u decay to infinity
(which is true since u € H¥)

d d
—(Vaap|6“u)L2=—fZ(3i6“p6“u,- dx:fc')“p Y 0;0%u; dx =0,
i=1 i=1
=0%divu=0

so that (2.5) is, in fact
1d
2dt
Notice that, in the case in which a = 0, integrating by parts

0% w3, = — (8% (u-Vu) | 0%u) .. 2.6)

—(u-Vu|uy :—fuidiuj uj dx—f@,-(u,-uj) uj dx

2 15
:fui ujoiu;j dxz—fdivu ﬂde. 2.7
—— 2

3 (12

so that inserting (2.7) in (2.6) we obtain that

Eauuuiz:o,

i.e. smooth solutions of the Euler equations preserve the kinetic energy.

Let us now consider the case fo a generic @, indeed we have the Leibniz formula

*(fg)= Y. cpy0°rolg, cpy €N,
Bry=a

and this implies that, isolating the higher order term

0% (uiaiuj) = uiaiaauj + Z Cpy aﬁuiaiayuj )
B+y=a

Y<a
so that

(0% (u-Vu) | 0%u),» = (u;0;0%u; |6“u]~>L2+< Y cpy0Pui0:0"u;
B+y=a, y<a

a“uj> =P, +Py. (2.8)
L2
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Notice thet integrating by parts and using (1.8) we have that the higher order term

0%u;)? 0%u;)?
P1=fu,~6,~(( 2’) )dx:—f%divudxo (2.9)

Applying Holder inequality we have that

Pr = cao 07wl 0% wil e N0sujll o+ X ey [0, 0P ws 0107wy | , =2 Po + P
e
We indeed have that
Py1 Sa lull e lullys (2.10)

while for the term P, » we have two options

e |B| = 1: here |y| = lal - 1 so that using Lemmal[l.16]
Haﬁui 6i6Yuj“L2 < lluill oo || % ”Hla\’
from which we easily obtain the control
P22 Sa lullypres lullys 5 (2.11)
. | [5| > 1: Here we use the embedding H%/# — L* to deduce that

s, <fot

4 ”aiayuj ||L4 < I|ul|H|ﬁ|+% ||U||H|a\-1+% )

and since d = 2,3 we obtain the same control as in (2.11).
We can thus combine Egs. (2.8) to (2.11) and insert them in (2.6), sum for |a| < s and obtain, after an
application of Gronwall inequality, that there exists a Cs > 0 such that

t
lu ()13, < ||u(0)||Hsexp{Csf0 ||u(r’)||wlmdr'} : (2.12)

2.1.1 A commutator estimate

Definition 2.4 (Fourier-Lebesgue spaces). Let se R, f € .7 (R%;R) and fj € .7 (R%R), let us define the norms

Il = | @1 0)ac ol = [ 16 oo ae
we define the spaces
FL* ::Y([de; [R)”'”FLS FLS:= mll'nﬁﬁ '

We have the following result, whose statement and proof are analogous to those of Lemma|l.15
Lemma2.5. Letm,seR

1. let fe FL® and a€ /4™, we have that a€ L(FL*; FL>"™) and
laD) £l ppsm <lalgmo || £l prss
2. let fe FLS and a € .#™, we have that a € L (FL5; FLS™™) and

|aD) £ gpsm =tal gmg | £l pps-
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The importance of the (homogeneous) Fourier-Lebesgue space is that they scale like W¥®, s € N, but
they are a sub-algebra embedded in the space W*%, since L! with the convolution has an algebra structure
due to Young convolution inequality. This allows for notable simplifications in the computations.

Lemma2.6. 1. LetseN, we have that FLS — W,
2. Lets>—3 ando > s+ 5. Then we have that H” — FL*.

Proof. 1. Letusrestrict ourselves to the case f € .%, the generic result follows by density. In such setting
we have that f € .” so that for any a € N9, |a| = s we have the inversion formula

1 N .
0 W= o [ @O @ e Q)= g2,

so that
0% £l 1o S @ D) £l ppo

we have indeed that @ € .#*, so that applying Lemmawe obtain that |0 f|| ;0 < lal s o | f]| 1o
hence a summation over multi-index |a| = s give us that

[ lwsee = Cs [ £l -
2. Let f € H? (R%). We split its Fourier transform at the frequency |¢| = 1. Let us define
i:: gi_l (]llé'lslf) and ?22 ﬁ?_l (]l|§|>1f) .

Clearly f = f + f, and by the triangle inequality, 171 Frs = H f “F’D + ”f”FLS We estimate each term
separately.

For the low-frequency part f, applying the Cauchy-Schwarz inequality, we get

Il = [ w17 @lae

< (fmsl |¢|23d£); (fmsl |f<£)|2d¢)§

< ( L fo )% rd_ldrds)é 171, -

The radial integral fol r2s+4=1dr converges if and only if the exponent is greater than —1, which means

2s+d>0,ors> —%. Under this condition, the constant is finite, and we have ”f”F_LS Ssd Hf||L2.

For the high-frequency part f, we use Cauchy-Schwarz again:

1 RO

FL’
< ( f €26 d€)2 ( f €2 |f(€)|2d6)2
[€]>1 [€]>1

o 2(s—0)+d-1 %
s(fgfl r drdS) T

This radial integral converges if 2(s — o) + d < 0, which is precisely the condition g > s + ‘2—1. Under this
assumption, we have ”_” - < -
p ! ps ~0,8d ”f“H

Combining the estimates and using the fact that || f || 2 = || f || o (since o > s+ % > —% + % =0), we
conclude that

£l = | £] 1y # |7y So (5 + 1 0) S 1T

which proves the embedding.
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We prove at first the following result

Lemma 2.7 (Moser tame estimates). Lets€ R and u, v e H* N FL° then we have that
luvllgs Sslullgs lvllpro + lwll gro vl gs -
Proof. We have that

2
uuunzs:f@%s fﬂ(f—n)ﬁ(n) dn| de,

notice that
(O S (146 =nl*+[n*) < (max{le=nl, [n])** S (E=m)* +(m)**,
and the claim follows by Young convolution inequality. O
Corollary 2.8. Ifs> d/2 the space H® is an algebra.
Proof. Tt follows from Lemmas2.6|and 2.7} O

Definition 2.9. Let A, B be operators on a Banach space X, we define the commutator operator
[A, B] := AB—-BA.

Lemma 2.10 (Commutator Estimate). Let s € R and let a € .#° be a non-homogeneous Fourier multi-
plier of order s. Let u € H® (R%;R) n FL! (R%GR) and v € H™! (RGR) N FLY (R%GR). Then, the commutator
la(D), ulv:=a(D)(uv)—u(a(D)v) is well-defined and there exists a constant C = C(s,d) > 0 such that the
following estimate holds:

[ta@), urv

= C(Nullgs 10l gro + el gpa vl ) (2.13)

Remark 2.11. Lemma|2.10/holds as well in Homogeneous Sobolev spaces, with homogeneous Fourier mul-
tipliers.

Proof. Let u,v €., the generic result shall follow by density as usual. Let us notice that

1
Z [la(D), u] v] (cf)zWf(a(é)—a(n))ﬂ(é—n)ﬁ(n)dn,

hence by inversion formula

1 .
la(D), ulv(x) = =3 f (@1 +&2) - a) i) 0 (&) e dE déy.
Letussetad € (0, ;11) and let
3
[a(D),ulv=>) Clulv, (2.14)
i=1
where
1 5 (E (£ plE1+E) X
Crlmv@i=— [| (@) - at) a0 @) ¢ Tagde
@2m)= JJigi1=618
1 .
Coluvi=— [| (@) - a) a0 0@ €T ag e,
(2m) [PIEAIST

Glulv:i=[aD), ulv-(Ciulv+C[u]v)

We now estimate separately the action of the operators C; [u].

For the term C; [u], notice that by Taylor a (¢ +¢2) = a($2) + Vea (5) -&; for a suitable 5 € [&r,&1+ &), s0
that, using and the localization |é1] < 0 |€2| we obtain that

la &) +&) —a @)l < |Vea (@) 1611 s (6 THEI S @5 1 E. (2.15)
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In proving we have used the inequality <€ ) ~ (&) for all || < 61&2], let us see that this inequality is
true. This is indeed verified if (&) ~ (£2), so let denote & := &, + &1, t € (0,1), indeed we have that

()< \/1+ 8+ 28 4201811162 < \/1+ (141262 +216) & < 4(E). (2.16)

Similarly

<¢:>2\/l+f§—2t|§1||§2|2\/1+(1_25)622(52_2>,

Equations and prove hence that (f ) ~ (&) forall |&;] < 6 &2 |. By Plancherel theorem, and
Young convolution inequality we have that

(2.17)

IC [l vl < || Aellal) = () 101)

|2 < lullpp vl g (2.18)

The term C, [u] can be controlled in a much more straightforward way, in fact since |{2| < §|¢;| we have
that

la(é1+¢&2)—a@)l S €1 +E)° +(&2)° S (€)Y, (2.19)

so that by standard computations we obtain the control
1C [u] vl S lull prs 1wl o (2.20)

The term Cs [u] can be controlled by noticing that [{;] ~5 [¢2| so that a bound like (2.19) holds true in its
support as well so that

IC3 [ul vz Sl gs vl ppo. (2.21)
We combine Eqgs. (2.18), (2.20) and (2.21) in (2.14) and obtain (5.15). O

2.2 Proof of Proposition
From we immediately obtain that
1d 2 N s
Ea||u||Hss|<<fD> P (u-Vu) [ (D)* u)|, (2.22)

indeed we have that [(D)*P (u-Vu)]j = (D)* Py (uid;iu;) = u;i0; (DY* Pyju;j + [(D)* Py, ui] 0ju;. Notice
that, since u satisfies (I.8), we have that Pu = u, so that

(D)Spkj (u,-a,-uj) = u,-()l- (D)Sui + H(D)Spkj, ui]] (3iuj.

Let us now define

ay; (©) =&Y Prj(§) = (O° 6kj+%) e’ (2.23)
the r.h.s. of can be bounded as
[((DY* P ((u-V)w) | (DY u)| < [(u- V(DY ul| (D) u)|+ ’<[|a;‘€j (D), uiﬂaiuj | (D)* uk>’ (2.24)
Integrating by parts and using we obtain that
(u-v(DY'u|(D)Yuy=0, (2.25)

while for the second term, we expand the estimate. By the Cauchy-Schwarz inequality, the term is bounded

by ” ”azj (D), uﬂ 0iu||L2 llull . We estimate the commutator term by applying Lemma [2.10 to v := 0;u;,

which gives

L2 S lull s 10wl gro + Nl o 10 ull s -

[t @, u]oru

Since the operator d; corresponds to the symbol i¢; € .4, we can apply Lemmas and

10; ull pro S llull g and 10; ull et S Nuell s -
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Substituting these estimates yields H Halscj D), uﬂ oiu| . <llullgsllul rr1- Combining these steps, we obtain

r»-
the final inequality:
|([at; 0, wi] 0iuy | DY we )| <oty Nl (2.26)
We combine Egs. (2.24) to (2.26) in (2.22) and obtain that
1d
T NGy S lul g luells. (2.27)
We use now Lemmal2.6|and transform (2.27) into
d
3 14l = sl (2.28)

thus setting || ull?,; := U we obtain by standard computations that

VU
Vis—Y2
1 - Cs\/ Uot
so we have that VU < 2y/Tj if and only if
1
t<T* (s lluglls) i= ———, (2.29)
(s ols) = 5 T

which concludes the proof of the first inequality in (2.2). For the second one let us notice that using the fact
that P is H*-selfadjoint and Corollary[2.8we have that

P (u-Vu) | u) g | = [{u-Vul ugs| < Cllullpe lue g

from which the second estimate in (2.2) follows applying a Gronwall estimate and the first estimate in (2.2).

2.3 Proof of Theorem

We now prove Theorem 2.1} the proof is divided into several standard steps:

1. Approximate Solutions: We first construct a sequence of approximate solutions by regularizing the
initial data and the equation itself using a frequency cutoff. For each regularized problem, we obtain
a local solution using the Cauchy-Lipschitz theorem in a Banach space.

2. Uniform Estimates: We then establish a priori estimates for these approximate solutions, proving that
they are uniformly bounded in the desired function space (H*) on a time interval that is independent
of the regularization parameter.

3. Compactness and Convergence: The uniform bounds allow us to use a compactness argument (specif-
ically, the Banach-Alaoglu theorem) to extract a subsequence that converges weakly to a limit object
u. We then show this convergence is strong in a lower-order Sobolev space.

4. Passage to the Limit: We verify that this limit u is indeed a solution to the original Euler equation by
showing it satisfies the integral formulation of the problem.

5. Regularity of the Limit: Finally, we prove that the limit solution u possesses the required H* regularity
and is continuous in time. The uniqueness of the solution is a consequence of the a priori estimates.

Before attacking the proof of Theorem [2.1] we state the following result concerning the existence of so-
lutions for ODEs in Banach spaces

Theorem 2.12 (Cauchy-Lipschitz). Let X be a Banach space, for any T € [0,00] let X (T) :=C ([0, T]; X). Let
F: X — X such that for any R > 0 there exists a Cr > 0 such that

FeC” (Bx (0,R); Bx (0,Cr)), IF| =:Lg. (2.30)

€O (Bx(0,R;Bx(0,Cn))

Then for any ug € Bx (0, %)
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there exists a Tp > 0 and a unique u € Bx(r,) (0, R) N CY1 ([0, Tg]; X) solution of the Cauchy problem

{u(t)zF(u(l‘)) ) (2.31)

ul=0 = o
there exists a maximal time-span T}, € [0,00] such that

T} =0 or limsup [u ()l x =o0.
1/ Ty

Proof. i The proofis rather a standard application of Banach contraction principle that we prove here for

ii

completeness. Equation (2.31) is equivalent to the integral equation

u="7T (u)

r (2.32)
T (u; 1) := ug +f F(u(¢))dt' Ytelo,T]
0

so that we have to prove that there exists a T > 0 (which may depend on uy and F) such that 7 is a
contraction of BX(T) (0, R) onto itself (recall that X (T) is complete since X is so). Notice that for all
u,ve Bxr) (0,R)

R
17 Wl x < 3 +Lr T

17T (w) =T Wlix) < LrT lu-vixm

(2.33)

so that setting
1

T olg’
we obtain that 7 is a contraction of B x(Tp (0, R), which is complete, onto itself, so that there exists a

unique u € B x(1y) (0, R) that solves u =T (u). Additionally u € Bx(r,) (0, R) thanks to the first estimate in
2-33) and u € C ! ([0, Tg]; X) thanks to (2.32).

Th: (2.34)

The existence of a maximal lifespan T € [0,00] is consequence of Zorn's lemma. Let us suppose the
statement in Iternﬁis false, i.e. Tg < oo and limsup;, /TS llu (8l x =: Ry < co. Notice that there exists a
&o € (0, T} such that, for any ¢ € (0, &), defining

TR = T}’;—E, R := ||”(TR,£)||X<°°’
we have that
Re <2R,, VY e €(0,8) . (2.35)

Let
a(t):=u(Tre+1t)

then i solves with initial datum & := u(Tg), then applying Itemwe obtain that (cf, (2.34))
aeC([0,Tr.]; X).
Notice now that, thanks to Egs. and we have that
Lr, <Lyz, Ve€(0,8), (2.36)

hence @ provides an extension of u beyond Tr . up to a time

Spe:=Tre+Tr =Tp —€+—
R,e R,e R, R 2|-R

£

and so, using (2.36), we obtain that

1
liminfSp .= Th + —— > Ty,
AR TR

contradicting the fact T is a maximal timespan, which is absurd.
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Step 1 (The regularized problem). Let n € N and
Pu:=F " (gizne),
let up € H; and let us consider the following evolutionary equation

{ u" =F,(u"

ny — : n n
u"1=0 = Ppllg Fy (") = PyPdiv(u" @ u") . (2.37)

Notice that by Corollary there exists a Cy > 0 such that for any R >0, and u, v € B s (0, R)

| ()]l s <ConR®

[ Fn (W) = Fp (Wl s =Conllu+viigs lu—vigs <2ConRllu—vlg; ,

so that we obtain that
En € C¥(Bys (0,R); Bys (0,ConR?)).

We can thus apply Theorem and we obtain that for any n €N, R >0, ug € By (0, g) there existsa T, > 0
and a unique solution to (2.37) in the space

Bx(1,) 0,R)nC ([0, Ty; HE) .

Step 2 (The uniform bounds). Here we use estimates very similar to the ones proved in Proposition[2.3Jto the
regularized problem (2.37), which is regularized in such a way in order to maintain the energy structure of
(1.24). Notice in fact that both P,, and P are self-adjoint in H* (since they commute with (D)* as it evident
using Plancherel), moreover u" () € Hy and supp(ﬂ?’) < B(0,n) so that PP,u" = u" and div(u" ® u") =
u-Vu" hence

(Fn(u™) | u™) s = (- VU™ | U s

Repeating the computations of Section we find that the estimate (2.28) holds true for u” solution of
(2.37), and in particular there exists a T* > 0 defined as in (2.29) such that

[u" @]

s = 2luoll g, Yite[0,T*], neN,
hence applying the continuation criterion stated in Theorem[2.12} Item i we obtain that
u™ € Bx(r+ (0,2 |t s, VneN. (2.38)
Additionally we can apply the second estimate of and obtain that
(#"),, € Breo(ro,7+1;5-1) (0,4C lltgll s T) (2.39)

Step 3 (Convergence of approximate solutions). Using the uniform boundsEgs. (2.38) and (2.39) and Banach-
Alaoglu theorem implies that there exists an element

ue L™ ([0, T*]; HS) nWh> ([0, T*]; H*Y) , (2.40)

and a subsequence (u"*) < (1), such that

U™ ——y in L® ([0, T*]; H) n W' ([0, T*]; H*7Y).

k—o0

We prove that the sequence (u"),, of solutions of (2.37) is a Cauchy sequence in the complete space C ([0, T*|; L?)
Let n,peNand §u:= u"*P — u". Explicit computations show that § u solve the evolution equation

Su=PpspP(Bu®u"P)+P,P(u" ®8u)+ (Pnrp—Pyn)P(u" @ u"P).
The following estimates are immediate

(PripP (Suou™P) | Su), S |u™P| o 16ull?,
(PP (u"®@6u) [6u) 2 S 0" o 160l

1
(Pusp~Pa) P (" 0 u7) | 60, S [u] ] I
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so that, since H® — L froany s >d/2+1 and p € [1,00], |u ()]s < lluglls for any 7 € [0, T*] and applying
Gronwall inequality we obtain that there exists a C > 0 depending only on | 4ol ; such that for any ¢ € [0, T* ]

T T*eCT*
10u@l <10u@lze’ +——,
moreover | |
Up
16wl < ——,
n

and as such we obtain that
I6u@)l=0(n"r),

which proves that (u"), is a Cauchy sequence in C ([0, T*]; L?). Moreover by Sobolev interpolation

lullg, < Nul? Null®, sp:=0s0+(1—0)s;, 0€[0,1],

we obtain that (u"), is a Cauchy sequence in C ([0, T*];HS/) for all s’ € [0,5), as such there exists u €

C ([0, T*] ;HS’) such that

n h—oo
—_—

u inC([o, 7*];H), v¥s'€[0,9). (2.41)

Step 4 (The limit point are classical solutions of (I.24)). Let us define
t
A(t,x) == u(t,x) — up (x) —f P((u(f,x)-Vu(r,x)))dr,
0

and we show that

sup |A(t,x)| =0.
(t,x)€[0, T*] x R4

Notice that for any n € N thanks to (2.37)

A=(u-u")+ (up—Pnuo) +Ap  Ap(t,x):= ft (P ((u(f,x)-Vu(t',x) - PP ((u" (¢, x)-Vu" (', x))))dt’ .

0
(2.42)
Indeed we have that
n—oo
((w-u") 0] £ sup |(u-u") )]
tel0, 771 : (2.43)
|(up = Prttg) (£, )] S —— ol s ==0.
n
Let now
Ap=AL+A2+A3 (2.44)
where

Su®):=ul)-u"(1)

AL (1) := fot(l—Pn)PdiV(u(t')ébu(t'))dt’
A2 ()= fOtPnPdiv(éu(t')®u(t'))dt'
M= | PP div(u" (¢) e 6u(r))d?’

Notice that using [1 - P, P div] = 0, the embedding H 7 [ Pdive.#"', Lemma and Corollary
we obtain that

1

4= P Pdiv(u(r, ) o u(r, )| £ |02 () 8 ult) |z S — ()

HS
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so that using (2.2)
4T* .
A (6, 0)] S —= ol ===>0. (2.45)
n2
Similar computations show that
|A% (£, )| <sup 16w ()l o sup lu ()l e |A3 (£, 0)| < sup 16w ()]l o sup | u” (0|
t t t t

which complemented with Egs. (2.38) and (2.41) prove that

|Ajn (t, x| == 0 i=2,3. (2.46)

Equations (2.44) to (2.46) prove hence that
A (2, )] =0 (2.47)

We combine Eqgs. (2.42), (2.43) and (2.47) and obtain that
A(t,x)=0 Vie[o,T*] xR,
thus proving that u is a classical solution of (1.24).

Step 5 (Regularity of the limit point). Recall that a consequence of the Banach-Alaoglu theorem is the fact
that for every reflexive Banach space X, every bounded sequence in (x"), < X is weakly convergent to an
element x € X and the Fatou property

x|l Slin}iinf”x”H ,

holds true. So we get that

lu (@)l < liminf || u” (1) . vtelo,T*].

and, asa consequence

sup llu(t)llgs <oo. (2.48)
t€(0,T*]

Let us now prove that u € C ([0, T*]; H®). From we obtain that u; € L' ([0, T*]; H ™M) for M > 1, and
this implies that u € C ([0, T*]; H~"). Let now R > 0 and let us define u'™ := 7| (1< (§) 2(8)) (x), so we
have that

1™ (2 — u® (1)) ~f

o ©*a(t,E — a(tp, 1P dE SR My (1) —u ()l gu

so that (u[R])R>0 cC([0,T*]; H®). Let us now prove that

sup [u—u®| >y, (2.49)
1[0,7%]

thus proving that u is the uniform limit of a sequence of continuous functions, which implies the time-
continuity for u. Let

gr (£,&) 1= T <r () (O | (2, )%, g = sup O>|a(t,of .

te[0,T*]

Indeed (2.48) implies that g € L' so that, by dominated convergence
* L
Vite[0,T*] ggr(t,e)——0,
R—o0

which implies and concludes the proof. O
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2.4 Proof of Theorem 2.2

The proof of Theorem[2.2]is very close to the proof of Theorem but must be restated and reproved since
the ODE for the flow map is non-autonomous, contrarily to (2.31).

Let us restate (2.3) as the integral equation

t
X(t,x)= x+f u(d, x(¢,x))dt’. (2.50)
0

Denoting with
t
T (X;1,x) ::x+f u(, X (¢, x))dr,
0

solving ([2.50) is equivalent to find a fixed point for 7T, i.e. for all x € R? we want to prove that there exists
T >0and X € C°([0, T];R?) such that X = 7 (X). Notice that, being u continuous in f, then r— 7 (X; t,x) €
C1 (10, T1;R%), and

t t
TG00 =T (il = [ ule, X () =,y (()]ar s [ (el oo X (£) - ¥ (£)]
0 0

<t sup |u(t,;.)|co,1([Rd) X =Ylcqo,m -
1'e[0,1]

The map 7 is indeed a contraction onto C ([0, t]) if

1

< .
I ulle([O’t];Co,l (R2))

(2.51)

notice that the r.h.s. of 2.51) (cf. (2.2)) is -dependent, fortunately a consequence of Theoremis the fact
thatis t < T* defined as in then

el 2o (10, 1;c00) < Nl Looqio,72);15) < 2Nl ttolls
so that if r < T* then (2.51) is true and there exists a unique
X(s,x)eC'([0,T]), (2.52)

that solves (2.50). Notice that T*, defined in (2.1) is independent on x, so that the flow solution in 2.52) has
a lifespan that does not depend on the starting point x and is uniform in R4,

Let us now prove that for every ¢ € [0, T*] there exists an inverse back-to-label map. Let y € R* and us
consider the ODE

iY 3T, = — — ,Y 5T,
{dr (57.y)=-ult-7,Y(57,y)) , Vrelo,1], yeR?, (2.53)

Y (5;0,y)=y

using again Banach contraction principle it is possible to prove that there exists a unique 7 — Y (7,y) €
C1 (10, 11;RY) of 2:53).

We define the candidate inverse map, the back-to-label map, using the solution of evaluated at
time 7 = f:

X (y)=Y(51).

To prove that X! is the inverse of the map @, (x) := X (¢, x), we verify that their composition yields the
identity. Let us show that X (£, X~ *(y)) = y.

Let xo := X *(y). By definition, x, is the point that, evolved backward in time from y according to
([2.53), is the starting position at time 0. Now, consider the trajectory y (s) obtained by re-parameterizing the
backward solution in forward time s € [0, £]:

y(©):=Y(;t-5sy).
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By construction, this path starts at y (0) = Y (#;¢,y) = xo and ends at y (f) = Y (£;0,y) = y. Let us find the
ODE it satisfies. Using the chain rule on (2.53) with 7 =t —s:

d dy

FRLAS

dr
-—=(-u(t-1,Y))
=t-s ds

=D =u(sy().

|T:l'—S

Thus, v (s) is the solution to the forward initial value problem:
y()=u(sy(s) with y(0)=x.

However, the unique solution to this problem is, by definition, the forward flow map X (s, xp). By the unique-
ness guaranteed by the Cauchy-Lipschitz theorem, we must have y (s) = X (s, xo) for all s € [0, #]. Evaluating
at the final time s = ¢, we get:

X(t,x)=y®)=1y.

Substituting back the definition xo = X~ (), we have proven that X (¢, X~*(y)) = y. The proof of the other
composition, X! (X (t,x)) = x, follows symmetrically. Finally, the continuity of the map x — X (¢, x) and
its inverse y — X~ *(y) is a standard result of the continuous dependence on initial data for ODEs with a
Lipschitz vector field. Therefore, for each ¢ € [0, T*], the map X (z, ¢) is a homeomorphism. O
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Chapter 3

Continuation criteria

Now that we know that, thanks to Theorem local classical solutions of Eq. exists for sufficiently
regular initial data, we can perform, rigorously, the computations of Sectionto the solutions constructed
in Theorem In particular holds true, hence an application og Gronwall inequality give us the
following control

t d
IIu(t)lli,sslluollipexp{f ||u(t')||F-L1dt'} Vre[0,77], 5> 2 +1. (3.1)
0

The Equation implies the following: as long as u € ! ([0, t] ;FLl) then u belongs to L ([0, t]; H®) for
arbitrarily large s. In particular the quantity L' ([0, #]; FL!) is critical for the Euler equations in the sense
that singularities, is they appear, shall be traceable at this level of regularity, and conversely a global control
of L' (R,; FL!) implies global propagation of smoothness of initial data.

3.1 An heuristic discussion on the scaling invariance for

Here we shall discuss some heuristic considerations that despite not being mathematically rigorous are very
useful as a roadmap when we study (E). In the paragraph at the beginning of Chapter[3|we understood, us-
ing the computations performed in Section 2.2} that there are specific regularities that, if controlled, allow
us to control any regularity for the Euler equations.

Let A > 0, and consider the transformation
(u(t,x),p(t,x)— (uar (t,%), pa(t, %)= (Aﬁu(/l“t,)tx) ,)Lyp(/lat,)tx)) , a,B,yER. (3.2)

The scaling transformation highlights, when A — oo the effects of the unknowns at small scale (x small
becomes Ax ~ 1). In particular we ask ourselves the following question: if («, p) solves (E) then for which
parameters a, 3,y the couple (uy, py) solves (E)? Indeed this happens if the identity

A% Py, (A%, Ax) + AV PP u (A%, Ax) - Vi (A%, Ax) = =AYV p (A%, Ax) (3.3)
is verified. Equation (3.3) is indeed true if
B=a-1 Yi=——,
hence (E) are scaling invariant w.r.t. the family of transformations
(u(t,x),p(t,x)— (uar (t,%), pa(t, %) = (A“‘lu(A“ 1,Ax) , A7 p(A® t,/lx)), VaeR,A>0. (3.4

So we have proved that if (u, p) solve (E) then for any A > 0 the couple (u, p) solves (E). Let us now suppose
that (u, p) belong to a certain functional space X ([0, T1; Y (R?)). Equation implies that

(u,p) e X (10, T1;Y (RY)) (up,p2) € X([0,A79T]; Y (RY)) . (3.5)

29
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As usual, suppressing the pressure as in (1.24), u is the only unknown that matters so that we can focus on
the family of transformations

u(t,x) — uy (t,%) = 1 u (1%, Ax) VA>0,a€eR. (3.6)

Notice that there is an entire set of spaces whose norms are invariant w.r.t. the transformation (3.6) an
example (but not only) is provided by

L9(10, T1; WP (RY)) s=s(p,g,a):=

d a
—+—)+1—a. 3.7
p 4q

From the relation (3.7) it appears clearly that the case in which g = 1 occupies a position of particular
importance, since in fact the map @ — s(p,1,a) is constant, and as such the space L! ([0, Tl; WS(P'l)rP) is

invariant for any transformation (indexed by A and a) of (3.6). Notice that the space W* (P1).P js invariant
(in the sense that its norm is such) w.r.t. the transformation

v(x)— %U(Ax) . (3.8)

Direct computations show that the space FL! is also invariant w.r.t. (3.8), and so in particular, as argued
above, L! ([0, T]; FL') is invariant w.r.t. (8:6). This makes sense, in fact since the space H* is invariant with
respect to the transformation
d
ux)— A1z 5u(Ax)

and the solutions of (I.24) are invariant w.r.t. the scaling transformation (3.6), then substituting u with u,
in (3.1) we obtain that (here we set @ = 0 so that (3.6) is the scaling invariance transformation for L ([0, T1))

—(g41 —(¢+1

AS (2 + ) I u/l”LOO([O,)l’“T];HS) <A (2+ ) || Ug ) ”HS exp{ll u/1||L1([0,A—aT];F'L1) } .

Now, the scaling invariance of I ([0, T);F Ll) w.r.t. (3.6) with @ = 0 ensures that

[ u/1||L1([0,T];FL1) = ”u”Ll([O,T];FLl) ,

which combined with the scaling properties of H* norms yields

Neaal oo o, 33y < ll2t0,2 ] 16 eXp{llullLl([o,T];FLl)} :

Therefore, the estimate is preserved under scaling transformations if and only if we work in scaling-
invariant spaces. Any deviation from this scaling invariance would introduce spurious 1-dependence in
the constants of our estimates, which would contradict the fundamental scaling symmetry of (1.24). This
mathematical necessity, rather than mere convenience, establishes L ([0, T1;F Ll) as the natural functional
framework for the critical regularity theory of the Euler equations.

3.2 Continuation criteria

As suggested by the scaling analysis, the potential breakdown of a smooth solution in finite time must be
linked to the blow-up of a norm that is invariant under the Euler scaling. In this section, we formalize this
principle by establishing rigorous continuation criteria. These theorems identify specific quantities which,
if they remain controlled in time, are sufficient to prevent the formation of singularities and extend the
lifespan of the local solution.

Theorem 3.1 (Lipschitz continuation criterion). Let s > % +1 and uy € HS there is a Cs > 0 such that the
maximal solution of Theorem|2.1| satisfies for all t € [0, T*)

t
e (D13 < lluolls exp{fo |Vu(t) ||Loodt'}.
Remark 3.2. As a result of Theorem[3.1either T* = oo or

T*
[ Ivu(e)mdr =oo.
0

If s € N the computations leading to (2.12) prove the result. In order to extend the result to an arbitrary
s € R we need some additional tool of harmonic analysis.
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3.2.1 Harmonic analysis toolbox: Dyadic analysis

Littlewood-Paley dyadic decomposition Let y € C*(R%[0,1]) a non-increasing smooth function such
that

1 if ] €[0,1]
X @)= exp{2_+£|—1} if 1Ele1,2) . 3.9)
0 if €] =2
For any j € Z let us define
$j Q)= (26]) )c(z]i_l) (3.10)

Notice that the family (¢; (6))]. < is a partition of the unity for any [¢| > 0, in fact, fixed ¢ # 0, there exists
only two indexed j_ (¢) and j; (&) for which ¢ j () #0. For any ¢ # 0 there exists a unique j € N such that
€ € [2/71,27) so that

Jj- (&) = [log, &1 +1] Jj+ &) = [log, 1¢] .

Let us define the operator

(x©a®)w ifj=0

9& 1
Aiu(x):= —X ,
! {9_1, (pj@Oa@)w ifj=z1

so that
u=>y ANpu. (3.11)

neN

An important property of the dyadic decomposition in is the following one: for any ¢ € R there exists
only two n4 ({) € N such that A, 7 (¢) # 0 and they are defined as

{0 if 1¢1€[0,1) @ if 1€ €[0,1)
n-{6):= n =
llog, 1€1+1] if [¢]=1 i Mog, €] if 1€1=1

and there is the obvious relation

n-()=n4 () -

Lemma 3.3 (Bernstein inequality). LetA > 1, @ =0, p,r € [1,00] with p < r, and my € #*. Then for any
f € L” we have that

lx (A" D) mq ‘”d(p ')

[l - (3.12)

Remark 3.4. Lemma3.3|holds true also for homogeneous Fourier multipliers.
Proof of Lemmal3.3.

Step 1 (The case in which m, (§) =1). Indeed y (A7!D) f can be written as a convolution operator as

(D) f 0 =22 [ X (A (x=1) £ (1) dy

so that by Young inequality

lx(27'D)

N lI£ 0 (3.13)

and

x(Ay)|*dy=27¢

lx s, = (3.14)

thus combining Egs. lb and 1| and the fact that 1 - % = % - % we obtain the desired result.
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Step 2 (The case for a generic Fourier multiplier). Let now g, (A; x) := x ((2/1)_1 D) mg (D) f. Applying the

first step we obtain that

I (A1D) ge 9], < 2807

|ga (A;e) “Ll’

notice that we have that
¥(A7'D) ga (Aie) = x (7' D) x (@A) ™' D) mq (D) f = x (A™' D) ma (D) f
and, by Young

e sl =[x (@O ) ma @) 5 £, < [ (X (@170 ma 9)”

17l
Let us now fix R > 0 and let us define K := (y (1) ™" o) mq ()"
K::X(R_l°)K f:: (]—X(R_lo))[(,

certainly we have that
1Kl < B IK I+ K] -

A direct computation shows that
1Kl < K| 2 S A%,

while

I = [ (-2 (R )ikl [

Ix1=R 1 %[22 yepa

(3.20)

SR—d Z Alx—dgf <€>—d1 dé‘ S R_dAa_d
d1+d2=2d |E|§A

Notice that in (3.19) we used the inequality

A rd—l 1
[ @tacs [ argis [ remhar g e
|5|§/l 0 (1+ r2)71 1

We put together Egs. (3.17) to (3.19) and set R := ™! and obtain that

SAY.

n"

| (@ ) ma )"

We put together now Egs. (3.15), (3.16) and (3.21) and we obtain (3.12).

We have the following result

Lemma 3.5. ForallseR and p € (1,00) we have that

»
Nelwse ~| Y 2" [ a,ul?, |
neN

sup{||x|2dK(X)|}§R_df|Ad (x (2A71¢) ma )]

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

Proof. We prove the theorem for p = 2, which is the main setting for these notes. The proof consists in

showing two opposite inequalities.

Part 1 (Proof of the inequality ¥, 22" | A, ull %2 < |lull?). Thisis the easier direction. By Plancherel’s theorem

and the definition of A, we have

Y 22 Agul?, =) 257 f on (10O dE.

n

(3.22)



3.2. CONTINUATION CRITERIA 33

On the support of ¢,, we have the localization (£) ~ 2". Therefore, we can bound the term 22 from above
by (¢)?* and swap the sum and integral (by Fubini-Tonelli theorem):

Y 22 Anul? Y f O @p O 1A dé = f <€>23|ﬁ(§)|2(2<ﬂn (5)2)d6. (3.23)

n

Indeed }_,, ¢ (©)? < ¢y, this gives
Zz””nAnuniz§f<é>25|a(£)|2d£~ hul?,
n

which concludes this part.

Part 2 (Proof of the inequality [|u[§ < ¥, 22" | A ull,). For the reverse inequality, we start from the Sobolev
norm and use the fact that Y°,, ¢,,(€)? = ¢; > 0, which is the other half of the almost-orthogonality property.

)% ~ f OFla@©)PPde < f O (an(az)dé.

We can now perform the same steps as before: swap sum and integral, and then use the frequency localiza-
tion (£) ~ 2" on the support of each ¢:

[ ©O=1aE)P? (Z Pn (5)2) dé=) f OF @O0 d¢
~;zz”sfwn(é)z|a(6)|2df=;22"5 1A ul3..

This proves the second inequality.

Combining the two inequalities gives the desired norm equivalence. O

Lemma 3.6. 1. LetseR,pe (1,00), letu € WP, there exists a sequence (ay) , € £ (N;R) such that | Apullpr <
an2” ™ ullwse;

2. ifseNandue W5 then |Apullfeo <27 || ull .

Proof. The first point follows directly from Lemma while the second one is a consequence of the fact
that A, u = ¢, * u, then the estimate follows applying Young inequality and the fact that ¢, € L' since it is
the inverse FT of a Schwartz function. O

Bony paraproduct decomposition Let u, v be tempered distributions sufficiently regular so that the prod-
uct uv is well defined (alternatively, let them be Schwartz functions and argue by density). We have that

uv = Z AjyuAyv.

n,meN

Let Ny = 5, we have that

Z Apu Ny v= Z Apu ANy v+ Z YANTY /ANTY /)

n,meN |[n—ml|=Ny [n—m|<Ny
:Z Z Apu Apv+ Z Z ApuApv+ Z Apu Apv
neNm<n—-N, meNn<m-N, |[n—m|<Ny

Definition 3.7 (Bony paraproduct decomposition). Let us define

T,u =) Spvlau =) Agu Y Ayu
neN neN m<n—Ny

T,v =) Spul v =) Apv Y, Apu
meN meN ns=m-Ny ’

Rlu,vl = ) Dyulyv
|n—-m|<Np

the terms T, u and T, v are the (Bony) paraproducts, while the term R [u, v] is the (Bony) remainder.
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Indeed Definition[3.7]and the computations above provide us with the (Bony) paraproduct decomposi-
tion
uv=Tyu+Tyv+R[u,v].
Notice that choosing Ny sufficiently large, and since the support of a convolution is the sum of the
supports, we have that the terms S, vA ,u and S, uA ,, v are supported, in the Fourier side, on annuli whose

both interior and exterior radius is comparable to 2" and 2" respectively.
We have the following result

Lemma 3.8. The following estimates are true

ITyulls Sl lulls

IR 2, vllls Smin { e [0l 10l s}

Proof. Notice, as mentioned above, that the term S, vA, u is localized on an annulus of size comparable to
2" hence there exists a N such that for any g € N

Lemmas[3.3]land 3.6/ (g-n)
2| g Toul 2 S2% Y. ISpvAaulye < Y 29 an ) | vl llulls .

n:|n—q|<Ny n:|n—q|=Ny

We thus conclude the proof of the first estimate applying Young convolution inequality for series and Lemmal[3.5
Next, we turn our attention to the second inequality, notice that again by localization we have that there ex-
ists a Ny such that

Ag(DpvAu) #0 o g=n+Ny,

so that

Lemmas[3.3land[3.6]
29 R, 1l S27° Y NAmvle 1Apulpe < Y 200 sq, wy | vl lulls,

In—ml|<Np In—ml|<Np
n=q—N, n=q—Ny

and the result thus follows applying Young convolution inequality for series and Lemma|3.5] O

3.2.2 Dyadic commutator estimates

Recall that the commutator of two operators is defined in Definition|2.9

Lemma 3.9 (LP commutator estimate). Let6 € C' (R%;R) be a function such that (1+ )0 € L'. There exists
a constant C > 0 such that for any Lipschitz function a with gradient Va € LP (R) and for any function
b e L1(R%R), the following estimate holds for any A > 0:

1 1 1
1 <CAM IValp Iblle, with —+—==. (3.24)
p

1o 0)  al b -1

Proof. To prove the lemma, it is sufficient to rewrite the action of the commutator using the convolution
operator associated with 6. Let k := .% ~10. The action of the commutator is given by

[6(A7'D),a]b(x)=0(17'D)(ab) (x) - a(x)0(A'D)b(x)

=22 [ k((e-) (al) - a@) b(y)dy.

Using the first-order Taylor formula, we have a(y) —a(x) = f) Va(x+7(y - x))-(y - x) dr. Setting z:= x—y,
we obtain:

1
la(x—2z)—a(x)| < Izlf [Va(x—7t2z)|dr.
0
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Let k; (2) :=|z||k (z)|. The hypothesis on 8 implies that k; € LY since & (zjk (z)) (§) =106 (¢). Consequently,
the norm of the commutator can be bounded as follows:

[[0(A7'D), a] b(x)| sf Ak (A2)la(x—2)— a(x)||b(x—z)|dz.
Rd

Using the Taylor estimate and the definition of ki,

1
||]9(/1_1D),a]]b(x)|sﬂt_1/ f A%k (A2) [Va(x—12)|1b(x — 2)| dzdT.
0 Jre

Applying the L" norm, the translation invariance of the Lebesgue measure, and Young’s inequality for con-
volution, we obtain
l6(+" D), a] b

which is the desired result. O

-1
pr SAT ki IVall e 1Dl e,

Corollary 3.10. Let a be a Lipschitz function withVa € LP (R%) and let b € L9 (R%;R), with % + % =1, There
exists a constant C > 0, independent of j, such that for any j € N the following estimate holds:

{2, a]b

L =C277IVal bl (3.25)

Proof. The operator A; is defined as the quantization of the symbol ¢; (I{]), where ¢; (r) is defined in
(3.10). Let us set 8; (&) := ¢; (I€]). For j =1, 6; is a C* function with compact support in the annulus
{¢eR¥:2/7 < |¢| < 2/*1}. For j =0, 6 is supported in the ball {|¢| <2}. In all cases, .# 16 is a Schwartz
function, which implies that the condition (1 +|-). % ~16; € L! is satisfied.

We can rewrite the operator as A; = ¢g (2‘f IDI), which allows us to apply Lemma with the symbol
0 (&) := o (1)) and A =27 O

3.2.3 Proof of Theorem|3.1]
Using Eq. (E) and Definition[2.9we obtain that u, := A4 u solves the evolution equation
Oug+u-Vug+|Lg, u-Vju=Vp,. (3.26)

An I? energy estimate on (3.26) combined with the high order cancellation due to the incompressibility of
the flow
(u-Vug | ug),=0

gives us that
1d
gl = ([, V]| 1)y < [[8q, 0]l g .27
Let us now use Definition[3.7]to get
[Ag, u-V]u=[Dg, Tu]0ju+(DqTouttj - Ta,outti) + (BqR uj,05u] - R[uj, 000,u])  (3.28)
Notice now that

AqTajuuj - TAqajuuj = ZAq (SnajuAnuj) —SnAqajuAnuj = Z [[Aq, Sn]l aju Anu]’ ,
n

n
but A4 and S, commute so that [A,, S, ] = 0 and we obtain that
AgTa,uttj — Ta,o,ultj =0. (3.29)

additionally, from the explicit expression of the Bony remainder and the localization properties of the dyadic
blocks we have that there exists a N € N such that

AgR[uj,0jul —R[uj,0g05ul= Y. [Aq, Anuj|Amdju=:Rqlu,ul . (3.30)
n=q—-N,
|[n—-m|<Ny
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We insert Egs. and in and obtain that
[Ag, u-V]u=[Ag, Ty|0ju+Rylu,ul . (3.31)
Notice that, thanks to the localization there exists a Ny € N such that
[24, Tloju="3 [Ag Snuj] Andju
|n—q|<No
hence the commutator is composed by a finite sum of dyadic contributions. Applying Corollary[3.10]

How Tulosulps 8 Mo Swu] Sadjulp S29 5 IVull 5, 9ulye
[n-q|<No [n—q|=Ny

By localization and Lemmal3.6|we have that [| A, Vil ;2 ~ 2" | Ay ull ;2 ~ 2079, () | ull 5, moreover since
the summation if defined on | — g| < Ny we have that 2" ~ ;. 29 so that

ag, Tulojul . S| X 27" an@ [IVull lulls ~ 277 [Vl = s . (3.32)
|n—q|=No
Let us now focus on the term Rq [u, u], we apply again Corollary and the localization of the Bony re-
mainder to obtain that
|Rglu,ul]| - S279 ) 1A VUl 1AL VUl ,

nzq—Ng
[n—m|<Ny

here again we use Lemmaand obtain that | A, Vul o | A, Vul 2 <276 D7 | Vu| e |ulls, hence thanks
to the localization n = g — Ny we have that

| Ry, u | ;2 S 279 IVl oo lulls - (3.33)
Plugging Eqgs. (3.31) to (3.33) in and summing in g we obtain that
d
3, 105 SNVl uls (3.34)
from which th claim follows applying Gronwall inequality. O

3.3 Beyond Lipschitz: The Beale-Kato-Majda blowup criterion

We want now to further refine the result in Theorem[3.1]
Definition 3.11 (Vorticity). LetdeN, d =2, u €.’ (R?), we define the vorticity as
Q:=Ju-Vu.
Remark 3.12. Notice that we have the identification Q ~» w where
* w:=—-0u;+01uUp ifd=2;
e w:=Vxuifd=3.

The Lipschitz continuation criterion in Theorem [3.1] confirms the principle from our scaling analysis:
regularity persists as long as the time integral of a critical, scale-invariant quantity like the Lipschitz norm,
IVull;, remains bounded. This raises a natural question: are there other, more physical quantities that
share this crucial scaling property? The vorticity is the primary candidate, as its L norm is also invariant
under the same scaling. This observation is the key insight leading to the celebrated Beale-Kato-Majda
blow-up criterion.

Theorem 3.13 (Beale-Kato-Majda continuation criterion). LetdeN, d=2, s> % +1, up € Hy and T* > 0 the
maximal lifespan identified in Theorem|2.1} then

limsup ||u ()]l < oo (3.35)
t/T*

if and only if
t
f [Q(#)]|;00 dt’ <00 (3.36)
0
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A closer look to the vorticity: the Biot-Savart law Here it is convenient to interpret the vorticity as the
anti-symmetric part of the Jacobian of u (cf. Definition|3.11), i.e.

Q=Ju-Vu R Qijzajui—aiuj. (3.37)
From (3.37) and div z = 0 we have that

divQ = (aiQij)j=(aijul a u]) ( Au]) -Au,

J
so that, inverting
u=-A""divQ S uj=-A"10;Q;j . (3.38)

The relation (3.38) in known as Biot-Savart law, and allows us to recover u from Q. Notice in particular that

Vu=-A"'vdivQ =: My (D)Q, (3.39)
with My € (.°)**? with entries
_SiSk
ik (6) =
Mo 167

The L™ action of 0-order Fourier multipliers here we prove the following technical lemma that is the crux
of the proof of BKM blowup criterion

Lemma 3.14 (Logarithmic Sobolev inequality). Letd e N*, s>, and let f € H* (R%;C). Let mg € .#°. There
exists a constant C > 0, depending only on s, d, and the seminorms of my, such that the following estimate
holds:

o 011, =1t L 11,

Proof. Using the dyadic decomposition we have that

[0 D) f = 2 |40 (D) f 1 -

Step 1 (Bound for the low frequencies). Let ng € N\ 0, we apply again Lemma|3.3]and obtain that

| 2nmo (D) fl 10 SN Fl 1o VneN,
hence
Z |2nmo (D) f| o0 < 10 || f ] o (3.40)

Step 2 (Bound for the high frequencies). If we let s > d/2 applying Lemmas and3.6]

| 20m0 (D) £l 100 S 2767 a, (£) | £1],
so that .
3 [ 2anmo D) £l o0 27620 1] (3.41)

Step 3 (Optimization). We combine Egs. and and obtain that
[0 (D) £l < 0 | f o+ 27072 £ (3.42)

Let A,B,a >0, r =0 the function F (A, B, a;r) := Ar + B27%" admits a minimum at —élog2 (ﬁ;gz) so that

with the substitution rg ~» — (s — —) log, ( 1o ) (3-42) becomes

1 171
o0l £ 1= o L 0

the proof is then concluded by a change of basis in the logarithm.
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Proof of Theorem[3.13]
Part 1 ((3.35) implies (3.36)). By Lemma and the fact that s > % + 1 we have that
12000 S VUl S llulls
hence the embedding L ([0, T]) — L ([0, T]) for T € (0,00) concludes the proof of the first implication.
Part 2 ((3.36) implies (3.35)). Using Eq. and Lemmaand the fact that s > % + 1 we obtain that

12l s—
||Vu||Loo§(1 +log( S 1)) 1 (3.43)
12| zoo

moreover ||Qlls_; ~ lulls for all s = 1 thanks to Egs. (3.37) and (3.39) and Plancherel theorem. Hence defining
log, r:=log(e+r)

then (3.43) becomes
IVull e S

~

We plug (3.44) in (3.34) and obtain that

(1+1log, 1Qll 1o +1og, lulls) 12 oo - (3.44)

d
o lul? < (1+1log, Q1= +1og, llulls) 1QU o lull? . (3.45)

Divide (3:45) for (e+ |lul|3) log, llul|? and we obtain that

log, 121

log, llullg

Qoo . 3.46
T )II Il (3.46)

d
—log, log_ lluls S (1+

Next notice that from Lemma and Eq. li and the fact that s > g + 1 we have that

190 e SNQs—1 1l S el s

so that bﬁéﬂ—mf <s1and becomes, after integration in time
t
log? lu(Dlls <log? lluglls + Cs fo ()] dt’, (3.47)
which concludes the proof.
O

3.4 Global existence in dimension two

In the present section we address the specific problem of the existence of solutions when d = 2. The result
we prove is the following one

Theorem 3.15. Lets > 2, u € C([0,T]; HS (R?)) be the unique maximal solution of (B) stemming from ug €
HS (R?) then T = oo and in particular there exists a Cs > 0 such that

Cst
lu ()l < lluglls e Vi>0.

The main observation is that in dimension two the structure of the equation for the vorticity is funda-
mentally simpler, in fact explicit computations show that

Q+u'VO+JuQ-QTvVu=0, (3.48)
but, when d = 2 and w is as in Remark[3.12]we obtain from Eqgs. (3.38) and (E) that
w;+u-Vo=0, u=A"'"Vo. (3.49)

Notice that (3.49) is a transport equation, so that we have the following result
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Lemma3.16. Letd =2, s> 2, ug € Hj and let u € C ([0, T); HS) be the unique solution of (B) stemming from
ug constructed in Theorem[2.1] Let w be as in (3.49), then we have that

lwO)llr = lwollzr Viel0,T], pell,o0] .

Proof. Let us recall that by construction in Theorem T ~ |lug ||;1. The case p € [1,00) follows by a simple
LP energy estimate on (3.49), in fact since div u = 0 we have that

1
fu~Vw lep_lwdx=—fu-V|w|p=0.
p

For p = oo we argue differently, let X be the flow map constructed in Theorem 2.2} it is a matter of straigh-
forward computations to check that

%w(t,X(t,x)):O =S w(t, X (1,x) =wo(x),

so that, setting y := X (£, x) we obtain that
w(t,y)=wo (X" (y)), (3.50)

hence
sup | (,y)| = sup |wo (X~ (y))| = suplwo (2)I ,
¥y ¥y z

where the last identity is justified by the fact that X! is an homeomorphism of R? and, as such, it is surjec-
tive. O

Proof of Theorem|[3.15 Equation (3.47) implies that there exists a Cs > 0 such that

t
||u(t)||sSIIHOIISEXp{CseXp{CSfO ||w(t’)||Loodt’}}

which we combine with Lemma(3.16} concluding. O
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Part 1l

Weak solutions

41






43

The theory of strong solutions developed in the first part provides a solid foundation for understanding
the behavior of the Euler equations under the assumption of sufficient smoothness. However, this frame-
work has two significant limitations. First, it requires highly regular initial data (e.g., ug € H® with s > % +1),
a condition that excludes many physically relevant scenarios, such as the evolution of a vortex patch, where
the initial vorticity wg = 1 p, is merely a characteristic function of a domain Dy. Second, the global existence
of strong solutions in three dimensions remains one ofthe greatest open problems in mathematical physics.

To address these limitations, we turn to the concept of weak solutions. This broader class of solutions
allows for rougher initial data and provides a framework for describing fluid motion even after the potential
formation of singularities. However, this generality comes at a cost: uniqueness is often lost, and the space
of weak solutions can harbor physically paradoxical behaviors, such as solutions that arise from a state of
rest without any external force, thus violating the conservation of energy.

This second part navigates the rich and complex landscape of weak solutions. We will begin by studying
a foundational result by Yudovich [15], which establishes the global existence and uniqueness of weak solu-
tions in two dimensions for initial vorticity in the space L' n L. This theory is powerful enough to handle
the vortex patch problem, and we will explore the remarkable result by Chemin [4], which shows that the
boundary of the patch maintains its initial regularity for all time.

Finally, we will venture into the more "wild" aspects of weak solutions by introducing the powerful
method of convex integration, as pioneered by De Lellis and Székelyhidi in [5]. This geometric technique
reveals a surprising flexibility in the Euler equations, allowing for the construction of infinitely many weak
solutions that can be prescribed to have specific, and at times physically startling, kinetic energy profiles.
This exploration will underscore the profound challenges that remain in selecting the "physically correct”
solution among a universe of mathematical possibilities.
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Chapter 4

Yudovich Theory for Bounded Vorticity

As we saw in Theorem 3.15} the two-dimensional case for the Euler equations is special due to the structure
of the vorticity equation. When d = 2, the vorticity, defined as the scalar quantity w = 9, u, — 021, evolves
according the a pure transport equation (3.49). This absence of the vortex stretching term Ju Q — (Ju Q)T,
appearing in (3.48), prevents the local amplification of vorticity and is the key to global regularity for strong
solutions.

This structure also allows us to construct global solutions for initial data that are far less regular than
the H* spaces required by Theorem 2.1} The seminal work of V. I. Yudovich [15] established a global well-
posedness theory for initial vorticity wy merely in L! (R?) n L> (R?). This framework is robust enough to
describe singular structures like vortex patches, where the vorticity is discontinuous across an interface.
For a comprehensive treatment, we refer the reader to the monographs [11}/12].

4.1 The Vorticity-Stream Formulation

To handle weak solutions, it is convenient to reformulate the Euler equations entirely in terms of the vor-
ticity, as it is done in (3.49). The velocity field u can be recovered from the vorticity w. Since the flow is
incompressible (divu = 0) in a simply connected domain like R?, there exists a stream function vy such that:

-0y

— vl —
u=V-y.:.= oy |

Taking the curl of this expression, we find the relationship between the vorticity and the stream function:
w= 61u2 —62111 = 6%’([/-%—6%1// = Al[/.

Formally inverting the Laplacian gives 1 = A"'w. The fundamental solution for the Laplacian in R? is
ﬁ log|x|, which allows us to express the velocity field u directly in terms of w:

u(x) = v+ (A w) (x)

_ 1ol
=V fRzloglx—wa(y)dy 4.1)

1 (x-pt
T om Jre |x—yP? oy)dy.

Equation (4.1) is the 2D analogous of (3.38), which we can write concisely as a convolution:

1 xt
u=Kxw, where K(x):=——. (4.2)
27 | x|?

This formulation allows us to define a notion of a weak solution that does not rely on the differentiability of
u.

Definition 4.1 (Yudovich Weak Solution). Let wg € L! (R%;R) n L™ (R%;R). A pair (w, u) is a weak solution of
(3.49) if:

45
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e Forany T > 0, the vorticity w belongs to the space L ([0, T1; L! (R%;R) n L*® (R%;R)).

* The velocity u is determined by the Biot-Savart law u = K * w, and conversely w = V x u in the sense
of distributions.

e For any test function ¢ € C! ([0, T1;C. (R%;R)), the following integral identity holds:
T
fza)(T,x)cp(T,x)dx—[zwo(x)¢(0,x)dx:f fza)(t,x) 0r+ u-V)d(t, x)dxdt. (4.3)
R R 0 Jr

The main result of this section is the celebrated theorem by Yudovich, cf. [15], which we state here. We
will focus on proving existence first and address uniqueness later.

Theorem 4.2 (Yudovich). Let wg € L' (R%R) N L™ (R%;R). Then there exists a unique weak solution (w, u) to
the 2D Euler equations (3:49) in the sense of Definition[4.1]

Remark 4.3. The proof of uniqueness requires a separate line of argument based on the logarithmic reg-
ularity of the velocity field, which we will postpone. Our immediate goal is to construct a solution. For
detailed proofs of both existence and uniqueness, see [11,/12].

4.2 Existence of Yudovich Weak Solutions

The proof of existence relies on a regularization scheme. The idea is to approximate the rough initial data
wo € L' n L™ with a sequence of smooth initial data wg, solve the Euler equations for each smooth datum,
and then pass to the limit as the regularization parameter € — 0. Let n € C2° ([Rz; R) be a standard mollifier,
i.e., a non-negative function supported in the unit ball B (0,1) with [z n(x)dx = 1. For any € > 0, we define
the rescaled mollifier 7 (x) := €721 (x/¢) and the mollified initial vorticity:

w§ (x) := (ne * wo) (x) = /Rz e (x—y)wo (y)dy.

By standard properties of convolutions, the family (wf),. , satisfies:

Lemma 4.4 (Properties of the mollified initial data). We have

1. foranype[1,00], |wg]|,, < |nell ;1 lwoll e = lwollr;

2. wfy— wy strongly in L' (R?) ase — 0;
3. Foreache >0, w§ is a smooth function in C* (R*R) and belongs to H* (R%;R) for all s.

Since w{ is smooth, the corresponding initial velocity v := K x wj is also smooth. Therefore, for each
€ > 0, the conditions of Theorem [3.15| are met. This guarantees the existence of a unique global strong
solution (w?, uf) to the 2D Euler equations, which also satisfies the weak formulation (4.3).

The core of the proof is to establish uniform bounds on the sequence of approximate solutions (w?, u)
that are independent of €. These bounds will allow us to use a compactness argument to extract a conver-
gent subsequence whose limit is the desired weak solution. These key steps are summarized in the following
proposition.

Proposition 4.5. Let (w?, u®) be the sequence of global strong solutions stemming from the mollified initial
data w§ constucted in Theorem([3.15 The following hold:

1. Uniform Bounds: For any t > 0, the solutions are uniformly bounded:
4 (£, ;oo S @ (8| f13p00 < N0l L1 Lo - (4.4)

2. Convergence: There exists a pair (w, u) withw € L*® ([0, T]; L' N L°) and u = K * w, and a subsequence
(not relabeled) such that for any T > 0:

w® —w stronglyinC ([0, T]; L; . (R%)), (4.5a)

u®—u stronglyinC ([0, T1; L, (RZ)). (4.5b)

loc
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Once this proposition is established, the existence part of Theorem [4.2]follows by passing to the limit
in the integral formulation (4.3) for (w?, u?). The uniform bounds on w? and the strong local convergence
of u? are sufficient to justify passing to the limit in the nonlinear term using the dominated convergence
theorem.

Proof of Theorem[4.2; existence. The proof of uniqueness is postponed; we focus here on constructing a so-
lution. The strategy is to show that the limit pair (w, u), whose existence is guaranteed by Proposition 4.5
satisfies the weak formulation given in Definition[4.1}

By construction, each approximate solution (w?, u®) is a global strong solution and therefore satisfies
the weak formulation for any test function ¢ € C* ([0, T1;C} (R%R)):

T
f (T, (T, D) dx - f 5 () P(0, 1)dx = f f W (£,3) (0, + 1€ - V) b(t, ) dxdE. (4.6)
R2 R2 0 R2

Our goal is to pass to the limit as € — 0 in each term. Let C be a compact set containing the support of ¢ (¢, )
forall t € [0, T.

Convergence of the Terms

1. Initial and Final Time Terms: From Lemma wg — wy strongly in LY(R?). From Proposition
w® — o strongly in C ([0, T] ;LlOC (R?)). Since ¢ is compactly supported and smooth, the boundary
terms converge as desired:

limf wg(x)q)(o,x)dx:f wo(X)¢p(0, x)dx,
e—0 JR2 R2

w® (T, x)p(T, x)dx = f o(T,x)p(T, x)dx.
2 RZ

lim
=0 JRr

2. The Integral Term: The linear part involving 6;¢ converges for the same reason. For the nonlinear
term, we must show that:

T T
limf fw‘%fﬂgbdxdtzf fwwV(/)dxdt.
e~0Jo JK 0 JK

We analyze the difference by splitting it into two parts:
T T T
f f (w*u’ —wu)-Vpdxdt = f f (0 —w) u®- V(,bdxdt+f f w(u®—u)-Vedxdr.
0o JK 0o JK 0o JK
For the first integral on the right-hand side, we use the uniform L bound on u¢ from Proposition[4.5}

T T
f [ (w® —w)u®-V¢dxdr| < C sup ||u£(t,-)||Loof ||w£(t,-)—w(t,-)”LlUC)th;O»O.
0 J t€[0, T 0

For the second integral, we use the strong local convergence of u*:

T T
fo flcw(ue—u)-V(pdxdt sC||w||Loo([0,T];Ll(,0)fO ||u€(t,-)—u(t,-)||Loo(,Odrii‘Lo.

Thus, the nonlinear term converges as required.

Conclusion Since every term in (4.6) converges to its counterpart for the limit pair (w, u), we conclude that
(w, u) satisfies the weak formulation (4.3). The pair also satisfies the other conditions of Definition [4.1] by
construction. This completes the proof of existence for Theorem[4.2] O

4.3 Proof of Proposition

The proof is divided into two main parts: establishing the uniform bounds and then using them to prove
convergence via a compactness argument.
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Part 1: Uniform Bounds This part corresponds to the first statement of the proposition. The conservation
of LP norms for the vorticity equation (3.49) is a classical result for smooth solutions, as seen in the proof of
Lemma(3.16| Since each (0%, uf) is a strong solution, this property holds. For any p € [1,00] and for all ¢ > 0:

”‘”g(t")“m = ”w(g)”u’-

Using the properties of mollification, we have ||w8 || 1» < lwollzr. Combining these gives the uniform bound
for the vorticity:

[|® (&) 1 poo < Nlwoll L1 zeo - 4.7)
To bound the velocity u® = K x w®, we split the Biot-Savart kernel K(x) = %% into its local and far-field
parts. Let y be as in (3.9). We write u® = u{ + u$, where

uf := (xK) * 0°, up = ((1-x) K) *x o®.
Applying Young’s convolution inequality, we estimate each part:

el o = K] s 0
ezl oo = 1100 = ) K| ool s -

Since K € LllOC and decays like |x|~1 at infinity (cf. 4.2)), both || 1K || I and || (1 - X) K || oo AT€ finite constants,
this gives
I (2, o S 00 (8| - (4.8)

Equations (4.7) and (4.8) prove ({@.4).

Part 2: Convergence The proof of convergence relies on the properties of the particle flow maps. For each
€ >0, let X, (¢, @) be the unique flow map generated by u*, whose existence is guaranteed by Theorem[2.2]
Since w? is transported by the flow and solves (3.49), we can write it in terms of the initial data and the
backward flow map X' () := X (t, )71 as (cf. (3:50)):

o (1, %) = 0 (X7 (1). (4.9)

The strategy is to show that the family of maps (X, ) c~0 Is compact, allowing us to extract a limit X ‘. The
key ingredients are the following estimates on the velocity and the resulting flow, whose proofs we postpone
for clarity.

Lemma 4.6 (Logarithmic Lipschitz Estimate for Velocity). Let w® (t,-) € L' n L™ for any t € [0, T] and uf =
K % w?, then u® is uniformly quasi-Lipschitz, i.e.

|u® (£, x1) = u® (x2, )| < Cllwollpinreo 1%1 — 21 (1 — min {0, log|x; — x21}).

Remark 4.7. Itis crucial to pause and appreciate the significance of Lemmal4.6] Recall that in the proof of
Theorem2.2]for strong solutions, the existence and uniqueness of the flow map was a direct consequence of
the velocity field being Lipschitz continuous. This property fails for Yudovich solutions; the estimate in the
lemma shows that the Lipschitz norm of the velocity is formally infinite due to the logarithmic divergence
as |x; — x2| — 0.

However, this failure is exceptionally mild. A logarithmic divergence is, in a sense, the weakest pos-
sible singularity that breaks the Lipschitz condition. This near-Lipschitz regularity is precisely the critical
threshold needed to retain many of the desirable properties typically associated with strong solutions. Most
importantly, the log-Lipschitz condition is sufficient to guarantee the existence and uniqueness of particle
trajectories via Osgood’s criterion for ODEs.

Therefore, while the initial vorticity can be merely bounded and discontinuous, the resulting flow is
remarkably well-behaved, ensuring that the fluid particles follow unique, non-intersecting paths. This is
why Yudovich solutions, despite being weak solutions, are considered to be on the "tame" side of the weak
solution spectrum, bridging the gap between the classical theory and more singular behaviors.
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Lemma 4.8 (Equicontinuity of Flow Maps). Let the family of velocity fields (u®) ¢~ be uniformly bounded in
L and uniformly log-Lipschitz. Then the corresponding backward flow maps (X; ") are uniformly bounded
and equicontinuous on any compact subset of [0, T x R2.

With these lemmas, we can apply the Arzela-Ascoli theorem. Since the maps X (x) are uniformly
bounded and equicontinuous, there exists a subsequence (which we do not relabel) and a limit map X’ €
C (10, T1 x R?;R?) such that for any compact set K € R?:

X;t - X! uniformly on [0, T] x K. (4.10)

Notice, in particular, that since divu® = 0 then by Lemmall.4]we have that det (VX; (¢, x)) = 1 forall ¢ € [0, T].
We now define the limit vorticity and velocity as:

o (1,x)=w (X' (x)), u(t,x):=(K*w)(t,x). (4.11)
We shall need later the following result on the limit back-to-label map:

Lemma4.9. Forall f € L' (R%R) and t € [0, f] we have that

ff(X_t(J/))def(x)dx 4.12)

Proof. Wl.o.g. we can assume f = 0, let f® a §-approximating sequence of Ce® functions of f, indeed since
divu® = 0 we have, thanks to Lemmal1.4} that detVX; = 1 so that

ff(x)dx ff dy, Ve>0. (4.13)
Moreover we have that
Jrectonay= [ (e )= e o)) av+ [ £ () ay. @14

certainly we have that
_ _ o—
[ (rex )= () ay =20 @.15)

thanks to integration by substitution and Lemma Next, being f compactly supported and smooth we
obtain that f%o X" is compactly supported and continuous and we have that, pointwise, thanks to (4.10)

PET) 2P, VyeR? te[0,T] .

By dominated convergence

ff dy—hmff (¥) yff‘s(x)dx (4.16)

We combine now Egs. to and obtain, after a passage for € — 0 that
ff(x)dx:o(6)+ff6 (X' (y))dy . 4.17)

1
In order to obtain [@.12) it suffice to pass to the limit for § — 0 in @.17) and use the fact that f° ﬁ» f. O

The final step is to show that w® — w and u* — u in the topologies specified in Egs. (4.5a) and (4.5b). Set
K € R?, for the vorticity, we estimate the L! (X)) norm of the difference for any fixed t € [0 T]

o (1,06 = 165 (K1) =00 (X e

_ _ _ _ (4.18)
< |5 (X5 ) — w5 (X t)||L1(IC)+||w8(X ) —wo (X t)”Ll(IC) = J1(O+T]3(1) .
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The convergence in (4.10) and the fact that w is smooth implies that

€ y-t_ &yt £20 i 700
weo X, —wyo X " — in L.

(10, T1 x R?),
which implies, combined with the embedding L™ (K) — L' (K) that

sup JE (%0, (4.19)
te[0,T]

Next, we analyze the term J3 (f), we apply Lemmas|4.4/and[4.9]and obtain that

sup J5 (%0, (4.20)
tel0,T]

We combine Eqgs. (4.19) and (4.20) in (4.18) and, by arbitrarity of X, we prove (4.5a).
It remains now to prove (4.5b), let y be as in and with ys (x) = y (x/8), so that we have the following

|uf (1, 0) — u(t, 0| <|(xsK) * (0° - ) (1, 0|+ |((1 - x5) K) * (0° - 0) (£, %)|,
and for all (¢, x) € [0, T] x K we have

o—
|(x6K) * (0 —w) (1, 0)| < | x5 K| ng_w“LOO([O,T]xRZ) <CllxsK] =0,

e—0

(1 - x6) K) * (0 —0) (£, 0] < || (1 - x6) K| o [| 0* _w”Loo([o,T];Ll(lC)) —0
which proves (4.5b). O

4.4 Proof of Lemmal4.6

Recall that the velocity field u is recovered from the vorticity w® via the Biot-Savart law (4.2):

L
W (1,x) = (Kx o) (1,30 = — [ 22

&
o’ (t,z)dz.
27 Jr2 |x—z|?

Let us select two distinct points xi, x, € R? and assume, without loss of generality, that the distance d :=
|x1 — x2| < 1. The difference can be written as:

u® (t,x1) — uf (t,x2) zf (K (x1 —2) — K (x2 — 2)] ° (¢, 2) dz.
RZ

We split the integral into three regions based on the distance from x;:

|u (2, x1) — u® (2, x2)| sU +f +f )IK(xl—z)—K(xz—z)I|w5(t,z)|dz
R2\B(x1,2) B(x1,2)\B(x1,2d) B(x1,2d)

=1+ )2+ J3) (£ x1,%2).
We now estimate each term, using the uniform bounds on the vorticity from Proposition4.5

Part 1 (Estimate for the far field (J;)). For z € R?\ B(x;,2), we have |x; —z| =2 and |x» — z| = |x; — z| —

|x1 — x2| =2 —d > 1. Using the identity |K (a) — K (b)| ~ % and Lemma ‘ we get:
lw® (2, 2)]
J1 (8 x1,%2) S lx1 — X2 ———————dz S dllwollp.

R2\B(x;,2) | X1 — 2| |X2 — 2|
Part 2 (Estimate for the intermediate field (J,)). In the region B (x1,2) \ B (x1,2d), we apply the mean value
theorem to the kernel K:

IK(x1-2) = K(x2 = 2)| = sup |[VK(x1-2+¢ (x2—x))l %1 — X2l S —.
&e0,1) |x1 — 2]

Integrating in polar coordinates around x;, we find:

dz 2r 1
T2 (£;x1, X%2) S llwoll g d ———— ~lwollped | —dr=llwol~dlog|=].
B(x1,2)\B(x1,2d) | X1 — Z| 2d T d
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Part 3 (Estimate for the near field (J3)). For the innermost region, we use the triangle inequality:

]3(t;x1,x2)sf

IK(xl—z)||w£(t,z)|dz+f IK(xg—z)||w£(t,z)|dz
B(x1,2d) B(x;,2d)

2d 1 3d
S llwoll oo (f —dr+f —dr) Slwoll g d.
o T o T
Note that the second integral’s domain is B (x»,3d), which covers B (x1,2d).
Combining the three estimates yields:
|u® (2, x1) — u® (1, x2)| S lwoll 1 d + llwoll 1o d (1 +10g (1/d)).

Since d = |x; — x|, this is precisely the logarithmic Lipschitz estimate. O

4.5 Proofof Lemmal/4.10

We prove a stronger result than the one stated in Lemmaf4.10} which is the following one:

Lemma 4.10 (Equicontinuity and Holder Regularity of Flow Maps). Let the family of velocity fields (u®) . be
uniformly bounded in L and uniformly log-Lipschitz as per Lemmal[4.6, Then the corresponding backward
flow maps (X; ') are uniformly bounded and uniformly Hélder continuous on any compact subset of [0, T] x
R?. Specifically, there exists a constant C > 0 and a time-dependent exponent (1) := exp{—C llwoll ;111 1}
such that foranye >0, t, 11, t2 € [0, T] with t; < t, and any x, x1, X2 € R2:

Clx1 - x2|P®, (4.21a)
Ctp—1))P® (4.21b)

| X7 ) = X7 (x)
| X" (0 - X7 (%)

NN

Proof. The proof relies on applying Osgood’s criterion to the ODEs defining the particle trajectories, using
the logarithmic Lipschitz estimate on the velocity field.

Part 1 (Ho6lder Continuity in Space). Let us analyze the distance between two backward trajectories start-
ing from points x; and xz. Let y;(s) := X, *(x1) and y2(s) := X;°(x2). These solve the ODE %yi (s) =
—uf (s, Vi (s)). Letp(s):= |y1 ()= (s)|. Its time evolution is governed by (cf. Eq. ):

d = (3n©®-»E) ( d d e e
5;)(5)— |71 (8) = y2 (9)] ar”! (s)+dty2(s) = (s 1) =u (5.2 )]

Applying the logarithmic Lipschitz estimate from Lemmal4.6} we obtain the differential inequality:
d .
FrL (8) < Collwoll iz p (s) (1 —min{0,logp (5)}).
Assuming, without loss of generality, that p (s) < 1, the inequality simplifies to:
d
;P ) < Collwollz=p (s) (1-logp(s).

Let z(s) := logp (s). The inequality becomes %z(s) < Collwgllzeo (1 =z (s)). By Gronwall’s inequality, this
implies 1 —z(s) = (1 - z(0)) e~ @lvolli=s wwhich translates back to:

1 1
I — | =1 —— | g=Collwollzeos
Og(p(s)) Og(p(O))e

Exponentiating both sides gives p (s) < p (0)*Pi-Coloollzes}  Qetting s = ¢ and noting that p (0) = |x; — x2|
proves (4.214).
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Part 2 (Holder Continuity in Time). To prove the temporal regularity, we use a trick involving the spatial
estimate. Let 0 < f; < t, < T. We want to estimate |X£_ ) -x. " (x)|. Let a := X, ? (x), which means
x = X, (f,a). By the semigroup property of the flow, we have Xg_t1 (x) = XS_[1 Xe (B,q)) = X (B — 1, Q).
Therefore, the difference is:

h—h
| Xe (- 1,0) —al= fo u® (5, Xe (s, @) ds| < || u| ;oo (22— 11).

While correct, this only gives Lipschitz continuity. To get the Holder estimate, we relate the distance to a
spatial separation. Let a* := X "' (x). Then

X1 () - X% ()] = |a* - af = [ X (X (2,07)) - X ()]
Using the spatial Holder continuity attime fp:
|a* - a| = C|X; (2, ) —x|ﬁ(t2)
= C|Xe (12, X2 " (1)) = Xe (11, X2 1 ()|
= ClXe (12— 1y, %) - xIP®).

The last term is the distance a particle starting at x travels in time & — 1.

th—h
|Xg(tz—r1,x)—x|=f U (5, Xz (5, 10) ds
0

< ] o (22 0.

Combining these estimates proves (4.21b).

The uniform boundedness of the flow map follows from the uniform L* bound on the velocity:

t
|X5t(x)—x|:‘—f0 u (s, X;° () ds| < 1| u’| ;o = TCllwoll 1o -

Thus, the family of maps (X ?) is uniformly bounded and equicontinuous on any compact set, as required
for the Arzela-Ascoli theorem. O

4.6 Uniqueness of weak solutions

Before starting to prove uniqueness of weak solutions let us remark that that since u(t,-) € L* for each
te[0,T] thereexistsal =L (T) s.t.

J suppw(t,)cB(O,L).
te[0,T]

We will use the following technical lemma whose proof is omitted:
Lemma 4.11. Let u be weak solution of (E) constructed in Theorem then for each p € (1,00)
IVullr < Co (lwoll =) p.
Let uy, up be the solutions of (E) stemming from the same initial data uy and let us define
E(0) = lluy (£,) — uz (1,172,
since the evolution equation for w = u; — uy is
dw+w-Vw+uz - Vw+w-Vup +V(p1—p2) =0,

we easily deduce the differential inequality
, p1
E'(1) SfIVuz(t, IMw (t,)1*dx < Cop(llw(t,-)llﬁ.olflwl2 dx) "< Mp Em'7.
It is well known that the differential equality f' = f%, a € (0,1) has no unique solution stemming from
zero, but we know that E (f) = (M )P si a solution that is maximal in the sense that E (£) < E(t). Set t* s.t.
Mt* < 1/2 and we obtain that
Em<2?2Z0, in[or*],

concluding.



Chapter 5

The Vortex Patch Problem: Persistence of
Regularity

The Yudovich theory guarantees the global existence and uniqueness of weak solutions for initial vorticity
in L' n L°°. This framework is powerful enough to handle initial data that are characteristic functions of a
domain, leading to a classic problem in fluid dynamics known as the vortex patch problem.

Let us consider an initial vorticity that is constant inside a bounded, simply connected domain Dy c R?
and zero outside:

wo (x) =1p, (x).

We assume that the boundary of the initial domain, 0Dy, is a smooth simple curve, for instance of class
C1Y (T;R?) for some y € (0,1).
According to the Yudovich theory, the vorticity at a later time ¢ is simply the advection of the initial data
by the unique flow map X:
w(t,X) = wo (X" (1)) = I (1),

where D () := X (t, Dyp) is the image of the initial domain under the flow. While the velocity field u is only
log-Lipschitz, a fundamental question arises concerning the boundary of the patch:

Question. If D is a C1Y (T;R?) curve, does dD(1) remain C7 (T;R?) for any, or all 7 > 0?

This question has a rich history. For some time, it was conjectured that the boundary could develop
singularities in finite time, a phenomenon that would serve as a two-dimensional model for small-scale
creation [10]. However, this was proven to be false in a landmark paper by J.-Y. Chemin [4], with a more
geometric proof provided shortly after by Bertozzi and Constantin [1]. They showed that the boundary of
the patch not only remains smooth but also that its curvature can grow at most as a double exponential in
time.

To state the main result, it is convenient to track the boundary of the patch implicitly as the zero level-set
of a function ¢ (z, x). We start with a function ¢ € C1"Y (R?) such that

Do ={xeR?| ¢ (x) >0}, 0Dg = {x € R? | o (x) = 0}
Since the vorticity equation (3.49) is a transport equation, the function ¢ evolves according to the same law:
0ip+u-Vo=0,  ¢|,_,=o. (5.1)

The patch at time ¢ is then given by D (¢) = {x lp(t,x)> 0}. The regularity of the boundary 0D () is deter-
mined by the regularity of ¢ (¢,-).

Notation 5.1. > Let us recall that the velocity flow of Yudovich solutions is L*, so that if wg = 1p,, and since
the vorticity is transported by the velocity flow, then D (#) is bounded set for any ¢ > 0. We denote with

L=L(T)=inf{R>o(D(t)cB(o,R), v te[o,T]}<oo,

53
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’

\Y -V
> We use the notation |V(p|], =sup | $L9 )(f)(y”
X2y |~y

> Let (X,d) metric, A, B < X and ¢ € X we denote with

d(c,A) = infd(c,a), d(A,B)= inf d(ab).
acA ( B

a,b)e Ax

Theorem 5.2 (Global Regularity for Vortex Patches). Let Dy be a bounded domain with aC'Y boundary, for
Y €(0,1), and let @ be a corresponding level-set function that is non-degenerate on the boundary, i.e.,

inf |V >m>0.
nf [Veo (0] = m

Then the unique weak solution ¢ to (5.1), with u given by the Biot-Savart law for » = 1 py), remains in CbY
for all time. More precisely, there exists a

C=C(L Vool V90| o [Vpoliu) > 0,
and Cy > 0 depending on the initial data such that the following bounds hold for all t > 0:
Ve (t, )l < IV (0, )l €,
Vo (1,], < Vo e o(Corp)ec
199 )] 1 < V90 1 e,

. . _eCt
Vo] 1 [9gotol )

5.1 The Gradient of the Velocity

Proposition 5.3 (Key Technical Estimate). Let u be the velocity field generated by the vortex patch D (t), which
is the positive level set of aC'"Y function ¢ (t,). Assume D (t) € B(0,L). Then the following bound holds:

L|V<p|y
IVullio <C |1+log| 1+ ———— ||, (5.2)
inf |V(p(x)|
x€0D(t)

where the constant C depends only ony.

The proof of this proposition relies on a delicate geometric argument that analyzes the cancellation
properties of the singular integral near the boundary. We will now lay the groundwork for this proof.

Compendium in harmonic analysis: Calder6n-Zygmund theory A central quantity for understanding
the evolution of the patch boundary is the velocity gradient, Vu. Since © = K % w and the kernel K is homo-
geneous of degree —1, its gradient will be homogeneous of degree —2. For w = 1 p(y), this results in a singular
integral. To define it properly, we must use the concept of the Cauchy principal value.

Definition 5.4 (Cauchy Principal Value). Let f € C*°(R*\ {0};R) N L!

e (RGR). The Cauchy principal value
integral of f is defined as:

p-v. f fx)dx:= lim+ f(x)dx.

0" Jix|=¢

Lemma 5.5 (Distributional Derivative of Homogeneous Kernels). Let K € C* (R?\ {0};R) be homogeneous of
degree 1 —d. For any test function ¢ € C3° (R%;R), its distributional derivative is given by:

(0;K | ¢)= p.V.ijlC(x)q)(x) dx+cjp(0), (5.3)

where the constant c; is given by the integral over the unit sphere:

Cj ::[ K(2) zjd’i’-[d_1 (2).
§d71
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Proof. The distributional derivative is defined by duality, (3;K | ¢) := —(K | 9;¢). Since K € L] (R?), we
compute the integral by excising the singularity and applying Green’s formula on the domain {x : |x| = €}:

(K|ojp)= sli%l*[xpslc(x) dj¢p(x)dx

= lim (—[ ale(x)(p(x)dx—f I (x)¢p(x) njde—l ’
|x|ze |x|=¢

e—0*

where n; = —x;/|x| is the inward-pointing normal vector. The first term on the right is, by definition,
—p.v. [ 0;K ¢dx. The boundary integral becomes:

. Xj ngd-1_ g -1 39/d-1
lim Kx)¢p(x) =dH*" = lim K(ez)p(ez)zje!” dH™  (2)
e—0" Jx|=¢ | x| e—0* Jgl-1
= (,l)(O)fS[_1 K(2)z;dH* ' (2) = ¢jp (0).
Combining the terms gives the result stated in (5.3). O

Definition 5.6 (Calder6n-Zygmund kernels). Letd € N\0, K € C* (R*\ 0;R) is a Calderén-Zygmund kernel
if

1. decay: there exists C > 0 such that for all x € R¢

1K ()] < Clx|™%;

2. zero average: we have that

f C(x)dx=0.
§d—1

Definition 5.7 (Singular Integral Operator). We say that T is a Singular Integral Operator (SIO) if there exists
a IC CZ kernel such that
Tf=Kxf.

Application to incompressible Euler equations Applying Lemma 5.5]to the Biot-Savart kernel and con-
volving with the vorticity w = 1p(y yields the precise formula for the velocity gradient. The principal value
integral defines a SIO as per Definition 5.7} and the Dirac delta term, after convolution, produces a jump
discontinuity across the boundary 4D (t).

Proposition 5.8. The velocity gradient for a vortex patch is given by:

1 o(x-y) 1 (0 —1)
\% =—p.V. —dy+- 1 . 5.4
) =5 P D |x-y|* Y+l o ftoo® 64
Proof. The velocity field u is given by the Biot-Savart law as the convolution u = K x w, where K(x) := %%

is the kernel and w = 1y is the vorticity of the patch. The velocity gradient is therefore the convolution of
the vorticity with the distributional derivative of the kernel:

Vu = (VK) xw.

The kernel K is homogeneous of degree 1—d (with d = 2). We can therefore apply Lemmal5.5to its derivative,
which decomposes the operator VK into a principal value integral operator and a multiple of the Dirac delta
distribution:

VK (-) =p.v.VK () + Cdy,

where the constant matrix C is determined by integrating the kernel K against the outward normal on the
unit sphere. The j-th column of C is the vector ¢; = [ K (2) z jd’H1 (z). A direct computation shows:

_i —22 1 _l 0 -1
C_277,' §1(Z1)(Z1 Zz)dH (Z)_Z(l 0).

Convolving this decomposition of VK with w = 1 yields the two terms in (5.4). O
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Remark 5.9 (Properties of the kernel o). The matrix kernel o (z) in (5.4) has the explicit form:

22
1 (2z1zp  z5—2z

—ol.2_ .2 .
1z|? \25 —z7 —2z12

o(z)=
The key properties of this kernel, which are essential for the analysis, are:
« Itis a smooth function on R? \ {0} and is homogeneous of degree zero.
e It has a zero mean value on the unit circle S'.

e Itis an even function, i.e., 0 (—z) = 0 (2).

The main technical challenge is to control the L* norm of the singular integral part. The following
proposition provides the crucial estimate, linking the size of Vu to the geometric properties of the boundary
0D (1), as described by the level-set function ¢.

Proof of Proposition 6.7 Recall from Equation (5.4) that the velocity gradient consists of a singular integral
term and a local term. The local term is bounded by %, so we only need to control the L* norm of the
principal value integral. Let us select a xo € R*\ D, let us define

o (x0—y)

5-dy. (5.5)
D() |xo—y|

1
I = —p.V.
(xo) anv

The core of the proofis to analyze this integral based on the distance of the point x; to the boundary 0 D(¥).
Let us define the distance function
d (xp) :=d(x0,0D), (5.6)

and the crucial geometric length scale:
inf |v 1/y
5 [ xe8 Vo)
Vel

This quantity 6 represents the length scale below which the boundary can be considered approximately flat.
Let us define the tubular neighborhood of 4D

0
Ts12:= {XO€R2 2 d(x) < 5} )
and for all xy € 75,2 and p > d (x) let us define the set

Sp (xp) := {s€§1 : Xo+pse D},

i.e., the set of directions such that xy + ps € D. Let now X := X (xp) € D be such that |xo — %| = d (xp), and let
us define the semicircle
2 (x0):={seS' : Vo (®)-s<0},

and the symmetric difference
Ry (x0) 1= [Sp (x0) \ Z (x0) ] U [Z (x0) \ S (x0)] - (5.7)

The key technical point is that, denoting with 7! the Lebesgue measure on S', as d (xy) — 0 the quantity
H' (R, (x)) — 0 at a controlled rate, i.e.

Lemma 5.10 (Geometric Lemma). Let x € R? such that its distance to the boundary, d (xo) defined in (5.6),
satisfies d (xo) < 6/2. For any radius p = d (xo), let Ry (xo) be as in (5.7). Then there exists a C := Cy 4 such that

H(Ry (xp)) < C

0

d(xg) (p\Y
o5 )




5.1. THE GRADIENT OF THE VELOCITY 57

We postpone the proof of Lemma and show how to use it to prove the technical estimate (5.2).

Recall that we want to provide a bound for I (xp) defined in (5.5) and we suppose xo € D. We split the
integration sets in points "close" to xy and far ones, i.e.

1(x0):= Is (x0) + I (x0),

15 (x9) := —p.V. (O—J;)
27 Dn{lxo-y|<8} |xo - y|
17 (xg) i . Md

DPrflxo-yI>6} |x0 - y|°

Step 1 (Bounds for 1% (xg)). Let us at first bound I°, recalling that we suppose that D < B(0,L) we have,

passing to polar coordinates
x f—
-
D{lxo-yI>0} |x - y|°

Ldp L
gC[ — < Clo (—)
5 P &5

Step 2 (Bounds for I (xg)). We study now I5 and we write it in polar coordinated centered in xy obtaining

Ié(xo)—ffs : dH (s) dp,
o (X0

where the integration set in the radial direction is an unspecified and irrelevant set which is bounded
in B(0,0) since we are integrating in the tubular neighborhood 75,,. Let now be pg € (0,d (xp)), so that
B (xo, po) c D. Since o has zero average on S (cf. Remark we have that

fgl a(poeis) dH! (s) =

so that the integral contributions for p < d (xp) are all nil, hence I5 becomes

p is 1
I (x0) =f f U(pe ) dH" (s)
d(xo) 1S, (x0)

where again p < 0 is irrelevant in our context. The crucial feature of (5.9) is the fact that the integration set
in the radial direction is bounded from below, this observation holds true also in the case xy ¢ D. Next let us
consider the semicircle X (xg), we have

|12 ()| =

27r
(5.8)

(5.9)

Sp (x0) < Z (x0) or 2 (x0) © Sp (x0) -

In what follows we shall implicitly consider the case S, (x9) < Z (xo) and provide bounds that are symmetric
w.r.t. the inclusion, which can thus be applied to the other case as well. Since o (z) = 0 (- z), the function o
is zero-homogeneous and Remark[5.9 we have that

f a(peis) dH! (s) = lf (o (pe') +o (-pe)) dH! (s) = lf odH' =0, (5.10)
(%) 2 J3(x0) 2 Js(0,p)

so that Egs. (5.9) and (5.10) give

p . d
s (x0) = f f o (pe*) an'! (s)] £
d(xo) LIS, (x0)\Z(x0)

Since o is homogeneous of order zero we have that |o (z)| < 1 for all z so that we obtain the bound

6 H(S \Z
I (x0)| < f (Sp Cxo) \ 2 (o)) dp (5.11)

d(xo) p
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The estimate (5.11) is true when S, (xo) < Z (xp), if Z (x) = S, (x9) we have

& HY(Z(x)\'S, (x0)
|15(xo)|<f (EG0\Sp ) )
d(xo) P
so that the bound (cf. (5.7))
& H'(Rp(x0))
|15 (x0)! <f ——dp, (5.12)
d(xo) P

covers both cases. We use now the estimate provided in Lemma in (5.12) and we have that
o 1(d(xq) (p\¥ 1 1 1
Is (x0)| < — +{=| |[dp<=+—-[1-=|<C.
|6(0)|\L(x0)p( P (5)) p\2 Y( ZY)\
which we combine it now with (5.8) and we obtain

L|Ve
11(xp)| <C | |Y)

1+log(|

(plinf

Proof of Lemma [5.10] The proof hinges on quantifying the deviation of the true boundary from its
tangent plane. Let % be the unique projection of xy onto 4D, so that |xy — X| = d (xp). A direction s € $¢!
belongs to the set R, (xo) if the sign of the defining function ¢ (x + ps) differs from the sign of its linear
approximation at X.

Let x := x¢ + ps. The linear approximation is L (x) = Vg (X) - (x — X), since ¢(X) = 0. A sign mismatch can
only occur if the magnitude of the linear term is smaller than the Taylor remainder, R (x, %) := ¢ (x) — L (x).
Thus, any s € R, (xp) must satisfy the fundamental condition:

[L(x)| < IR (x,X)]. (5.13)

The proof proceeds in two main steps: first, we translate this condition into a constraint on the angle of the
direction vector s, and second, we estimate the measure of the set of angles satisfying this constraint.

Part 1 (Deriving the Angular Constraint). Let y be the angle between the direction vector s and the normal
vector Vg (X). The magnitude of the linear term is given by

IL(x)| = |V (%) (x0— X+ ps)| = |V (X)||pcosy £d (x0)|.
The remainder is bounded by the C1Y regularity of ¢:

v
IR(x,fc)Isl (pl
1+

Vool
Pl 5T < S ()

Substituting these into our core condition (5.13) yields

)1+Y

) Vo
|V (2)||pcosy £d (xp)| < (p +d(x0)

Y
1+y

To isolate cos vy, we use the triangle inequality | p cosu/| < |p cosy +d (xo)| +d (xp) and rearrange the terms:

¢l,
(1+7)[Ve (]
Dividing by p and using |V(p (56)| > |V(p|inf and the hypothesis d (xg) < p (so p +d (xg) < 2p), we get

p|cosy| = d (xp) + (p+d(xp) .

d(xo) IVol,  (20)"*"
o (1+y) Vel o

_dg) | 217 Vel o

p 1+y [Vl

Using the definition 87 = [Vg|;;/|V¢]|, and absorbing all numerical factors into a single constant C, we
arrive at the final constraint on the angle:

|cosy| <

d (x0) +(p)7 .

|cosy|=C 5

(5.14)
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Part 2 (Estimating the Measure). The condition confines the direction vector s to a narrow band on
the sphere $4~! around the "equator" defined by the plane orthogonal to the normal Ve (%) (Where v = /2
and thus cosy = 0).

The H%~!-measure of the set of points on the unit sphere satisfying |cosw| < A for some small A > 0 is
bounded by C4 A. Applying this geometric fact to our result from (5.14), we obtain the final estimate:

0

which concludes the proof. O

d Y
HA 1 (Ry (x0)) = Cya (o) (p)

)

5.2 Proof of Theorem/[5.2

Proposition 5.11. Let W be a divergence-free vector field tangent to 0D and let u be give by the Biot-Savart

law (@.1), then
O'(X—y) (

> (W -w(y))dx.
=yl

1
Vux)Wi(x) = gp.v.
Proof. Let us exploit the following identity
olx-y
2 (leog|x—y|) = (—2),
=yl

so that integration by parts give

1 1 1 N ‘
gp.v.fvy(vy 1°g|x_y|)w(y)dx_Eshﬂfmﬂxy|>£}a” (07, log x - y[) i (y) dx,
—_L ; 1 _ (XY
= 2ﬂ€1l%1+j;n{|x—y|:g}vylog|x y|W(y) ( . )ds

1
—— lim

0t log|x—y|a, W; (y)dx,
27‘[6—»0*/Dn{|x_y|>e} Vi g| y\ i l(y)

=0

thus since W is tangent to 0D we obtain that

| i xX-y _ 1 0 -1
ZEEIL%I*fDnﬂxﬂ:s}vylog'x y|W(y) ( . )dS— 2]1D(x)(1 O)W(x),
which in turn implies that
Vu(x)W(x)z(ip.v. U(x—_);)dx+l(0 _1) ]lD(x))W(x)
1 olx—
=P (—J;) (W(x)-W(y))dx
4 x|
1 o(x-y) 1 0 —1)
+ 5PV, B |x—y|2 W(y)dx+2 ]lD(x)(1 o | W&
-0
concluding. O

We need the following commutator estimates in Hélder spaces before proceeding.

Lemma 5.12. Lety € L, f € C¥, K a Calderon-Zygmund kernel homogeneous of degree —d with zero mean
on S and such that VK| < |x|7@*D, Let

Gt =p. [ K(x=7)(f 0= £ (1) w () d

then
Gly < Co(v,d) (| * || oo + ¥l 1) [ £1,-
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An application of Lemma gives the following result.

Corollary 5.13. Let u and W be as in Proposition then
IVuWl, < CollVull g IW1y . (5.15)
We can now finally prove the required global bounds.

Proposition 5.14. Let ¢ be the solution of in[0,T], T < oo, then we have

t
vho ], <740l e (Co+ 1) [ 19u(e, )l mar}, 5.16)
t
740 69l < 9 nl e { [ 19, )] e}, .17
t
e e G S

Once Proposition 5.14]is proved, Theorem [5.2] follows; we plug the estimates (5.16) and (5.18) in (5.2)
and apply Gronwall’s lemma, deducing the bound

Va2, )l < Vgl 1 €,
which we apply to (5.16)-(5.18) obtaining that

1 1 (Co+y)e®? . —e
1940 6, e < 19" poller €@, nt V(0] > | inf [Vpot]e

O

Proof of Proposition[5.14, Let us denote with w (t,a) = W (¢, X (t,a)) = V1 (¢, X (t,a)) and we rewrite the
evolution equation for W in Lagrangian coordinates we obtain that

%W(t,a) =Vu(t,X(t,a) w(ta),

thus multiplying the above equation by w/ |w| and applying Gronwall’s inequality we obtain that

t t
exp{ f \Vu(d, X (¢, a))|dr’ } cwial < exp{f |Vu(t’,X(t’,a))|dt’},
lw (0, ) 0

proving and by converting back to Eulerian coordinates and taking the supremum/infimum
over the domain/boundary.

We have to prove now only (5.16). The solution to the transport equation for W can be expressed via
Duhamel’s formula in Eulerian coordinates:

t
W (t,x) =W (X (x)) +f Vuw) (¢, X (¢, X" (x))dt’
0
so that if x # y so that for x # y
(W (20 =W (1, )| < [Wo (X7 (0) = Wo (X" (v))]
t ! !
+f |@uw) (¢, X747 0) = Vuw) (¢, x50 (y)) | ar".
0

Taking the Holder quotient, this becomes

W (2, )]y < [Woly [ VX ()} + f|ww Wy [vx 00| .

A standard application of Gronwall’s inequality to the ODE for the flow gradient gives

t
[VX O oo < eXp{fO IV (s, )l e dS},
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-t

“VX‘”‘” 0] “Loo < eXp{fO IV (s, )l oo dS}.

Let us denote Q (s) = [Vu (s, ) || z. Using the commutator estimate (5.15), we obtain

t
0

t -t
|W(t,-)|y<|W0|yexp{yf0 Q(s)ds}+C0f Q(t’)|W(t’,-)|Yexp{y A Q(s)ds}dt’.

Define G () = |[W (¢, -) lyexp {—)f fot Q(s) ds}. Differentiating and using the previous inequality shows that G
satisfies d
aG(f) =G Q)G (1),

so that another application of Gronwall’s lemma concludes the proof of (5.16). O
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Chapter 6

The Flexibility of Weak Solutions: Convex
Integration

The theory developed by Yudovich, while powerful, applies to a "tame" class of weak solutions that retain
uniqueness. We now venture into the more "wild" aspects of weak solutions by introducing the powerful
method of convex integration. This geometric technique, first developed in its modern form by M. Gromov
(6], was adapted by De Lellis and Székelyhidi [5] to the context of fluid dynamics. It reveals a surprising
flexibility in the Euler equations, allowing for the construction of infinitely many weak solutions that can
exhibit physically startling behavior.

Our presentation is largely based on the original work [5], focusing on a simplified approach to make the
core ideas as accessible as possible. For a broader perspective on convex integration methods, we refer the
interested reader to the online notes [?]. It is also worth mentioning that the theory has evolved significantly
since 2009, with remarkable results concerning the regularity of weak solutions, as seen in [2,3,8].

6.1 The Paradox of Non-uniqueness

We consider the incompressible Euler equations, which we write here in conservative form:

(6.1)

Oiu+diviu®u)+Vp=0
divu=0

Recall from Remark(3.12} that for a divergence-free field, the convective term can be written as div(u ® u) =
u-Vvu.

Definition 6.1 (Weak Solution). A pair (u, p) is a weak solution of @.1) ifu€ L (R**;R*)and pe L} (R¥*]R),
and the pair satisfies (6.1) in the sense of distributions.

The requirement u € leoc is physically natural, as it ensures that the kinetic energy, %Iulz, is locally
integrable. However, this definition is too broad to single out the physically relevant solutions. In fact, it
allows for solutions that blatantly violate the conservation of energy. A groundbreaking and deeply counter-
intuitive result in this direction was established by Scheffer [13] and Shnirelman [14].

Theorem 6.2. - For d = 2, there exists a non-trivial weak solution (u, p) to the Euler equations (6.1) with
compact support in spacetime.

The solution constructed in Theorem [6.2| describes a fluid that is initially at rest, spontaneously starts
moving without any external force, and then returns to a state of rest after a finite time. Such behavior
is clearly paradoxical and underscores the profound challenge of defining a proper solution concept for
turbulent flows. The convex integration framework provides a constructive proof of this flexibility.

6.2 The De Lellis-Székelyhidi Theorem

The main result we aim to explain is the celebrated theorem by De Lellis and Székelyhidi, which shows that
one can construct weak solutions with a precisely prescribed kinetic energy profile.
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Theorem 6.3 (Weak solutions via convex integration, [5]). LetQ c R4 be a bounded open set and let T > 0.
Lete:Q x [0, T] — Ry be a strictly positive and uniformly continuous function such that
ee L™ ([0, TI; L1 () .
Then there exist a weak solution (u, p) to the Euler equations (6.1) such that:
i uel>(RY),
ii u has compact supportinQ x [0, T1, and in particular u(-,0) =u (-, T) =0,

iili The kinetic energy and pressure are prescribed by e almost everywhere in Q x [0, T]:

1 2
5l nPP=éx,n and px1= -0,
iv The pair (u, p) is obtained as an L?-limit of a sequence (uy, pi) ;o < C (R?). For any k the pair (ux, pi)
is a classical solution to the forced Euler equations

atuk+div(uk® uk) +Vpk = fk
divui =0

where the forcing term fi. € CZ° vanishes in the limit, in the sense that for any N > 0,
k — oo.

[fell v — 0 as

Remark 6.4. > The third point of Theorem[6.3|implies that one can prescribe the kinetic energy of the fluid
arbitrarily. For instance, if € is the characteristic function of Q x [0, T, the resulting velocity is identically
zero outside this spacetime cylinder, despite the absence of any physical boundary. The velocity is at rest
at both the initial and final times. This describes a fluid that spontaneously generates motion and then
comes to a complete stop, which is a physically implausible scenario.

> The final point of the theorem is crucial. It ensures that these "pathological" solutions are not isolated
phenomena. They can be approximated in the L? topology by a sequence of smooth solutions to the
Euler equations with a well-behaved forcing term that vanishes in the limit. In other words, the closure
of the space of "well-behaved" solutions in a weak topology is large enough to contain these physically
paradoxical flows.

6.3 Plane Wave Analysis and a Reformulation of the Euler Equations

Notation 6.5. From now on we use the notation Id := Idga.

The core idea of convex integration is to first solve a related, but simpler, linear system and then show
that solutions to this system can be made to satisfy the original nonlinear equation through an iterative
process.

Consider a general first-order linear system of PDEs:

d+l1
Y Aify,z2=0, z2:QcR¥*! - RY, 6.2)
i=1
where the solution z is constrained to lie within a specific set, known as the constitutive relation:
z(y)e K eRY ae. in Q. (6.3)

A special class of solutions for such systems are plane waves, of the form z(y) = Ah (¢ y) for some vector
A € RN, direction ¢ € $¢, and profile h € LllOC (R). Substituting this into (6.2) transforms the PDE into an
algebraic condition on A and ¢. The set of admissible directions A forms a cone.

Definition 6.6 (The A-cone). The A-cone associated with the system (6.2) is the set

A:={Le RY | 3¢ € $% such that Ak (¢-y) is a solution of forall he LllOC R)}.



6.3. PLANE WAVE ANALYSIS AND A REFORMULATION OF THE EULER EQUATIONS 65

The Euler equations are nonlinear, so they do not directly fit this framework. The first crucial step is to
rewrite them as a linear system subject to a nonlinear algebraic constraint.

Definition 6.7. Let S(‘)i denote the space of symmetric, trace-free d x d matrices, i.e.
S§={MeR™"| M;;=M,;, tr M =0}.
Lemma 6.8 (Relaxation of the Euler Equations). Let
ue L (R x R;RY) Re L™ (R*xR;SY) qe L™ (R x R;R)

The triple (u, R, q) is a distributional solution to the relaxed Euler system:

0:u+divR+Vg=0,
. (6.4)
divu =0,
and satisfies the constitutive relation
|uf? -
Rzu@u—TId a.e. inR* xR, (6.5)

ifand only if the pair (u, p) with p := g — % is a weak solution to the incompressible Euler equations (6.1).

Proof of Lemmal6.8 We need to prove the equivalence in both directions.

—> Assume that the triple (u, R, q) is a distributional solution to the relaxed Euler system (6.4) and satis-

2
fies the constitutive relation (6.5). We want to show that (u, p) with p := g — % is a weak solution to
the Euler equations (6.1).

The second equation of the relaxed system is divu = 0, which is the incompressibility condition. We
substitute the constitutive relation (6.5) into the first equation of (6.4):

. |ul?
0ru+div u®u—TId +Vg=0.

We can expand the divergence term. Since divu = 0, we have the identity div(z® u) = (u-V) u. The
2 2
divergence of the second term is simply a gradient: div (%Id) =V (%) The equation thus becomes:

lul?
oru+(wu-Vyu—-V e +Vg=0.

Combining the gradient terms, we get:
|ul®
oru+Ww-Vyu+V q—T =0.

2
By defining p:= g — %, we recover the Euler momentum equation:

oru+w-Vyu+Vp=0.
This equation, together with divu = 0, confirms that (u, p) is a weak solution to the Euler equations.

< Assume that (1, p) is a weak solution to the Euler equations (6.I). We define R and g as follows:

2
u
R:= u®u—ild,
d
|ul?

q22p+T.
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2 2
By its definition, R is a symmetric matrix. Its trace is tr (R) = tr (u ® u) — tr (%Id) =|ul?- d% =0, so
R e S{. The constitutive relation (6.5) is satisfied by definition.

Now we verify that (u, R, q) solves the relaxed system (6.4). The condition divu = 0 is given. We start
with the Euler momentum equation:

Oru+diviueu)+Vp=0.

[ul?

2
We substitute u® u=R + %Id and p = g — =3~ into this equation:

2 2
o+ div(R+ 1) + v (g ) <o
d d
Using the linearity of the divergence and gradient operators, we get:
|ul® |ul®
—|+Vg-V|—]=0.
d d

The gradient terms cancel, leaving us with the first equation of the relaxed system:

0;u+divR+V

0;u+divR+Vg=0.
This completes the proof.
O

The system (6.4) is linear in the state variable z = (u, R, q), while the nonlinearity of the Euler equations
is encoded entirely in the algebraic constraint (6.5). This reformulation can be written even more compactly.
Let y := (x, t) and define the symmetric (d + 1) x (d + 1) matrix field

R+qgld uT

U:=
u 0

Then the linear system is equivalent to the single divergence-free condition in spacetime:
div, U =0. (6.6)
Proposition 6.9 (The A-cone for Euler). The A-cone associated with the relaxed Euler system is the set:

R+qgld uT

A:{(u,R,q)e[RdXSSXIR’det 0

= 0}. (6.7)

Furthermore,

a For any pair (u, R) € R x 8§, there exists a scalar g € R such that (u, R, q) € A.

b Forany velocity ug € R®, there exists a pressure py € R and a spacetime direction (¢,7) € S¢ such that for any
profile h e Llloc (R), and € > 0 the plane wave

g‘-x+rt)

(.9) ) = (o) | =

is a weak solution to the incompressible Euler equations (6.1).

Proof. We select a constant state zg = (o, Ro, go) and a spacetime direction (¢, 7) € R**!. The corresponding
spacetime matrix is
Ro+ qold ul

UO - Ug 0

The plane wave z (x, t) = zoh (§ - x + 71) is a solution to divy, U = 0 if

Uy f h(E-x+11)=0.

This equation admits non-trivial solutions for (¢, 1) if and only if det (Up) = 0, which proves the characteri-
zation of A.
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a) Let (u,R) e R%x Sg be given. We look for a purely spatial plane wave, setting 7 = 0. The condition becomes
finding a non-zero ¢ € R and a g € R such that

RE+q¢ =0,
u-£=0.

The second equation requires ¢ to be in the orthogonal complement of u, denoted (u)*. Let P, :=
Id—- ‘l‘flﬁ‘ be the orthogonal projector onto (). Applying this projector to the first equation gives P, RE +
qP,¢& = 0. Since ¢ € (u)t, P,¢ = &, and we can write the problem as finding an eigenvector for the pro-

jected matrix:

PL,RP,E = —qgC.

The matrix P, RP, is symmetric and acts on the space (u)*. By the spectral theorem, it has a complete
set of real eigenvalues and eigenvectors. Thus, a solution pair (¢, ¢) always exists.

b) This follows from part (a). Given 1, we define Ry := 1 ® up — %Id. By part (a), we can find a gp and a

purely spatial direction ¢ (so 7 = 0) to form a plane wave solution for the relaxed system. By Lemmal[6.8]
2
the pair (u, p) with p = go - % is a weak solution to the Euler equations.
O

The proposition shows that the set of possible oscillatory directions for the relaxed system is very rich.
The following lemma identifies a particularly useful family of such directions, which will serve as the build-
ing blocks for our construction.

Lemma 6.10 (Pressureless plane-waves). Leta,b € R4 such that |a| = |b| and a # b. Define
W(a,b):=(a-ba®a—beb)eR*xSg.
Then the state vector A = (W (a, b),0) belongs to the A-cone.

Proof. Since |al = |bl|, the matrix a® a— b ® b is trace-free. We must show that det(U) = 0 for the state 1 =
(4,R,q) = (a—b,a® a-b®b,0). It is a direct algebraic verification to show that for any vector ¢ € (a - b)*,
we have a-¢& = b-¢. Then the vector (¢T,—(a-¢&))T is in the kernel of the matrix

_[(a®a-b®b a-b

U= @-nr 0 )
which proves the claim by Proposition[6.9} Eq. (6.7). O

6.4 The A-convex Hull of K

Definition 6.11 (Constitutive set). We define the constitutive set K as the set of states satisfying the relation

(6.5):

2
u
K={(u,R)€Rdx8§|R=u®u—%ld}.

For any r > 0, we define the constant-energy subset:
K, =Knf{lul=r}.

Thanks to Lemma it is clear that it suffices to study the linear problem (6.4) and verify if the state
variables satisfy the constitutive relation (6.5) almost everywhere, i.e., if (1, R) € K a.e. in Q x [0, T'].

Definition 6.12 (Convex hull). Let A c RY. The convex hull of A, denoted A, is defined as the intersection
of all convex sets containing A:
A= [ C.

C is convex
AcC
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Figure 6.1: A; vs. A, convexity.

Definition 6.13 (A-convexity). Given aset C c R? and a closed cone A c R, we say that C is A-convex if for
every x, y € C such that x — y € A, the line segment [ x, y] is contained in C.

Definition 6.14 (A-convex hull). Given aset A cR%, we define its A-convex hull, denoted A®, as the smallest
A-convex set containing A.

Remark 6.15. Suppose A;  A,. Then the following implication holds:
Ap-convexity = Aj-convexity.
Indeed, suppose a set K is Ap-convex. This means that
forall x,y € K suchthatx—ye Ay = [x,y] =K. (6.8)

If the logical proposition holds for all differences x — y in the larger set A, it must also hold for all
differences in the smaller set A; < As.
An immediate implication of this fact is the following: given a set C = R, its A,-convex hull is

ch= N c.
C'oC
C'is A,-convex

However, since every A,-convex set is also Aj-convex, the collection of sets we intersect over to obtain che
is a subset of the collection for C1. This leads to the following chain of inclusions:

ck= (N d> [ c=ch
C'sC C'sC
C'is A,-convex C'is A;-convex

Therefore, for any A; < A,, we have that

CA] c CA2 c CRd — CCO.
Definition 6.16 (Extreme Point). A point zinaset Ac RY is called an extreme point of Aifitis not an interior
point of any line segment whose endpoints belong to A.

Theorem (Krein-Milman). Let KC be a compact convex set in a locally convex topological vector space X. Then
IC is the convex hull of its extreme points.

Notation 6.17 (Eigenvalues). Given a diagonalizable matrix M € R%*¢, we denote its eigenvalues by (o; (M))9_,
and define

Omax (M) :=maxo; (M), Omin (M) :=mino; (M).
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Proposition 6.18. For any r > 0, the A-convex hull of K, coincides with its standard convex hull, and it has
the explicit characterization:

2
.
Krcoz{(u,R)e[denglIulgranducbu—Rggld}.

The inequality M < CId for a symmetric matrix M means that o max (M) < C.

Proof. Let us define the set
2
Cr:{(u,R)ERdegllul <r, u®u—R<EId},

we will prove that:

a) C, isconvex,

b) C, is compact,

¢) K; contains all of the extreme points of C;.

The Krein-Milman theorem will then imply that K° = C,.
a) Forany (u,R) € RY x Sg, we define the generalized kinetic energ}ﬂ as

e(u,R) = nax (lu-&1? —&-RE).

Egdfl
The function e is the maximum of a family of convex functions, and is therefore convex itself. Moreover,
C; can be written as the intersection of two convex sets:

C e 1((—00 —2
r= y
d

)ﬂ{lulér},

and is therefore convex.

b) By its definition, C, is a closed subset of R? x Sf. To prove compactness, it remains to show that the
operator norm of R is uniformly bounded for any (¢, R) € C,. We can immediately deduce the matrix
inequality:

2 r2

r
R>u®u-— EId} —Eld,

where the second inequality holds since u ® u is positive semi-definite. This implies that the minimum

eigenvalue of R is bounded below: o iy (R) > —%2. Since R is trace-free, Zle o0; (R) = 0. We can use this

to bound the maximum eigenvalue:

d -1,
Omax (R) == )_ 0 (R) < —(d~ 1) 0min (R) < ——7°.
i=2
In terms of the associated quadratic form, this means:
r? e L) 2 .02
—EIEI <E-RE 1—5 relgle. (6.9)

We can now bound the operator norm || R|| = supg pese-1 7 - RS. Using the polarization identity and the
bounds from (6.9):

n-RE=—(n+&)-R(n+&)-(n-¢)-R(n-¢)) <r?,

B~ =

uniformly for all , ¢ € $¢1.

IEquivalently, e (1, R) represents the maximum eigenvalue of the symmetric matrix 1 ® u — R.
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c¢) We now prove that the extreme points of C, are contained in K. Without loss of generalit;ﬂ we assume
that u® u— R = diag(A,,...,14) and that its eigenvalues are ordered such that A; > A, > --- > 14. The
proofis divided into three sub-cases:

> Suppose |u| =r. Since (4, R) € C,, it follows that

2
u
u®u—R<|T|Id.

Let us define the matrix

2
u
M=u®u—R—%Id,

which is symmetric, diagonalizable, and negative semi-definite (M < 0). Taking the trace of M, we

find ) ,
lul 2 r )
tr(M)=tr(u®u) —tr(R) —tr Tld = |u| —O—dg =r°—r-=0.
A symmetric, negative semi-definite matrix with zero trace must be the zero matrix. Therefore, M =0,
which implies

2
u

Rzu@u—uld.
d

This shows that (u, R) € K.
> Suppose a point (1, R) € C, is such that the matrix inequality is saturated, i.e., Omax (U@ U—R) = 11 =
2
%. Taking the trace of the matrix # ® u — R, we have tr(u® u—R) = |u|? < r2. Since the trace is the

sum of the eigenvalues and 1, is the largest, we must have |ul?> = Y; A; <dA; = d%z =72 If lul < r, the
point cannot be extreme. Thus, we must have |u| = r, which reduces to the previous case, implying
that (1, R) € K.

> Finally, suppose (i, R) € C; is a point in the strict interior of the set, meaning |u| < r and the matrix
. . . 2 .
inequality is not saturated, i.e., Opax (U@ U—R) =11 < %. Let {ei}‘l.i:1 be the orthonormal eigenvectors
of the symmetric matrix u ® u — R, and we write u = )_ u;e; in this basis. We define a perturbation
direction:

U=ey, R=u®eg+es®u—2ugeq ® eq.
For any 7 € R, we consider the matrix for the perturbed state (u + ¢i, R + tR):
M= (u+ti)® (u+tid) — (R+tR) = (u® u—R) + (2tug + t*) e ® eq.
A direct calculation shows that the eigenvalues of M; are 11,...,14-1 and a shifted final eigenvalue:
Aa=Aa+ (2tuq+t%).

Since |u| < rand 1; < r?/d, we can choose a sufficiently small ¢ # 0 such that both conditions for being
in C, are still strictly satisfied for the perturbed state: |u + tit| < r and o max (M}) < %2. This means that
the points (u + ¢, R + tR) are both in C,. Thus, (1, R) is the midpoint of a segment contained in C,
and cannot be an extreme point.

Since, thanks to point a), we know that C; is a convex set containing K, we have
K:° cC,.

On the other hand, thanks to point c), we deduce that every extreme point of C, is an element of K, which
implies
C, cK;°,

and therefore K° = C;.

2The matrix 1 ® u— R is symmetric and therefore diagonalizable.
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Figure 6.2: By extending the line segment between z, and z;, we intersect the set 0K;°; these points of
intersection determine z; and Z,.

We have thus proven that K£° = C,. Finally, we want to prove that
KM =K.

By definition, K < K°. We want to prove that in this particular case, A-convexity and standard convexity
are equivalent. Consider two points z1, 22 € K;°. Since K;° is bounded, there exist two scalars y,v > 0 and
two extreme points of K£°, which we denote by z, Z, such that

zi=(a,R)=21-p(z—21),

2 = (L_tz,Rz) =2p+v(z2—2z1).

Since every extreme point of K7° is an element of K, we deduce that

_ r2

Ri=u;®u;— Eld.
Let us now consider the direction vector z, — z;:
Zp—Z1 = (Up— U, Up ® Up — Uy ® Uy) = W (Uip, U1),
and since (W (@i, i1;),0) € A thanks to the result of Lemma[6.10, we deduce that

1 _
2y — 21 = —— W (ilp, i11),
1+pu+v

which proves that the segment connecting any pair of states in K£° has a direction collinear to an element
in the A-cone, which concludes the proof.
O

Lemma 6.19 (Directional Oscillation). There exists a dimensional constant C > 0 such that for every z =
(u, R) € K°, there exists a perturbation A = (&, R) € R*xS$ such that (A,0) € A and the segmento = [z— A, z+ M|
is contained in K£°. Furthermore, the following estimates hold:

_ C 2_ 2 . oCo 1 . oCO
Iulz?(r lul®), dlst(a,aKr )zidlst(z,al(r )

Theorem (Carathéodory). LetD = 1 and let P be a subset of R°. For any point x € P, x can be written as a
convex combination of at mostD + 1 elements of P. That is, there exist scalars Aj € [0, 1] and points x;j € P for
j=1,...,D+1 such that

D+1 D+1

Z/lle’ X = Z/ljx]'.

j=1 j=1
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<3

Figure 6.3: Oscillazione con direzione z, — z; passante per z.

Proof of Lemmal6.19 Let z = (u, R) € K. By Carathéodory’s theorem, z lies within a simplex whose ver-

tices, {zl-}?:ll, are elements of K. We can therefore write z as a convex combination:
D+1 D+1
z= ) Mhizi, Ai€©1), z €Ky, 2 A=
i=1 i=1

where D = d(dTJr?’) —1is the dimension of the space R? x Sg. Note that the coefficients 1; belong to the open

interval (0, 1) because we are considering z as an interior point of K;°.
Without loss of generality, assume that A, is the largest coefficient. Then for any j > 1, the points z +

A N .
3 (zj — 21) remain in Kf°. Indeed, for the positive case:

A. D+1 A /1
J J J
z+—(zj—z1)= ) Aizj+—=zj——=z
2(] 1) l_zl 1< 2 j 2 1
Aj Ai
I(/ll——] zl+(7tj+—])zj+z /1,' Zi.
—— N——— >0
>0 >0

This is a new convex combination of the points z; with strictly positive coefficients, and its sum is }_1; —
A A . .
5 + 3 = L. A similar argument holds for the negative case.

The perturbation direction is chosen from the segments {z; —z;}. We define our final perturbation
A= (i1, R) to be a scaled version of one of these segments, for instance by setting 1 := % (z2 — z1).

CLAIM: The open segment
20:=(z2-2A,2+2A)

is contained in K7°. t

Proof. The proofis a direct calculation. Any element of 20 can be written as z + ¢ (2/1) for some ¢ € (—1,1).
Recalling that z=); 1;z; and 21 = A, (2, — z;1), we have:

z+2E0 = (Z)Lizi) +¢&A2 (22 — 21)

D+1
=M —EA)z1+ N2 +EA) 2o+ ) Aizi.
i=3
This is a new convex combination of the points {z;}. Since we assumed 1; = 1, and we know [¢] < 1, all
coefficients are strictly positive. The sum of the coefficients is }_; A; = 1. Thus, the point lies in the interior

of the simplex, and therefore in K°. O
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Figure 6.4: Questa figura rappresenta il guscio convesso di [z—2A,z+2A] U B, (z). La regione ombreg-
giata che unisce By/2(z—A) a Bpj2(z+A) € esattamente Uge(z-a,z+1) Bp/2 ({) ed € interamente contenuta
in {[z-2A,z+2A1UB, (2)}*°

Let us define the closed segment

Therefore, for any p such that
0 < p < dist (z, GK,CO),

and for any { € o, the following inclusion holds by convexity:
° co OCO
Bp/z ) c {ZUUBP (z)} cK;".
Thus, if we set
p = dist (z, aKrCO) ,
we deduce the relation

UBsr2@c {237qu (z)}Co c K. (6.10)

(eo

The inclusion (6.10) therefore implies that the segment ¢ is uniformly separated from the boundary:
. oco ]' . oCO
dist (U,OK, ) > Edlst (z, 0K; )
Furthermore, we can establish the quantitative estimate on the size of the velocity perturbation:

r—=lul  lwl-lul _lui—u
lul _ lwl —lul _ Ju1 —ul

=~ |ul,
N N ST N 17

C o 2\
C (P~ )~

where the inequalities follow from the reverse triangle inequality and the definition of z as a convex combi-
nation of the points {z;}.

Finally, it remains to prove that the constructed perturbation A = (@, R) corresponds to an element in
the A-cone. Recall that

o A A2
(1,R)= = (z2—21) = — (up — u1, Ry — Ry),
2 2
where z; = (u4;, R;) € K; for i = 1,2. By the definition of K}, this implies that

r2
Ri=u;j®u;— Eld.

Therefore, the difference is
(o —u1, Rp—Ry) = (U2 —ur, up ® up — U1 ® ug) = Wiup, ug).

Since (W (u2,u),0) € A by Lemma our constructed perturbation A is indeed collinear to a direction in
the A-cone. O
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6.5 Oscillatory Solutions with Compact Spacetime Support

The geometric construction in the previous section identified admissible directions within the A-cone.
These directions allow us to perturb elements of Korco while remaining inside this set and controlling the
distance to the boundary. However, simple plane waves of the form Ak (¢ - x) do not have compact support.

The goal of this section is to construct localized "plane waves". The quotation marks are intentional:
imposing compact support means the resulting waves will not oscillate perfectly along a line segment be-
tween two states, but rather their image will be contained within an arbitrarily small tubular neighborhood
of it.

Constructing such vector waves directly is a difficult task. A more manageable approach is to define a
potential operator that maps smooth scalar functions to solutions of the relaxed system (6.4).

Henceforth, we will denote by 1 a generic direction in the A-cone of the form A = (W (a, b),0), where
W (a, b) is defined as in Lemmal6.10]

Proposition 6.20 (Potential Operator for Localized Waves). For each A € A of the form specified above, there
exists a third-order differential operator

A(0):C° ([Rdﬂ;lR) N (IRCHI; R(d+1)><(d+1)) ,
and a spacetime vector (¢,7) € R4 with & # 0 such that:

a) For any smooth, compactly supported scalar function ¢, the matrix field Uy := A(0) ¢ corresponds to a
solution (u, R, q) of the relaxed system with q = 0.

b) If¢ has a plane-wave profile, i.e., ¢ (x,t) =y (- x+711), then the operator recovers the original direction
A:
A@ P x, ) =Ay" (& -x+711).

Proof. Let the vectors a, b € R be those defining the direction A. We define the following component oper-
ators:

. d
Al @) := ) (aibx-biax) 0k,

k,1=1
. d d
AR 0):= ) (biag=aibg)0j + ) (bjar— ajbe) ki,
k=1 k=1
and assemble them into the spacetime matrix operator A (0):
.. d . 4
12 J
A0):= (AR. (6))i&j:1 (Au(a))jzl )
(AL @), 0

For any ¢ € C° (R**1;R), the operator A (9) canonically defines the solution triple (ug, Ry, gp) where
Up = Ay (0)(1), R(pZ: AR (6)¢, qe = 0.

We now verify part (a) of the proposition. A direct computation shows that the divergence and trace prop-
erties hold:

2(arb; — aiby) 0kip =0, s0 Ry e CX (RS,

tr(Ry) = 1

L,

T

(aiby — bjay) Ox11i¢p =0,

M-

divugy =
ik,

~

=1

where the second line vanishes due to the symmetry of 8¢;;; in indices k, i and the antisymmetry of (a; by — b; ax)
in the same indices. Finally, we check the momentum equation:

0:(ug); + (divRy), = Y (aibp — axbi) g p+ ) (biar — a;br) 0.xjjd+ Y (bjax — ajby) 0sijp = 0.
kol Tk Tk

=i =—a; =0

v
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This proves that Uy, = A () ¢ corresponds to a solution of (6.4).

To prove part (b), we consider a plane wave profile ¢ (x, t) = ¢ (w

) for some parameters k, . By
explicitly applying the differential operators, we obtain

(up,Ry) (x, ) =73 (2(a-b)s*,~2(a® a—b® b) sk)y

’

) ,,,((a+b)-x+kt)

la+b|?
2

where for brevity we have set s = =r2 + a- b. If we choose the parameters

k:_s’ 82(252)1/3,

and define the spacetime direction (¢, 1) := (%b, %), we obtain the stated result:

(u(p,R(p,q(p) = /11//’” (f-x+rt) .
O

We can therefore say that the operator A(9) is a potential operator that maps smooth, compactly sup-
ported functions to compactly supported vector waves that are collinear with a prescribed direction A.

The next step is the following: not only do we want to have compactly supported waves collinear to
A € A that are solutions of (6.4), but we also want them to be oscillatory with frequency £~! and with zero
mean, so that they converge weakly to zero as € — 0.

Lemma 6.21. Let O be a non-empty open set of R, and let A = (W (a,b),0) € A for a,b € rS%',a # b.
Furthermore, consider O' c O a second open set of R%*'. For every neighborhood V of the segment [, A],
there exists a state (u, R,0) € C° (O; V) such that

a) (u,R,0) is a solution of (6.4),

b) ifii=a- b is the velocity component of the oscillation in the direction A € A, then

1
10|

f lu(x, )|dxdt > a|il, (6.11)
O/

for some a > 0.

Proof. Let A, A,&,7 be as in Proposition[6.20} and let ¢ € C2° (R**1;R) be such that supp (¢) = O, p=1in O,
and ¢ (x, 1) € (0,1) for every (x, ) € O\ O'. We define the following compactly supported perturbation:

Ze (x,1) = (Ug, R, 0) (x, 7)

= A(0) [e3¢(x, ) cos(w) .

By the result proven in Proposition part (a), we can say that z; is a solution of (6.4) for every € > 0.
Thanks to standard considerations on the product rule for derivatives, we can say that

€-x+rt)
£

’

ze (x, 1) = €3¢ (x, 1) A(D) cos (g) + Ze3Bk @) ¢ (x,1) Cx (0) cos(
k

where the operators By, Cy are matrix differential operators, and the Cy are of order zero, one, or two. Ap-
plying part (b) of Proposition we can deduce that

(§-x+rt) A (f-x+rt)
T sm|—|,

A(0)cos =—3
€ €

which in turn implies

=0(e),
[=(0)

2 (x, 1) — Ap (x, ) sin (#)

that is, z, can get arbitrarily close to the segment [-1,A] as € — 0.
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(v,u,0)

Figure 6.5: Londa localizzata (v, u,0) mappa un aperto O di R in un aperto "quasi colineare" a A.

To prove Item b} it is sufficient to note that in ',

’

zZe (x, 1) = Asin (#)

and therefore

1 k7 . (S x+TH e—0 . -
IO’Ifo/'uE(x’t)ldxdt: lo,|f/‘sm(T)‘dxdt—>Y|ul,

for some y > 0. It is then sufficient to select a@ < y/2 to prove the claim. O

6.6 Proof of Theorem/6.3!

Definition 6.22 (Subsolution Space). Let Q « R? be a bounded open set and & € L ([0, T1; L' (Q;R4\ 0)).
We define the subsolution space Xy for the Euler equations (E) as the set of triples

(w,R,q) eC™® (R*LRY x S xR),
such that
& supp (4, R,q) cQx[0,T],
o (u,R, q) is a solution of in R+,

o (u(x,t),R(x,1) € K\j"e(Tn a.e. inQx[0,T].

Remark 6.23 (Characterization of Subsolutions). The third condition in Definition is undoubtedly the
most difficult to interpret and verify. Fortunately, Proposition allows us to characterize this condition
through the simpler matrix inequality:

e(x,t)
ux,)eulx,t)—R(x,t) <

Id a.e. inQx|[0,T].

Taking the trace of the inequality above, we obtain an important and intuitive property of subsolutions:
their kinetic energy is strictly less than the prescribed energy profile.

lu(x, O1* < é(x,t). 6.12)

Remark 6.24 (Non-emptiness of the Subsolution Space). The subsolution space Xj is non-empty. Since é
is strictly positive in Q x [0, T] by hypothesis, the trivial state (u, R, g) = 0 is a valid subsolution, as it trivially
satisfies all three conditions.
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Definition 6.25 (Subsolution Closure). We define the space X as the closure of the subsolution space Xj
with respect to the weak-* topology of L*°:

X:= X_OLW .
Lemma 6.26 (Properties of the Subsolution Closure). The topological space (X,LS; — %) is metrizable, non-
empty, and compact. Furthermore, if a state (u, R, q) € X saturates the energy inequality, i.e.,

lux,n’>=éex,t) ae inQx[0,T],

then the pair (u, p) with p := q - % |ul? is a weak solution to the Euler equations and is identically zero
outside of Q x [0, T.

Proof. i) Since 0 € X, we immediately obtain that X # @.

ii) Since X is a closed and bounded subset of L* (Q x [0, T1), by the Banach-Alaoglu theorem it is compact
and metrizable with respect to the L, — x topology.

iii) Suppose (u, R, g) € X is such that |u|* = ¢ a.e. in Q x [0, T]. We now define the matrix
e
M:= u®u—R—c—lld.

Since (u, R, q) is a weak-* limit of elements in Xy, and for every element in X the corresponding matrix
M is negative semi-definite, this property is preserved in the limit. Thus, M < 0.

Furthermore, M is symmetric and therefore diagonalizable, with real eigenvalues . and corresponding
eigenvectors wy. The trace of M is

é ) |ul?
tr(M) =tr(u®u) —tr(R) —tr ald = |ul —O—dTZO.

Since the trace is the sum of the eigenvalues, }_ yx = 0. If any eigenvalue u; were non-zero, then since
all uy < 0, there would have to be another eigenvalue p; < 0. But this would make the sum strictly
negative, a contradiction. The only possibility is that all eigenvalues are zero, which implies M is the

zero matrix. We deduce that )

u
R=u®u—%ld a.e. inQx[0,T],

which, by Lemma implies that the pair (, p) is a weak solution to (6-I), concluding the proof.
O

The kinetic energy profile é therefore completely distinguishes solutions from subsolutions. The method-
ology we will use to prove the main theorem is as follows:

& We consider a subsolution zg = (uo,Ro, qo) € Xp. Since zj is a subsolution, by applying the inequality
(6.12), we deduce in particular that |1 |2 < &. We therefore want to "add kinetic energy" to the subsolution
up in the following manner: for each k € N, we define

uy = ugp +localized oscillations with frequency k,

k—o0

such that up and

o 2 2

h]?l(l)gf ” Ug ||L2(QX [0,T]) > ” Uy ”LZ Qx[0,T)

o We add kinetic energy to 1, while always remaining inside the subsolution space Xy. Geometrically, this
membership can be interpreted, thanks to the result of Proposition by ensuring that for each k,

(ug (x, 1), Ry (x, 1)) EK\C/(;(T)

We can therefore perturb a subsolution, but not so much that the addition of an oscillatory element
causes the state to no longer be a subsolution.
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o The final goal is thus to construct a sequence of subsolutions (i) such that

k—
lug (x, 1))? —=

ée(x,t) ae inQx[0,T].

Thanks to the result of Lemmal6.26} we conclude that the limit points of the sequence (1) (if they exist)
are weak solutions to (6.1).

Definition 6.27 (Weak-* Metric). We define d}, as the metric induced by the LSS — % topology on X, such
that (X,d%) is a complete metric space.

Definition 6.28 (Baire Class 1 Function). Let X, Y be two Banach spaces. Amap J: X — Y is a Baire class 1
function if it is the pointwise limit of a sequence of continuous functions.

Lemma 6.29. If ] is a Baire class 1 function, then its set of points of continuity is a residual set (a countable
intersection of open dense sets).

Lemma 6.30 (The Identity Map is Baire-1). The identity map
I:(X,d%) — L2 (RYY),
is a Baire class 1 function.

Proof. For each € > 0, let n, be a standard spacetime mollifier, 1. (x, t) = g~ @+

z=(u, R, q) € X, we have by standard properties of mollification that

n(x/e,t/€). For any state

LZ (Rd+1)
e—0

Ne* 2

Let us consider a sequence zy = (uk,Rk, qk) such that z; X zin L. For any fixed € > 0, convolution is a
continuous operation with respect to this topology, so

2

ng*zkk Ne X 2.

—00

Therefore, the family of continuous maps

I (X,d%) — L% (R*Y)

Z—Me*2Z
approximates the identity map I pointwise as € — 0. O
CLaM: If z = (u, R, q) € X is a point of continuity of the identity map I, then
lu(x,)*=é(x, 1) ae inQx0,T].

¥
If the Claim is therefore true, then by Lemma [6.26], every point of continuity of the identity map I :
(X,d%) — L? (R**!) will be a solution to (6.I). We also know that X is non-empty, and thanks to Lemmal6.29]
we deduce that the set of continuity points is a residual set. This implies that almost every element of X is a
weak solution to (6.I), thus concluding the proof of the Main Theorem.
Let us now prove the Claim. Suppose that z is a point of continuity of I. This implies that there exists a
sequence (zx); < X such that

Zk X zin L™, and I(z;) — I(2) in I2.
By definition, each zj = (uk, Ry, qk) € C° and is a solution to the relaxed system (6.4), thus

0ruy + divRy +Vqgi =0.
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With some algebraic manipulation, this equation is equivalent to

g |2

atuk+div(uk®uk)+v(qk— a4

. |ugel?
=div|ur ® ugp — Ry — Id|.

=Pk =Ji

By hypothesis, zx — z in 2. Since z = (1, R, ) is a solution to (6.I), we know from Lemma|6.26|that (1, R) €
K,ie,R=u®u- %Id. The strong L? convergence therefore implies that the term

2 2
u u
el - veu—r- " 1a=0
a d

Ur ® U — Ry —
in the sense of distributions. Thus, the forcing term f; — 0 in H~ for any sufficiently large N.

The following result, which we will refer to as the "oscillatory lemma," is a technical result that is essen-
tial for the proof of the Claim. We postpone its proof for now.

Lemma 6.31 (Oscillatory Lemma). There exists a constant 3 > 0 such that for every subsolution zo = (uo, Ro, qo) €

Xo, there exists a sequence (zx) . = (uk, Rk, q) « € Xo with the properties that zy. = zo in L and

2 2 ~ 22
luel2, > luol2, + B2l — luplZ,)”

Remark 6.32. Lemma [6.31|states that every strict subsolution zy € Xp can be perturbed by a weakly con-
verging sequence that increases the kinetic energy.

Assuming Lemma holds, we use it to prove the Claim, which in turn will complete the proof of
the Main Theorem. Suppose for now that z = (&, R, g) is a point of continuity for the identity map I. Let
(zr)r € Xp be a sequence that converges weak-* to z. For each k, we can apply the oscillatory lemma to find
asequence zi, j = (uk j» B, j» 4k, j) that converges weak-* to zy as j — co. The lemma guarantees that

k11 = Nkl + B (el — luel2,)?, (6.13)

for every j € N. We now define a diagonal sequence (Z); by setting Zy := zj ;. This sequence converges
weak-* to z as k — oo. Using the inequality (6.13) with j = k, we obtain

~ _ 2
NaaelZs > lluel?, + B (I8l — luel?.)™ (6.14)

By hypothesis, z € X is a point of continuity for the identity map I. Since both sequences (Zy); and (zy)y
converge weak-* to z, their images under I must converge in L? to I (z). We can therefore take the limit as
k — oo in (6.14) to get
~ 2
luliZ, = lulZ, + (el —lul?,)”. (6.15)
This inequality holds if and only if ||&]| ;1 = || ulliz. However, since u is the weak-* limit of elements from X,
and every element of Xy must satisfy the inequality (6.12), we also know that |lul? <eae.in Qx [0, T]. Com-

bining these two conditions implies that |u|?> = é a.e., and the proof of Theoremis complete, pending the
proof of the oscillatory lemma.

6.6.1 Proof of the Oscillatory Lemma (Lemma|6.31)

This proof is the main technical block of the theory developed in these notes. We note that the theory
developed in 22, Section and ?? will be used exclusively in the present proof, which in turn forms the
basis for the proof of the Main Theorem, as we have seen in Section|[6.6]

Let us therefore define
m:= inf velx,t).
(x,)EQX[0,T] (6, 1)

By the hypotheses of the Main Theorem, we have m > 0. This technical assumption will be important later.
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Step 1. Let zp = (uo,Ro, qo) € Xp. By the result of Lemma ‘ for every (x,t) € Q x [0, T] there exists a
direction
Ax, ) =(a(x,0,R(x,1),0),
in the A-cone for which
Zo(x, )+ A(x,1) € K&

and furthermore
16, 0] > e (2.6, )~ 0 (3, D12) > = (&3, ) = Lt (x, D). (6.16)
Ve(x, ) m
Step 2. We want to prove that there exists a § > 0 such that
s dist (200, 0,0K5 ) > 6 > 0. 6.17)

Since zg = (uo,Ro, qo) € Xp is a subsolution, we know it has compact support in Q x [0, T]. In particular,
zo is identically zero on the boundary 8 (Q x [0, T]). Furthermore, for any y = (x, t) € 8 (Q x [0, T]), we have
zo (¥) =0, and since &(y) > m?* > 0, the origin is in the strict interior of the admissible set, i.e., 0 € K

Vew)

By the uniform continuity of z, and ¢, there exists a small neighborhood of the boundary, V; = Uyeax(o,7) Bs (¥),
such that for all points inside this neighborhood, zy remains close to the origin and thus uniformly away
from the boundary of the admissible set.

We now consider the compact set w := Q x [0, T]\ V5. The image zo (w) is a compact set. By the defi-
nition of a subsolution, this image is contained within the open set K*° := Uy, pew K*° - A compact set

velx,t
contained in an open set has a strictly positive distance from the boundary of the open set. Therefore, there

must exist a 6 > 0 such that i
dist (2o (@),0K*°) > 5.

This uniform lower bound holds on w and, by construction, also on V5, which proves (6.17).

Step 3. We select a point (xg, fy) € Q x [0, T] and choose a direction A (xy, fp) € A in the canonical manner as
was done in Step 1.
For a fixed point (xo, fp) € Q x [0, T], we can say that
-CO
20 (X(), tO) + A (xO’ tO) € K\/my
and furthermore, thanks to the result of Lemma and the inequality (6.17);

)
velxo, ) \/é(xo,to)) = E (6.18)

We now note that, since zy and € are uniformly continuous in Q x [0, T], the map

. 1 .
dist (Z() (X0, o) + A (xo, to) ,GKCO ) > E dist (Z() (xo, to), 0K

(x, 1) — dist(Zo (x, 1) + A (xo, t0) aK\C/Oe(Tr)) ’

is also uniformly continuous in Q x [0, T]. We can therefore deduce that there exists an € > 0 such that for
every (x, t) with [x — xo| + £ — f] <€,

)
\/e(x,t)) Z Z

This means we can locally perturb a subsolution in a single direction from the A-cone, independent of the
point (x, t) in a small neighborhood, and still remain a subsolution.

Let us consider a radius r > 0 sufficiently small so that B, (xg, o) < Q x [0, T]. Thanks to the result of
Lemma there exists a state z, = (u,, R, qr), which is a solution of with support in B; (xy, %). Fur-
thermore, the image z, (B; (xp, £p)) is contained in an e-neighborhood of the segment [—-A (xy, fo), A (X0, to)].
Therefore, if € is sufficiently small, I can deduce that

dist (zo (x, 1) +A(xg, fo), K<

| : 5
dist (zo (x, )+ 2z, (x,1) ,OK\C/Oé(xﬁ) > 3

and applying the inequality (6.11), we obtain

f ey (x, B dxd > @i (xo, o) 1By (<o, 10)]. (6.19)
Br(xovt())
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Step 4. Since uy is a subsolution in Q x [0, T, applying the inequality we obtain

é(x, 1) —up (x,1)* >0,

for almost every (x,1) € Q2 x [0,T].  CLAIM: There exists an 1 > 0 such that the energy gap is uniformly
bounded below:
sup  {é(x, 0 —lup(x,01*} =n>o0. (6.20)
(x,)€Qx[0,T}
.l.

Proof. Suppose this is not true. Then there exists a sequence (yx), < Q x [0, T], converging to a point j €
Q x [0, T], such that
&(ye) ~|uo (yi)|” — 0.

Since uy is a subsolution, it is uniformly continuous and identically zero on the boundary 9 (Q x [0, T1).
Furthermore, the prescribed energy is strictly positive, &(y) > m? > 0. If the limit point j were on the
boundary, we would have 1y (7) = 0, and the limit would be é(j) = m? > 0, a contradiction. Therefore, the
limit point must be in the interior, j € Q x [0, T].

By continuity, this implies that at the limit point, &(j) = |uo (7 )| . This contradicts the strict inequality
required for a subsolution in Xjp. O

Since e and u, are uniformly continuous, we can consider ry to be the modulus of continuity of the
function & — |ug|? associated with the constant 7 from the claim. There exists a finite covering of Q x [0, T}
by balls

N .
(Brj (xj, tj))jzl ) with (xj, tj) € Qx[0,T] and rj€(0,r9).
Furthermore, using Equation we can deduce the following inequality, valid for every (x, 7) € By, (x i tj):
&(x, 1) —luo (x, 1% < & (x;, ;) = |uo (x}, £)[* +7
2
<2( e(xj,tj) = [uo (x), )] )
Therefore,

N
f (e(x, 1) = lug (x, 1) )dxdt Z (é(x, ) —lup (x, t)lz)dxdt
Qx[0,T] -
(6.21)

< ZjZZI (é(xj’ ) = [uo (x;, 1)) ) | By, (), )] -

At this point, we fix k € Nlarge enough such that 1/k < min {rg, e} and select a family of balls { By, , (x, ;, t, j)}j
with radii ry, ; < 1/k for which holds. Then, for each ball B, ; (x, j, t, ), we consider

Zk,j = (uk,j;Rk,j»qk,j)y

a solution to (6.4) localized in By, ; (x,j, tx,j), with an oscillation collinear to the direction A (xy j, t, ;), as
was done in the previous Step. We define

Zk = (uk,Rk, qk) =20+ sz,j'
J

which is an element of X since the supports of z ; are disjoint. Thus,

f lug (x, 1) — ug (x, t)ldxdtsz |uk,j (x, )| dxdt
Qx[0,T] j B’k,j (xk,j,tk,j
6.11) )
> a) | (xk,j tieg)| [ Bry (%, th, )]
j
(6.22)
- Ca
z( (k.2 t1.7) = [1t0 (o 1)) [ B (g0 1)
- Ca

(é(x, 1) lug (x, I*) dxdt.
2m Qx[0,T]
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* . .
We note that z; — zo, since the perturbations zi, ; have zero mean. Therefore,

. 2 _ 2 o s 2

2 i, 2
=|lu +liminf| ug —
luolz. +Hminfuy — uoll, (6.23)

2
2 —1 (150
2 lluolly> +1<2x [0, T1 hlgnlnfll up — ol
—00

Combining the inequalities (6.22) and (6.23), we obtain

2,2
HminflluglZ, > luol? + —s——— (el — luol%,).
minflluelf, > ol + oo (12l — ol
By defining
C%a?
=——F>0,
h 4m?|Q x [0, T]|

we conclude the proof. O
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