


•



𝑘 𝑛

𝑘

𝑌1 ⋯ 𝑌𝑘

𝒕𝟏 𝑦11 ⋯ 𝑦𝑘1

𝒕𝟐 𝑦12 ⋯ 𝑦𝑘2

⋮ ⋮ ⋮

𝒕𝒏 𝑦1𝑛 ⋯ 𝑦𝑘𝑛







o

o







𝑡
𝑡 − 1



una componente che varia lentamente nel tempo e che essenzialmente determina il livello della
serie

una o più componenti periodiche, ovvero che si ritrovano uguali o quasi a distanza
fissa nel tempo

che determina nella serie delle
oscillazioni tipicamente di breve periodo. Normalmente può essere assimilato ad un processo
stocastico stazionario

𝑌𝑡 = 𝑓 𝑇𝑡 , 𝑆𝑡 , 𝑒𝑡 𝑡 = 1,… , 𝑛











 𝑡𝑛 𝑡 >

𝑡𝑛

 𝑘 = 2

• 𝑦1𝑡 𝑦2𝑡
• 𝑦1𝑡
• 𝑦2𝑡 𝑦2𝑡

ℎ 𝑡





















 𝑡𝑖 − 𝑡𝑖−1 = Δ









𝑌
𝑡

•

•





𝜌𝑘 𝑘

𝜌𝑘 𝑘

±1.96 1/𝑁













ො𝑦𝑡 = 𝑀𝑒
𝑦𝑖 + 𝑦𝑗

2
𝑖 < 𝑗







𝑌𝑡 𝑌𝑡−𝑟 𝑌𝑡+𝑟
2𝑟 𝑌𝑡

𝑚𝑡

𝑡
𝑌𝑡 −𝑚𝑡 ≤ 𝜏 𝑌𝑡 −𝑚𝑡 > 𝜏

𝑌𝑡

𝑌𝑡 = 𝑚𝑡 .

𝑡2 𝑡1 𝑡1
𝑡2



𝑡 − 𝑟 𝑡 + 𝑟 𝑡 𝜇1
𝑡 − 𝑟 𝑡 + 𝑟 𝑡 𝜇2

𝑡
𝑝 = 2𝑟 + 1 𝑝 − 1 = 2𝑟



𝑡 =
𝜇1 − 𝜇2

𝑠1
2

𝑝
+

𝑠2
2

𝑝 − 1

𝜈 =
1

𝑐
𝑝 − 1

+
1 − 𝑐 2

𝑝 − 2

𝑐 =

𝑠1
2

𝑝

𝑠1
2

𝑝
+

𝑠2
2

𝑝 − 1



𝑝



• 𝑆𝑡
• 𝑇𝑡
• 𝑒𝑡

𝑌𝑡 = 𝑓 𝑇𝑡 , 𝑆𝑡 , 𝑒𝑡
𝑇𝑡 , 𝑆𝑡



•

𝑓
•

𝑓

𝑌𝑡 = 𝑇𝑡 + 𝑆𝑡 + 𝑒𝑡

𝑌𝑡 = 𝑇𝑡 𝑆𝑡 𝑒𝑡







𝑇𝑡 𝑆𝑡 𝑒𝑡 𝑦𝑡
𝑇𝑡 𝑦𝑡

𝑆𝑡 𝑒𝑡



𝑦𝑖
𝑦𝑖 𝑦𝑖

𝑦𝑖−1 𝑦𝑖+1



 𝑡 𝜔 𝑋 𝑡, 𝜔
 𝜔 𝑡 𝑋 𝑡, 𝜔
 𝑡 𝜔 𝑋 𝑡, 𝜔
 𝑡 𝜔 𝑋 𝑡, 𝜔



o

o

o

𝑡
𝑥𝑡−1, 𝑥𝑡−2, …



𝑌𝑡 = 𝛽0 + 𝛽1𝑋1 +⋯+ 𝛽𝑘𝑋𝑘 + 𝜀𝑡
o

o 𝑌 𝑋1, … , 𝑋𝑘
o 𝑟

𝑋𝑡 = 𝛼 + 𝜙1𝑋𝑡−1 +⋯+ 𝜙𝑘𝑋𝑡−𝑘 + 𝜀𝑡
o

o 𝑋
o



𝑋
𝑋𝑡

𝐿

𝐿1𝑋𝑡 = 𝑋𝑡−1
𝐿2𝑋𝑡 = 𝑋𝑡−2
𝐿3𝑋𝑡 = 𝑋𝑡−3
…
𝐿𝑝𝑋𝑡 = 𝑋𝑡−𝑝

𝑋𝑡 𝑋𝑡−1 𝑋𝑡−2 𝑋𝑡−3

𝑋1

𝑋2 𝑋1

𝑋3 𝑋2 𝑋1

𝑋4 𝑋3 𝑋2 𝑋1

𝑋5 𝑋4 𝑋3 𝑋2



o

o

𝑋 𝑡

Δ𝑋𝑡 = 𝑋𝑡 − 𝑋𝑡−1

Δ𝑋 𝑋 𝑋

Δ𝑋𝑡 = 𝑋𝑡 − 𝐿𝑋𝑡 = 1 − 𝐿 𝑋𝑡



𝑋𝑡 − 𝑋𝑡−1
𝑋𝑡−1

𝑋𝑡 − 𝑋𝑡−1
𝑋𝑡−1

≈ log𝑋𝑡 − log 𝑋𝑡−1 = Δlog𝑋𝑡

𝑋𝑡 log 𝑋𝑡







𝑡 𝑡 − 𝑘

𝐸 𝑋𝑡 = 𝐸 𝑋𝑡−𝑘 = 𝜇
𝑉𝑎𝑟 𝑋𝑡 = 𝑉𝑎𝑟 𝑋𝑡−𝑘 = 𝜎2

𝐶𝑜𝑣 𝑋𝑡 , 𝑋𝑡−𝑘 = 𝐶𝑜𝑣 𝑋𝑡−𝑗 , 𝑋𝑡−𝑘−𝑗 = 𝛾𝑘





𝑋𝑡 𝑋𝑡−𝑘

𝜌𝑘 =
𝐶𝑜𝑣 𝑋𝑡 , 𝑋𝑡−𝑘

𝑉𝑎𝑟 𝑋𝑡
=
𝛾𝑘
𝛾0

−1 ≤ 𝜌𝑘 ≤ 1
𝜌𝑘 = 0 →
𝜌𝑘 = 1 →
𝜌𝑘 = −1 →



𝑋𝑡 𝑋𝑡−𝑘
𝑋𝑡 𝜌𝑘 𝑋𝑡 𝑋𝑡−𝑘

𝐼𝑡 = 𝑋𝑡−1, 𝑋𝑡−2, …𝑋𝑡−𝑘+1
𝐴𝑘

𝐴𝑘 = 𝑐𝑜𝑟𝑟 𝑋𝑡 , 𝑋𝑡−𝑘|𝐼𝑡

𝐴𝑘 =
𝐐𝑘

𝐏𝑘

𝐐𝑘 =

1 𝜌1 ⋯ 𝜌1
𝜌1 1 ⋯ 𝜌2
⋯ ⋯ ⋯ ⋯
𝜌𝑘−1 𝜌𝑘−2 ⋯ 𝜌𝑘

𝑷𝑘 =

1 𝜌1 ⋯ 𝜌𝑘−1
𝜌1 1 ⋯ 𝜌𝑘−2
⋯ ⋯ ⋯ ⋯
𝜌𝑘−1 𝜌𝑘−2 ⋯ 1

𝐏𝑘











𝑋𝑡 𝑋𝑡 = 𝜀𝑡

𝐸 𝑋𝑡 = 0
𝑉𝑎𝑟 𝑋𝑡 = 𝜎2

𝐶𝑜𝑣 𝑋𝑡 , 𝑋𝑡−𝑘 = 0





 𝜀𝑡



𝑋𝑡 = 𝜙1𝑋𝑡−1 + 𝜀𝑡
𝑋𝑡 = 𝜙1𝑋𝑡−1 + 𝜙2𝑋𝑡−2 + 𝜀𝑡

𝑋𝑡 = 𝜙1𝑋𝑡−1 + 𝜙2𝑋𝑡−2 +⋯+ 𝜙𝑝𝑋𝑡−𝑝 + 𝜀𝑡

𝑝 𝑡 𝑝

 𝜀𝑡
 𝜙

 𝜙



𝑋𝑡 = 𝜀𝑡 − 𝜃1𝜀𝑡−1
𝑋𝑡 = 𝜀𝑡 − 𝜃1𝜀𝑡−1 − 𝜃2𝜀𝑡−2

𝑋𝑡 = 𝜀𝑡 − 𝜃1𝜀𝑡−1 −⋯− 𝜃𝑞𝜀𝑡−𝑞

𝑞 𝑞

 𝜀𝑡
 𝜃



𝑋𝑡 = 𝜙1𝑋𝑡−1 + 𝜙2𝑋𝑡−2 +⋯+ 𝜙𝑝𝑋𝑡−𝑝 + 𝜀𝑡 − 𝜃1𝜀𝑡−1 −⋯− 𝜃𝑞𝜀𝑡−𝑞



𝜙1 > 0 𝑘 > 1

𝜙1 < 0 𝑘 > 1

𝑘 > 𝑝

𝜃1 > 0 𝑘 = 1 𝑘 > 1

𝜃1 < 0 𝑘 = 1 𝑘 > 1

𝜙1 > 0 𝜃1 > 0

𝜙1 > 0 𝜃1 < 0

𝜙1 < 0 𝜃1 > 0

𝜙1 < 0 𝜃1 < 0

𝑘 > 𝑞 𝑘 > 𝑝





𝜙1 > 0 𝑘 > 1

𝜙1 < 0 𝑘 > 1

𝑘 > 𝑝

𝜃1 > 0 𝑘 = 1 𝑘 > 1

𝜃1 < 0 𝑘 = 1 𝑘 > 1

𝜙1 > 0 𝜃1 > 0

𝜙1 > 0 𝜃1 < 0

𝜙1 < 0 𝜃1 > 0

𝜙1 < 0 𝜃1 < 0

𝑘 > 𝑞 𝑘 > 𝑝



𝑋𝑡 = 𝜙1𝑋𝑡−1 + 𝜀𝑡

𝑘 = 1
𝑋𝑡−1 𝑋𝑡−2 𝑋𝑡

𝑋𝑡−2 𝑋𝑡 𝑋𝑡−𝑘
𝑘 = 1



𝑋𝑡 = 𝜙1𝑋𝑡−1 + 𝜀𝑡

𝜙1

𝜙1



𝑋𝑡 = 𝜙1𝑋𝑡−1 + 𝜀𝑡

𝜙1

𝜙1



𝑋𝑡 = 𝜙1𝑋𝑡−1 + 𝜙2𝑋𝑡−2 + 𝜀𝑡

𝜙1 𝜙2

𝜙1 𝜙2



𝑋𝑡 = 𝜙1𝑋𝑡−1 + 𝜙2𝑋𝑡−2 + 𝜀𝑡

𝜙1 𝜙2

𝜙1 𝜙2



𝜙1 > 0 𝑘 > 1

𝜙1 < 0 𝑘 > 1

𝑘 > 𝑝

𝜃1 > 0 𝑘 = 1 𝑘 > 1

𝜃1 < 0 𝑘 = 1 𝑘 > 1

𝜙1 > 0 𝜃1 > 0

𝜙1 > 0 𝜃1 < 0

𝜙1 < 0 𝜃1 > 0

𝜙1 < 0 𝜃1 < 0

𝑘 > 𝑞 𝑘 > 𝑝



𝑋𝑡 = 𝜀𝑡 − 𝜃1𝜀𝑡−1

𝜃1

𝜃1



𝑋𝑡 = 𝜀𝑡 − 𝜃1𝜀𝑡−1

𝜃1

𝜃1



𝑋𝑡 = 𝜀𝑡 − 𝜃1𝜀𝑡−1 − 𝜃2𝜀𝑡−2

𝜃1 𝜃2

𝜃1 𝜃2



𝜙1 > 0 𝑘 > 1

𝜙1 < 0 𝑘 > 1

𝑘 > 𝑝

𝜃1 > 0 𝑘 = 1 𝑘 > 1

𝜃1 < 0 𝑘 = 1 𝑘 > 1

𝜙1 > 0 𝜃1 > 0

𝜙1 > 0 𝜃1 < 0

𝜙1 < 0 𝜃1 > 0

𝜙1 < 0 𝜃1 < 0

𝑘 > 𝑞 𝑘 > 𝑝



𝑋𝑡 = 𝜙1𝑋𝑡−1 + 𝜀𝑡 − 𝜃1𝜀𝑡−1

𝜙1 > 0 𝜃1 < 0 𝜙1 < 0 𝜃1 < 0

𝜙1 > 0 𝜃1 > 0 𝜙1 < 0 𝜃1 > 0



𝜙1 > 0 𝑘 > 1

𝜙1 < 0 𝑘 > 1

𝑘 > 𝑝

𝜃1 > 0 𝑘 = 1 𝑘 > 1

𝜃1 < 0 𝑘 = 1 𝑘 > 1

𝜙1 > 0 𝜃1 > 0

𝜙1 > 0 𝜃1 < 0

𝜙1 < 0 𝜃1 > 0

𝜙1 < 0 𝜃1 < 0

𝑘 > 𝑞 𝑘 > 𝑝







𝑋𝑡 = 𝑋𝑡−1 + 𝜀𝑡

𝑋𝑡 − 𝑋𝑡−1
1 − 𝜙1𝐿 − 𝜙2𝐿

2 −⋯− 𝜙𝑝𝐿
𝑝 1 − 𝐿 𝑑𝑋𝑡 = 1 + 𝜃1𝐿 + 𝜃2𝐿

2 +⋯+ 𝜃𝑝𝐿
𝑝 𝜀𝑡











𝜌𝑘 𝜆𝑘















𝐶 = −2𝐿 𝜃 + 𝑐 𝑘, 𝑇
𝐿 𝜃 è la log-verosimiglianza calcolata in corrispondenza del valore stimato per il vettore dei

parametri del modello, 𝑘 𝑇
𝑐 𝑘, 𝑇 𝑘

𝑐 𝑘, 𝑇 = 𝑘 log 𝑇



ො𝑦𝑡

𝑟𝑡 = 𝑦𝑡 − ො𝑦𝑡

𝑒𝑝 𝑡 + ℎ
𝑒𝑝𝑡+ℎ = 𝑦𝑡+ℎ − 𝐹𝑡+ℎ



 𝑦1, 𝑦2, … , 𝑦𝑁


𝑦1, 𝑦2, … , 𝑦𝑚 𝑚 < 𝑁
 1 𝑚

𝑦1, 𝑦2, … , 𝑦𝑚
 𝐹𝑚+1, 𝐹𝑚+2, … , 𝐹𝑁

𝑦𝑚+1, 𝑦𝑚+2, … , 𝑦𝑁




𝑟𝑡
𝑒𝑝𝑡

𝑀𝐸 =
1

𝑚
෍

𝑡=1

𝑚

𝑟𝑡 𝑀𝐸 =
1

𝑁 −𝑚
෍

𝑡=𝑚+1

𝑁

𝑒𝑝𝑡

𝑀𝑆𝐸 =
1

𝑚
෍

𝑡=1

𝑚

𝑟𝑡
2 𝑀𝑆𝐸 =

1

𝑁 −𝑚
෍

𝑡=𝑚+1

𝑁

𝑒𝑝𝑡
2

𝑀𝐴𝐸 =
1

𝑚
෍

𝑡=1

𝑚

𝑟𝑡 𝑀𝐴𝐸 =
1

𝑁 −𝑚
෍

𝑡=𝑚+1

𝑁

𝑒𝑝𝑡



𝑀𝐴𝑃𝐸 =
100

𝑚
෍

𝑡=1

𝑚
𝑟𝑡
𝑦𝑡

𝑀𝐴𝑃𝐸 =
100

𝑁 −𝑚
෍

𝑡=𝑚+1

𝑁
𝑒𝑝𝑡
𝑦𝑡




