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Chapter 3

Waves in the ocean

In this chapter we describe the general solution and dynamics of shallow-
water waves and try to put them into a wider context, emphasizing their
role in the ocean circulation and the coupled ocean-atmosphere system.

We will look for wave solutions of the shallow-water equations on the
f-plane and B-plane. A few solutions will appear, some have already been
discussed in different contexts, and some are new.

3.1 Poincaré Waves

We start by linearizing our shallow-water equations for a fluid h = H + 7
over a state at rest

u = u (3.1)
h = H+y (3.2)

so that our equations, after eliminating higher order terms, reduce to

ou B on
o ~fov = —g50 (3.3)
v B on

i +HV-u = 0 (3.5)

ot

A dispersion relation can now be obtained by looking for wave solutions
of the type

(u,0,17) = (1, vo, )& Kx Y= (3.6)
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into our linearized equations:

—ugiw — fovg = —gnoik 3.7)
—voiw + foug = —gnoil (3.8)
—Holw + H(ikl/l() + Z)()il) =0 (3.9)

Non-trivial solutions of the system exist only if the determinant is equal
to zero, so that

—iw —fo gik
fo —iw gil| =0 (3.10)
ikH ilH iw
and this is true if
wlw? — ¢ —gHEK* +1%)] =0 (3.11)

Now, there are a few interesting possible solutions for the frequency w.

The first case is
(3.12)

This solution describes a time-independent flow and the equations de-
scribe a geostrophically balanced flow.
The second possible solution is if

w? = fE 4 (k> +17) (3.13)

where ¢ = (gH)!/? is the gravity wave phase speed. The dispersion re-
lation describes wave solutions of superinertial flow (w > fy) which are
called Poincaré waves. From this solution we can highlight three possible
limiting cases (see Fig.[3.1).

First, the limit of no rotation, when fo = 0. The solution reduces to
= ¢?K? and the frequency solutions are

614

where K? = (k? + I2), which describe a classical gravity wave.
Second, the short wave limit, when K? > f2/(gH), which gives

w?

w? = 2K? (3.15)

again, the dispersion relation is that of the non-rotating case with phase
speed c. This is because

2r (gH)'/2
2 >>g_H T>>E AL f

27 (3.16)
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so that Ly > A, where L, is the Rossby radius Ly = (¢H)'/?/ f. Basically,
this solution looks like a gravity wave in a rotating case.
Third, the long wave limit, when K* < f2/(gH). In this case we have

w? = f& (3.17)

and therefore the Rossby radius is much smaller than the wave length,
Ly < A. In this limiting case, there is no space dependency, k = = 0, and
the surface elevation anomaly is also zero 17 = 0. The solution is

5 fo =0 (3.18)
v

and these are called inertial oscillations, circulating at the planetary fre-
quency w = f.

Poincare wave

L .
33
Gravity wave
Kelvin wave
0 Geostrophic flow (w = 0)
U 1 U U 1 1

5 -4 -3 -2 -1 0 1 2 3 4 5
KLg

Figure 3.1: Dispersion relation for Poincaré and Kelvin waves. The frequency is
scaled by f and the wavenumber by L. The black dot marks the inertial oscilla-
tions regime and the w = 0 is the geostrophic case.
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3.2 Kelvin Waves

Kelvin waves are a particular solution of the shallow water equations de-
scribing a gravity wave that exists in a rotating frame and with the help of
lateral boundaries. We could show Kelvin waves propagating in a chan-
nel, with two parallel boundaries, but for a start we will consider the case
of a single lateral boundary. The first assumption is that, if u = 0 at the
boundary, we could simply consider the zonal component of the velocity
zero everywhere. The meridional component is not zero at the boundary,
because the flow is frictionless. The linearized shallow water equations
are

_ o
v on
on Jv
5t Hy, =0 (3.22)

I _— _gZ= (3.23)

and using the momentum equation

0%v 0%v

which is the standard wave equation with phase speed ¢ = (¢H)!/2. The
solution to this is

v = Vjcosk(y —ct) + Vo cosk(y + ct) (3.25)

and the wave propagates along the meridional boundary. Substituting this
solution into the momentum equation we obtain a solution for 7

n= Vlé cosk(y — ct) — V2§ cosk(y + ct) (3.26)
which describes a propagating wave in terms of surface elevation. The
solution has been found for both v and # with no Coriolis term: this has

the characteristics of a non-rotating shallow water wave. The velocity is
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a =

Figure 3.2: For a system bounded to the west (x positive) the wave propagates in
the negative y direction, i.e. to the south. If x is negative this reverses so on the
eastern side of the basin the Kelvin wave propagates northwards. In the northern
hemisphere a Kelvin wave will keep the coast to its right as it pushed against it by
the Coriolis force.

in geostrophic balance with the pressure field, although it is a wave and

w ~ f.
The solutions in the x-direction are
vy = elfo/o)x (3.27)
Vo = e~ fo/o)x (3.28)

and remember that fy/c = L;l. The first solution grows exponentially
for positive x away from the meridional boundary, which is not physically
possible. We are then left with the following set of solutions

= e Licosk(y +ct) (3.29)
u =0 (3.30)
n o= —e_X/Ld§ cosk(y + ct) (3.31)
= —(H/g)"?e /M cosk(y + ct) (3.32)
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These are Kelvin waves. They are trapped by the meridional boundary
and decay exponentially away from it. The trapping spatial scale is given
by the Rossby radius, and for fy positive the boundary is at the right of
the wave propagation. Kelvin waves are balancing f against the wall,
which could be a topographic boundary or a waveguide such as the equa-
tor (Fig.[3.2).

Barotropic Kelvin waves are also tidal waves, propagating around an
amphidromic point .
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3.3 Planetary, or Rossby, waves

The time-dependent ocean circulation has an important impact on our cli-
mate due to the ocean large heat capacity. Any abrupt change, the intrinsic
variability and possible variations of the general circulation caused by the
atmospheric influence is fundamental in climate studies. Moreover, the
oceans are no longer considered passive in the atmosphere-ocean system,
but contribute to the production of the climate low-frequency variability
at interannual to decadal time scales (2??).

The discovery of Planetary waves by the solution of Laplace’s equation
as the second class waves dates back to the late nineteenth century by 2.
Later C.G. Rossby pointed out the characteristic of these waves, hence they
carry his name and are also called Rossby waves.

Since then, Rossby wave theory is well known (???) and is usually ap-
plied to an ocean at rest with uniform depth. Rossby waves owe their
existence to the meridional variation of the Coriolis force (the § effect) and
therefore propagate following an east-west waveguide, as the conserva-
tion of potential vorticity is their restoring force. These kinds of waves,
whose frequencies are considerably lower than those of gravity waves
and are subinertial (w < f), are also sometimes called quasigeostrophic
waves, with a dynamic evolution depending on the departure from geostro-
phy.

The generation of these waves is still not completely understood but
the main forcing is wind stress and buoyancy forcing, though the latter is
thought to act in a minor way, and upwelling-downwelling on the eastern
boundary (??).

The oceans are forced at the surface by the wind frictional stress and
Rossby waves appear to play a fundamental role in redistributing and dis-
persing large-scale time-varying energy in the ocean. The propagation
of Rossby waves towards the ocean interior under the influence of wind
stress results in establishing a Sverdrup balance in the basin, accumulating
energy in the western boundaries and intensifying currents there (??).

Due to the ubiquitous presence of Rossby waves in the world oceans
they influence ocean gyres and air-sea fluxes at all latitudes, affecting in
turn the atmospheric heat transport and circulation. They are believed
to provide teleconnections between the equatorial and middle latitudes
regions (?) as well as transhemispheric and interbasin communications
(?). Other major effects are the maintenance and intensification of western
boundary currents, transport of a large amount of heat and, because of
their time-scale, they play a key role in the climate system.

Rossby waves are very long waves so that the f-plane is not a good
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approximation anymore and we will build our solutions on the B-plane.
The frequency is going to be subinertial, w < f, and so they are close to
geostrophy.

Our set of equations is

d
~(fo+py)v = —g5- (3:33)
d
G tpn = g5 (3:39)
on ou Jdv\

Given that w < f, % < 1l and BL/fo < 1 we can approximate the mo-
mentum equations to a geostrophic flow

_ a7

—fov = —g5~ (3.36)
_ a7

fou = g5, (3.37)

and adding these geostrophic solutions to the shallow water equations

o a 89 g
foo = + By et oy (3.38)
0, 80y g o'
fou = g 3y + By fody  fo oot (3.39)

The first part of the momentum equations is that of a geostrophic flow
and the remaining is the small contribution from variations induced by
the ageostrophic component. The last terms will be responsible for the
propagation of Rossby waves.

Using continuity and (3.38)-(3.39) we arrive to

‘;’Z 120,V —5L2a’7 0 (3.40)

which is a leading order approximation to the potential vorticity equation
describing a quasi-geostrophic flow

_ d
o (V2 — L) + /3% =0 (3.41)
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Now we can look for Fourier type solutions in the form 1 = e’ ¥ +1y—«t)

Bk
T (R+2)+L2 (42

or alternatively

k
— _BL2
=P e e

(3.43)

Evidently, on the f-plane (B = 0) the solution reduces to a geostrophic
flow and no wave is allowed to propagate. The meridional gradient in f
is thus the restoring force for Rossby waves.

Two possible cases can be envisaged, setting | = 0.

First, that of short waves, where L < L; and therefore kL; > 1, for L a
typical scale of the wave length and k a typical scale of the wave number.
In this case the dispersion relation reduces to

k
w = —ﬁLﬁw = —é = —pL (3.44)

Given that we are on the B-plane approximation, fy < fo — BL < fo —
w < fo, confirming the subinterial period.
Second, waves could have very long wave length L > L orkL; <1

2 L3k B
w=—pLik = —p-t— < —7 = —pL (3.45)

and therefore w < fy. The period of Rossby waves is always subinertial.

3.3.1 Phase and group speeds

Keeping I = 0 and using the following scaling

w = &PLy (3.46)
%

_r 47

K L (3.47)

The dispersion relation takes the form

®/L,

2A2
1+ 125

WBLy = —BL (3.48)
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©=—L, = (3.49)

and for |&| = —1 the frequency takes the value |@| = —0.5 (see Fig.[3.3).
The phase speed of Rossby waves is easily computed (with [ = 0),

using (3.42)

_w_ P
V=% =BT (3.50)

it is always negative and larger for long waves .
For long Rossby waves, the phase velocity is approximated by

cp = w/x = —PLj (3.51)

which is strictly westward even if [ # 0.

w/(B Ly)
(Cp, Cg)/(BL2)

Figure 3.3: Rossby wave dispersion relation, phase and group speeds. Phase
velocities, Cp, are always westward. Group velocities, Cq, are westward for long
waves (k < —1) and eastward for short waves (x > —1). The cutoff frequency is
set at BL;/2.
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The phase speed is always negative but is the energy flux always di-
rected westward? this does not seem possible.

The group velocity is obtained by differentiating the dispersion rela-
tion

B Jw Jdw

cg = (5,0 5p) = B0 =P = L% 2)/ (@ + P+ L%)2 (352)

or, by setting [ = 0
P — L,
Cg= ——5—
S+ L)

By setting k = 0, group and phase velocities are now equal ¢, = ¢ =
—BL? (see Fig. , and long waves are therefore non-dispersive.

If | # 0 the dispersion relation takes the form of the dispersion diagram
in Fig. The group velocity, the gradient of the frequency in wavenum-
ber space, is normal to the contours and inversely proportional to the spac-
ing between contours. The hyperbola separating waves with eastward and

westward group velocity is shown by the dashed line and is x? = [? + Ld_z.
Frequency contours reduce to a single point when w = 0.58L; and ¥ = L;.

(3.53)
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KLy

Figure 3.4: Rossby wave dispersion diagram. Contours are of frequency in units
of B Ly. The group velocity, the gradient of the frequency in wavenumber space,
is normal to the contours and inversely proportional to the spacing between con-
tours. The hyperbola separating waves with eastward and westward group veloc-
ity is shown by the dashed line and is k> = 1> + L;z. Frequency contours reduce
to a single point when w = 0.5BL; and x = L.
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3.3.2 Quasi-geostrophic Rossby waves

In order to obtain and describe the Rossby wave solutions, we consider
the linearised quasi-geostrophic (QG) potential vorticity equation (?):

orqi + J (i, q:) =0, (3.54)

where [(a,b) = ayby — ayby is the Jacobian and ¢ the stream function.

Introducing a plane wave solution of the type ¢ = ¥e/(** =% into (3.54)
we naturally obtain the dispersion relation for Rossby waves, showing
their basic characteristics (??)

Bk
(k2 412) 4+ L2

where w is the frequency, k and [ are the horizontal wavenumber, 8 is the
meridional variation of the Coriolis parameter and L; the Rossby radius
(C2/f?). Tt is clear that Rossby waves have westward phase velocities (of
the order of a few cm/s) and that these are increasing toward the equator
(where equatorial wave theory holds) with a maximum speed C, = BL3.
Group velocities, Cg, in the case of long waves, are westward and the
waves are nondispersive (C; = Cp), while short waves propagate east-
wards but with very slow speeds.

Another remarkable feature of the planetary wave dispersion relation
is that not all frequencies exist, with a cutoff frequency at 38L;.

Besides the horizontal problem, the vertical one is of great importance.
Using a normal mode representation (?), separating the vertical and hor-
izontal structure, we find an infinite set of solutions (or normal modes).
The zeroth is the barotropic one, almost vertically independent and very
rapid; the other solutions, or modes, are called baroclinic with decreas-
ing phase speeds and increasing oscillation in the vertical. A first-mode
baroclinic Rossby wave takes months to years to cross an ocean basin, de-
pending on the latitude.

A 3-layer model

In the case of a 3-layer ocean, the potential vorticities are given by

m = Vi1 + By —Fu(¢r— )
72 Vi + By — Fa1 (Y2 — 1) — F2(v2 — ¢3)
g3 = Vi3+ By — F(Ps — o),
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where Fy,, = f¢/(Hng,) and g/ and H; are the reduced gravities and layer
depths respectively.

For this 3-layer system, substitution of a plane wave solution leads to
a generalised eigenvalue problem of the form AY = wBY, or explicitly:

g1 0 O (2] -Gy 1 0 [}
0 ‘BZ 0 P =w G, —Gj 1 P |,
0 0 B3 P3 0 1 —Gy P3

where ﬁl = (k‘B)/Pll, ‘32 = (k‘B)/Fzz, ‘33 = (k,B)/ng and G1 = (K2 +
Fi1)/Fi1, Gy = Fn/Fxn, Gs = (K2 + Fo1 + F)/Fp, G4 = (K* 4 F)/Fx,
where K? = k? + 12,

The solution of the system is plotted in Fig[3.5/and it describes the ba-
sic properties of Rossby wave propagation. In fact, for the 3-layer system,
the dispersion relation is found on the upper panel and both phase and
group velocities on the bottom panel of Fig3.5l We can distinguish the
barotropic mode with increasing frequencies towards long wavelengths,
very fast phase speeds and positive (eastward) group velocities. The baro-
clinc modes have smaller frequencies, their phase velocities are always
westward but their group velocities turn from westward to eastward at
the point of maximum frequency

kLy = |1|and w(BLy) ! = |0.5] (3.55)

where the group velocity is zero. Therefore, long baroclinic waves direct
their energy westward while short waves direct it eastward. This means
that, in the limit of long wavelengths, the phase and group speeds are
the same and the waves are nondispersive. On the other hand, for short
waves phase and group speeds differ and the waves are dispersive. The
maximum group and phase velocity (C, = Cq = —BL3) are attained for
long waves, they are to the west and can be found on the axis origin of the
dispersion relation.

The system could be extended to an N-layer or even to a continuously
stratified ocean. In every case, the solutions obtained are one barotropic
and N-1 baroclinic modes of decreasing phase speeds. This method of
analysis is called the normal modes method, in which the ocean is decom-
posed into an infinite set of solutions (or modes): one barotropic (or exter-
nal) and the remaining baroclinic (or internal).
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Figure 3.5: Upper panel: the dispersion relation for the barotropic and
first two baroclinic modes of the 3-layer QG ocean. Shown are values
of both positive and negative wavenumbers. The wavenumber is scaled
by the deformation radius L; and the frequency by BL;; the meridional
wavenumber [ is set to zero. The first baroclinic mode frequency reaches
a maximum at Wy = BLy/2,1.e. wyax = |0.5|. Lower panel: phase (solid
lines, C;, = w/k) and group (dashed lines, C; = dw/dk) velocities of the
barotropic and first two baroclinic modes, scaled by SL3.
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3.3.3 Rossby waves in observations and models

? presented for the first time the results of these observations identifying
clear Rossby waves signals (Fig3.6) and common features like the increase
of phase speed in the western basin, the effect of bottom topography, east-
ward propagating equatorially trapped Kelvin waves and pulses related
to El Nifio events.

As anticipated, the advent of satellite altimetry brought a powerful
tool to describe Rossby waves in the real ocean. The TOPEX/POSEIDON
(T/P) altimeter is able to detect long baroclinic planetary waves unam-
biguously over the entire world ocean (Fig.[3.7).

The T/P altimetry data reveal the sea surface height anomalies (SSHA)
and to analyse this data time-longitude plots, known as Hovmoller dia-
grams, are used, which clearly show Rossby waves as diagonal alignments
of crests and troughs moving westward. An example of this is given in
Fig[3.7, where SSHA data from the Indian Ocean are plotted for the lati-
tude 20°S from 1993 till May 2005; in the left panel the row data are plotted
while in the right panel the data have been filtered with a westward filter
to better show Rossby wave propagation.

By this technique, Rossby waves are detected in all basins and altime-
try has been used also in the Southern Ocean (?) where two dynamical
systems were found, a supercritical and a subcritical one with respect to
Rossby waves, the first one being able to advect the waves eastward.

50°N

50°8

Sea level (cm) Sea level (cm)

Fig. 4. Global maps of filtered sea level (22) on (A) 13 April 1993 (cycle 21)and  and open circle), and the Rossby wave trough (solid circle) can be traced from
3.5 months later on (B) 31 July 1993 (cycle 32). White lines identify a west- the times and locations of the matching symbols in Fig. 3. These two maps are
ward-propagating, B-refracted Rossby wave trough. The time evolutions of  frames from an animation of TOPEX/POSEIDON data that is available on the
the equatorial Kelvin wave trough (X), the Rossby wave crests (open triangle  World Wide Web at http://topex-www.jpl.nasa.gov/contrib/chelton/rossby/.

Figure 3.6: Sea surface height anomalies showing the propagation of plan-
etary waves in the Pacific Ocean. Also clear is the p-effect inducing larger
phase speeds towards the equator [from ?].
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Figure 3.7: Time-longitude plot of the sea surface height anomalies (in me-
ters) in the Indian Ocean at 20°S. On the left panels, the original altimeter
data. On the right panel, the corresponding westward-filtered signature.
There is a clear evidence of crests and troughs propagating westward with
a biannual period (Courtesy of P. Cipollini).
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Rossby waves are also detected by other sensors like the Along-track
Scanning Radiometer (ATSR) in sea surface temperature (S5ST) and, re-
cently, SeaWiFS in ocean colour.

As an example, ? used a SST record to compute Rossby wave phase
speeds finding good agreement with ?. They were also able to detect to-
pographic effects such as those predicted by ?.

One of the latest applications has been using ocean colour. ? found
for the first time Rossby waves in SeaWiFS datasets, although they are
neither very clear nor ubiquitous. A preliminary explanation for this de-
tectability was in term of the vertical displacements of the thermocline as-
sociated with the Rossby wave and subsequently changes in the nutrient
upwelling.

3.3.4 Computing Rossby wave phase speeds

In order to compute the gravity wave phase speeds and Rossby radii of de-
formation we need to solve the generalized eigenvalue problem of Sturm-

Liouville form: ) )
d¢p  N-(z)
) + o2 $=0 (3.56)

subject to the following boundary conditions
=0 at z=0,—-H (3.57)

where H is the local mean water depth and N? is the Brunt-Vaisald fre-
quency, computed from the potential density method as outlined in ?. So-
lution of the system — leads to an infinite set of eigenvalues anz,
the baroclinic gravity wave phase speeds, and corresponding eigenfunc-
tions ¢y,.

However, ? showed that a WKB approximation of the gravity wave
speed is generally in good agreement with the solution given by the sys-

tem (3.56)-(3.57), and this is:

0
C ~ CIVKB — (mn)l/ N(z)dz, m>1. (3.58)
-H

Then, within the extratropical regions, the Rossby radii of deformation
are simply found by applying

(3.59)
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We will be focusing on extratropical regions only (|#] > 10°), leaving the
equatorial wave dynamics response aside.
Now, we can compute the unperturbed long Rossby wave speeds

= —BC/ f*. (3.60)

Since model data provide potential density py, we can compute the
stratification directly from the potential density method of the non-equispaced
vertical levels k:

N?(z) = —g/po|pa(z) — polz + 1)/ (0k(z) ~ok(z+1)|  (3.6D)

The gravity wave speed can be obtained from two different method.
First, as a good approximation, we can infer it from the WKB method as
suggested in ?:

0
Con = (mrr)~! / N(z)dz, m> 1. (3.62)
-H

After obtaining N? and Cj,, the Rossby radii of deformation are readily
computed as

Cin

L" = , |8] >5° 3.63
C

Ln = 7, |6] <5°. 3.64

d 2|,B(9)| | | ( )

or, for the extratropical band: L} = (|f|mm)~ f N(z
For the linear, long and extratropical waves, we can s1mp1y compute
the Rossby wave phase speed as

em = —B(LI)? (3.65)
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Figure 3.8: A global contour map of the baroclinic gravity wave phase speed [from
Chelton et al., 1998] and its zonal mean.
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helton et al. (1998)
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Figure 3.9: A global contour map of the baroclinic Rossby radius of deformation
and its zonal mean. [data from Chelton et al., 1998]
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helton et al. (1998)
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Figure 3.10: A global contour map of the baroclinic Rossby wave phase speed and
its zonal mean. [data from Chelton et al., 1998]
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3.4 Kelvin and Rossby waves in the general oceanic
adjustment

The importance of Rossby waves in the spinup of the ocean and in the
adjustment of the ocean interior was also recently shown by ?. They pro-
posed a theory for surface Atlantic response to thermohaline variability; in
their work they study the reaction of the ocean to a perturbation of the rate
of deep water formation at high latitudes. These changes initiate Kelvin
waves which propagate along the western boundary, in a similar response
of that demonstrated by ?, and then cross the basin as equatorial Kelvin
waves until they reach the eastern boundary where they propagate north-
wards and southwards. The final part of the response is the radiation of
Rossby waves from the eastern boundary, communicating the thermocline
displacement to the ocean interior which is clearly illustrated with a series

of snapshots (Fig. 3.11).

3.4.1 Implications in climate change scenarios

? recently showed that, within the IPCC models, there is clear evidence
of an increase of the first baroclinic Rossby radius with increasing oceanic
stratification in the warmer climate. The changes range from 15 to 20%
depending on the model and latitude. This would imply a greater length
scale for mesoscale eddies and modified characteristics for oceanic Rossby
waves, whose speed is proportional to the squared baroclinic Rossby ra-
dius of deformation. Also, the adjustment time scale in the ocean would
decrease as well as in any ocean-atmosphere climate variability process
where Rossby waves set the dominant period. Equally important, if not
more in certain basins, is the change in the background baroclinic mean
flow and its subsequent effect on the propagation of Rossby waves. This
effect was not considered in ?.

Modifications to the background stratification and mean flows are ob-
served between pre-industrial and climate-change runs in the GFDL CM4
model (Fig3.12). However, the question of the quantification of these ef-
fects on the Rossby wave activity, as well as the changes induced by a
modified background mean flow, is still unanswered. We expect to show
considerable alterations to the Rossby wave phase speeds at different lat-
itudes, leading to important changes in the ocean adjustment time-scale
and coupled ocean-atmosphere interactions where Rossby waves set the

clock (Fig and Fig[3.14).
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Figure 3.11: Surface layer thickness after a thermohaline overturning of 10 Sv
is switched on at time t = 0 in the northwest corner of an ocean initially at rest.
There is no wind forcing, and the surface layer is initially 500 m deep. The contour
interval is 2 m, and thicknesses less than 499 m are shaded. Note that the thickness
anomaly on the western boundary is much greater than that in the interior. [from

Johnson and Marshall, JPO2022]
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Figure 3.12: The baroclinic gravity wave phase speed computed from the GFDL-

CM4.0 model under historical conditions for years 2010-2014 (in black) and for
the future scenario SSP585 (in red).
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Figure 3.13: The Rossby radius computed from the GFDL-CM4.0 model under
historical conditions for years 2010-2014 (in black) and for the future scenario
SSP585 (in red).
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Figure 3.14: The baroclinic Rossby wave phase speed computed from the GFDL-

CM4.0 model under historical conditions for years 2010-2014 (in black) and for
the future scenario SSP585 (in red).
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