Trapping ions in a Paul trap

In an ion trap charged particles can be confined. At the center of an ideal Paul trap, the net force on
an ion vanishes and the electric potential, consisting of a static and an oscillating part at frequency

ﬂfa.v is quadratic in the Cartesian coordinates.
An electric potential d ("u Mo Z’) fulfills Laplace’s equation at every instant in time
A
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So it is not possible to create confining potentials along all three spacial dimensions with only static

electric fields

which excludes the generation of a momentary local minimum. Thus the potential can only trap in a
dynamical way.

Given these constraints different electrode geometries can realize a trap. In a linear Paul trap,

confinement along one direction (also called the axial direction, here defined as the z axis) is purely
static
Constraining the potential to only quadratic terms the overall potential close to the center may be

written as
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Here the coordinate system is already chosen such that x and y align with the principal axes of the
pseudopotential (see later). As all three axes of the potential are independent, the equations of
motion may be derived separately for each axis. In one dimension for a single ion the equation of mo

tion are
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This last differential equation is of the form of Mathieu’s differential equation
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The solution of the Mathieu’s equations is an exponential series where we only take the first order
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It is not always possible to find a stable solution to the Mathieu equations. The stability of the solution

depends on the parameters &, q 0.010 -
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The pseudopotential approximation for rf ion traps is useful for building an intuition for the rf
confinement and as a tool in the simulation of ion traps.

The equation of motion of a particle with charge e and mass m in an oscillating electric field is

M X = @ Eo col Turl = Flk)
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Ideally we do not want to have micro motion. To avoid it, the ion need to be in a position where the

amplitude of the RF electric field is null (see equation of the psuedopotential)
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Gate operations between two ions, but also simulations with long ion strings, require two or more

ions trapped in the same potential well. lons will repel each other due to the Coulomb force

z
2, + L 25 + &
z

NP,

THS IS T2 Sate S ITOATRD
OF  TW9 PeNDILUAY o fLED

QSN 4 Seaidc

=D ThHe rereaL P05 S  As  DEScRid BN TS ML MeDsS oF reoned

)R@c. ® © Catad 205 OSLMA-
e ° o 00T - OF ~PHASC 095 o .STaSTCH /=05
Wy & ws

This was just for the axial modes. There will also be 2 other modes for each of the radial modes. So in
general, for N ions in the same potential well there will be a total of 3N motional modes (N modes for
each axis). Each with its own frequency

Because the motion is shared, then we can think of using it as a quantum bus to transfer information

from one ion to the other

One of the most commonly used entangling gates in trapped ions is the Molmer-Sorensen gate (MS
gate). To fully understand it we first need to understand the concept of state-dependent force. So

let’s consider only one ion and apply simultaneously the red and the blue sideband



H—TOF = H—Q% + H‘bsg, NS Asaes LD a&fPos>mation

@
toso,/7
Hoso
D Yo = H2e iy (fre)or + R () (e +a oz
7/
= FZe g (&re) i (on- =)
z
A A
=D ‘“’W = /ﬁ/)@ ’)L 0'\/ X = F X
2z
TUS Faycs 1S STAp OePene e Bauss oF Oy = l+V><+\(\ — ===y

F D = wslyd

FA-YD = —wwrly >
Changing the relative phase between the red and blue sideband | can change ‘31, to any
combination of &3, ARAD 8’\{
Imagine tobein |ty > S m=0>S = THe Tide EVoLI T 1L

LHb (e + Le )
U= e, = &

\1"{,0} —_D \+\(Id\>

Puass seacs AN
o

x \/

If you think about it it makes sense. What we have done so far is equivalent of a forced harmonic

oscillator that is driven on resonance with the oscillator frequency.
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What happens if we have a detuned drive? Let’s look at the classical case:
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This was if we started in an eigenstate of the ¥4 operator. What happens if you start in \%/> ?
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The idea of the Melmer-Sgrensen gate is to use the exactly what we just saw but using two ions. In

this case the Hamiltonian becomes
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An alternative way of seeing the action of an MS gate for ion starting in \%,%/,MS is to look at it the
energy scale of the the coupled ion systems. Having the red and blue sidebands together creates an
interference effects that drive the system collectively from |4, & D o leemS

le, e, nsS
nNF A

N L gEDS —eYN

S AW

R L S

NOTICE 4ot THe MATWOAL STAT 1S
N\ m@omwvl, =D T U W, AL T
THEQAAL STATES.

‘(B’l%. M

As an exercise you can try to show that the MS gate unitary operation U,-f ¢  can be mapped to

the CNOT with extra single qubit operations acting on the two ions independently.



This means that the MS gate and single-qubit rotations create the universal set of operations to

realize any unitary operation! With this we have now fulfilled the last DiVincenzo’s criteria



