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1 Qubit in contact with two heat baths

We consider a system with two energy levels (0 and 1) with energy gap ¢, in
contact with two heat baths at temperature T, and Tx. Each bath induces
transitions between the two states with rates wz’ r and wi r that satisfy the
detailed balance with respect to their own temperature.

The master equation reads
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We now introduce the joint probability distribution ¢(z, ASE, ASE 1)
with z = 0,1 and where ASP and ASE are the total entropy change in the
two baths up to the time t (integrated entropy currents). The generating
function for the two integrated quantities read
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For the single transition we notice that the elementary entropy variations

read
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where we have set kg = 1.



The time evolution of W (xz, Ar, Ag,t) is governed by the “tilted” master
equation

ol QH (A, Ar)
Ql(A\L, \g) —QF ’
(4)

BW(E) = L Ar) - (1), L, Ag) = (
with

Ol = whe Ahre oyl rbre Of = wyethre 4 oﬁ%e’\RﬁR6 (5)

The eigenvalues read
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The larger eigenvalue 4 (Ar, Ag) is thus our cumulant generating function
for the currents
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Notice that while in the following we study the statistic of the currents at
long time, solving eq. (4), i.e. finding the eigenvalues and the eigenvectors of
the tilted stochastic matrix L(Az, Ag), provides the statistic of the currents
for any ¢t > 0.

We now focus on the statistics of only one of the two currents, and set
A, = 0. We also change Agp — Ar/fr, i.e. in the following we will deal with
the integrated heat current Q% rather than with the entropy.

Choosing wE’R = wp and wiR = wpelL-7¢ we have
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Notice the Gallavotti-Cohen symmetry piy (Ar) = p(—Ar — Sr + Br)-
The average current (¢f ) = (QF/t) is given by

eﬁRe — e/BLE

2+ eﬂRE + eﬂL6

(ar) = Onn 1+ (AR)] 5 pmp = €wo

2



Obtaining the explicit expression of rate function I(¢%) through Legendre
transform is beyond reach. One can however study the statistics of the tails.
In the limit A\g — —o0, the equation
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corresponding to large and negative values of ¢5. Thus the rate function
becomes
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In the limit Ag — 400, the equation
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has solution 5
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corresponding to large and positive values of ¢5. The rate function becomes
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2 Brownian particle coupled to two baths

We consider a 1D Brownian particle in a potential U(z). The particle is,
moreover, in thermal contact with two distinct heat reservoirs at tempera-
tures 77 and T,. The heat transferred in time ¢ from the two heat reservoirs
is denoted ()1 and )2,

Denoting the position of the particle by x and the momentum by p the
Langevin equation of motion reads
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where the Gaussian white noises n; and 7, are correlated according to

(m()m(t)) = 2mkpTio(t —t'), (18)
(M2(t)na(t')) = 292kpTo0(t —t'), (19)
(m(t)mna(t')) = 0. (20)

The heat flux from the reservoir at temperature 7}, i.e., the rate of work
done by the stochastic force —v;p/m + n; on the particle, is given by

dQ;

el —;p*/m* + p/mn;. (21)

Thus the noise terms in eqs.(16), (17), (21) can be written as
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with (§;(£)&; (")) = 26;;0(t —t').
Defining the vectors
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the Langevin equation for z can be written in a compact form as
d
d—? —F(z)+B-¢. (24)

Given a Langevin equation of this type, the general form of the Fokker—
Planck equation describing the evolution of the joint probability distribution
P(z,t) reads

d,P(z,t) = — Z 9., [Fi(z)P(z,t)] + Z 0., [Bi(2) (0., Bju(2)P(z,1))] ,
) ijk (25>
see, e.g, section 4.3.6 in [1].



3 Tilted Fokker-Planck operator

We will focus on Q = )1 in the following, without loss of generality. We
also set kg = 1. The Fokker-Planck equation for the joint distribution

P(q,p,Q,t), Q = @ reads
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where {P, H} denotes the Poisson bracket
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The heat distribution after having analyzed the Fokker-Planck equation is
then given by

P(Q,t) = /dxdp P(z,p,Q,1). (28)

Defining the characteristic function with respect to the heat by
U(r,p, ,1) = / 4Q P(z,p, Q.1)e, (20)
and noticing that in eq. (26) 9/0Q — —s and 9*/90Q* — s* we obtain for ¥
P L)), (30

where the tilted FP-operator L(s) reads

TXE) + o+ o 2L

op?
dv
—m1s | (p* + T1)¥(s) — sTlpZ\IJ(s) +2Tp d)f)S) (31)

L(s)¥(s) = {U(s), H} + (mT1 + nT3)

We now consider the case of an unbound particle Brownian particle with
U(z) = 0 and hence {¥(z,p,s,t), H} = —pdV(x,p,s,t)/dx and integrating
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over the position = which is decoupled from the momentum p we obtain a
second order differential equation for ¥ of the Hermite type. By means of
the transformation

_ it —2snh

W(p,s,t = e~ AP /2m 8, t), A(s) = , 32
(p: s,t) (p;s,t), Als) 2T 32T (32)

U(p, s,t) satisfies the Schrodinger-like equation (in p) for a harmonic oscilla-
tor

~ ~ ~ 2 ~
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with T; = ~;T; and
0(s) = 71 + 75 + 2n2(1 — 28T) + 25Ty — 28" 1 T). (34)
In this respect it is convenient to replace
1
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so as the eigenvalues read
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the sign minus originating from the fact that the Schrodinger—like equation
exhibits a time derivative with “complex ¢”.
We finally obtain the spectral representation

U(p, s,t) = e A =P0/2m N " Bl (p)W,, (po), (37)
n=0

where W, (p) are the associated normalized eigenfunctions. We have, more-
over, imposed the initial condition ¥(p, s,t = 0) = §(p — po), where py is the
initial momentum. The rescaled cumulant generating function is thus given
by the ground state energy Fy(s) yielding

1,
Jim () = Eo(s)

1
~ om {71 + 72— \/’712 + 72 + 27172 (1 — 28T + 25Ty — 252T1 T)
1
= % [’71 + Y2 — \/’71’72T1T2(3+ — S)(S _ S_)] , (38)
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where the branch points are given by

sy = % [61 By & \/ (B — py? + P20 T (39)
Y172

Notice the Gallavotti-Cohen symmetry Ey(s) = Eo(—s + 1 — f2), implying
the long—time fluctuation relation

P(Q1,t)/P(—Q1,t) = eQ1(B1—p2) (40)
The average heat current in the long time limit reads

(11 — To) 712

= 0,Eu(s)|._o = 41
(@) = DB, = ol (4)
In the case 71 = v = 7, the variance takes the simple form
(Ty + Tr)*y
(@) — (@) 2B (s)|,_, = Sy F— (42)

Finally, the rate function reads

I(g) = max(sq — Eo(s)

1
=5 [% e = q(sy +52) = (s — s ) VD Te/m? +¢2 | ,(43)

In the case of a bound Brownian particle with U(z) = xkz?/2 the Poisson
bracket enters the calculation and the position of the particle comes into play.
The FP-operator becomes second order in  and p and is more difficult to
analyze. However it can be shown that the maximal eigenvalue is independent
of k.

Finally one can show that for the “rotated” FP operator

L(s) = ®HTL(s)T te PH (44)
the following equality holds
L(s) = L'(=s + 1 — f32) (45)

where LT(s) is the adjoint operator of L(s), and T is the time reversal op-
erator. Thus L(s) and LT(—s + 3; — 32) have identical spectra, and for any
eigenvalue A(s) of L(s) the following equality holds A(s) = A(—s + 51 — [2).
This symmetry holds for any potential U(z).
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