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1 Qubit in contact with two heat baths

We consider a system with two energy levels (0 and 1) with energy gap ϵ, in
contact with two heat baths at temperature TL and TR. Each bath induces
transitions between the two states with rates ω↑

L,R and ω↓
L,R that satisfy the

detailed balance with respect to their own temperature.
The master equation reads

dtp(t) = K · p(t), K

(
−Ω↑ Ω↓

Ω↑ −Ω↓

)
, (1)

with Ω↑ = ω↑
R + ω↑

L, Ω
↓ = ω↓

R + ω↓
L.

We now introduce the joint probability distribution ϕ(x,∆SB
L ,∆SB

R , t)
with x = 0, 1 and where ∆SB

L and ∆SB
R are the total entropy change in the

two baths up to the time t (integrated entropy currents). The generating
function for the two integrated quantities read

Ψ(x, λL, λR, t) =

∫
d∆SB

L d∆SB
R eλL∆SB

L+λR∆SB
R ϕ(x,∆SB

L ,∆SB
R , t) . (2)

For the single transition we notice that the elementary entropy variations
read

∆sBL,R
∣∣
10

= log
ω↑
L,R

ω↓
L,R

= −βL,Rϵ = − ∆sBL,R
∣∣
01
, (3)

where we have set kB = 1.
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The time evolution of Ψ(x, λL, λR, t) is governed by the “tilted” master
equation

dtΨ(t) = L(λL, λR) ·Ψ(t), L(λL, λR) =

(
−Ω↑ Ω↓

1(λL, λR)

Ω↑
1(λL, λR) −Ω↓

)
,

(4)
with

Ω↑
1 = ω↑

Le
−λLβLϵ + ω↑

Re
−λRβRϵ, Ω↓

1 = ω↓
Le

λLβLϵ + ω↓
Re

λRβRϵ (5)

The eigenvalues read

µ±(λL, λR) =
1

2

(
−(Ω↑ + Ω↓)±

√
((Ω↑ − Ω↓)2 + 4Ω↑

1(λL, λR)Ω
↓
1(λL, λR)

)
.

(6)
The larger eigenvalue µ+(λL, λR) is thus our cumulant generating function

for the currents

lim
t→∞

1

t

〈
eλL∆SB

L+λR∆SB
R

〉
= µ+(λL, λR). (7)

Notice that while in the following we study the statistic of the currents at
long time, solving eq. (4), i.e. finding the eigenvalues and the eigenvectors of
the tilted stochastic matrix L(λL, λR), provides the statistic of the currents
for any t ≥ 0.

We now focus on the statistics of only one of the two currents, and set
λL = 0. We also change λR → λR/βR, i.e. in the following we will deal with
the integrated heat current QB

R rather than with the entropy.
Choosing ω↑

L,R = ω0 and ω↓
L,R = ω0e

βL,Rϵ we have

µ+(λR) = µ+(λL = 0, λR) =

ω0

2

[
−
(
2 + eβLϵ + eβRϵ

)
+
√
(eβLϵ + eβRϵ)2 + 4(1 + e(βL−λR)ϵ + e(βR+λR)ϵ)

]
.

(8)

Notice the Gallavotti–Cohen symmetry µ+(λR) = µ+(−λR − βR + βL).
The average current

〈
qBR

〉
=

〈
QB

R/t
〉
is given by

〈
qBR

〉
= ∂λR

µ+(λR)|λR=0 = ϵ ω0
eβRϵ − eβLϵ

2 + eβRϵ + eβLϵ
(9)
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Obtaining the explicit expression of rate function I(qBR) through Legendre
transform is beyond reach. One can however study the statistics of the tails.
In the limit λR → −∞, the equation

qBR = ∂λR
µ+(λR), (10)

has solution

λ∗
R = βL − 2

ϵ
ln

(
−2qBR
ω0ϵ

)
, (11)

corresponding to large and negative values of qBR . Thus the rate function
becomes

qBRλ
∗
R − µ+(λ

∗
R) ≈

qBR→−∞

qBR
ϵ

[
2 + βLϵ− ln

(
−2qBR
ω0ϵ

)]
≈ −qBR

ϵ
ln

(
−2qBR
ω0ϵ

)
(12)

In the limit λR → +∞, the equation

qBR = ∂λR
µ+(λR), (13)

has solution

λ∗
R = −βR +

2

ϵ
ln

(
2qBR
ω0ϵ

)
, (14)

corresponding to large and positive values of qBR . The rate function becomes

qBRλ
∗
R − µ+(λ

∗
R) ≈

qBR→+∞
−qBR

ϵ

[
2 + βRϵ− ln

(
2qBR
ω0ϵ

)]
≈ qBR

ϵ
ln

(
2qBR
ω0ϵ

)
(15)

2 Brownian particle coupled to two baths

We consider a 1D Brownian particle in a potential U(x). The particle is,
moreover, in thermal contact with two distinct heat reservoirs at tempera-
tures T1 and T2. The heat transferred in time t from the two heat reservoirs
is denoted Q1 and Q2,

Denoting the position of the particle by x and the momentum by p the
Langevin equation of motion reads

dx

dt
=

p

m
, (16)

dp

dt
= −U ′(x)− (γ1 + γ2)

p

m
+ η1 + η2, (17)
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where the Gaussian white noises η1 and η2 are correlated according to

⟨η1(t)η1(t′)⟩ = 2γ1kBT1δ(t− t′), (18)

⟨η2(t)η2(t′)⟩ = 2γ2kBT2δ(t− t′), (19)

⟨η1(t)η2(t′)⟩ = 0. (20)

The heat flux from the reservoir at temperature Ti, i.e., the rate of work
done by the stochastic force −γip/m+ ηi on the particle, is given by

dQi

dt
= −γip

2/m2 + p/mηi. (21)

Thus the noise terms in eqs.(16), (17), (21) can be written as

B · ξ =


0 0 0 0
0

√
γ1kBT

√
γ2kBT 0

0 p
m

√
γ1kBT 0 0

0 0 p
m

√
γ2kBT 0

 ·


0
ξ1
ξ2
0

 , (22)

with ⟨ξi(t)ξj(t′)⟩ = 2δijδ(t− t′).
Defining the vectors

z =


x
p
Q1

Q2

 , F(z) =


p/m

−(γ1 + γ2)
p
m
− U ′(x)

−γ1
p2

m2

−γ2
p2

m2

 , (23)

the Langevin equation for z can be written in a compact form as

dz

dt
= F(z) +B · ξ. (24)

Given a Langevin equation of this type, the general form of the Fokker–
Planck equation describing the evolution of the joint probability distribution
P (z, t) reads

∂tP (z, t) = −
∑
i

∂zi [Fi(z)P (z, t)] +
∑
ijk

∂zi
[
Bik(z)

(
∂zjBjk(z)P (z, t)

)]
,

(25)
see, e.g, section 4.3.6 in [1].
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3 Tilted Fokker-Planck operator

We will focus on Q = Q1 in the following, without loss of generality. We
also set kB = 1. The Fokker-Planck equation for the joint distribution
P (q, p,Q, t), Q = Q1 reads

∂P

dt
= {P,H}+ (γ1T1 + γ1T2)

∂2P

dp2
+ (γ1 + γ2)

∂(pP )

∂p

+γ1
∂

∂Q

[
(p2 + T1)P + T1p

2∂P

∂Q
+ 2T1p

∂P

∂p

]
, (26)

where {P,H} denotes the Poisson bracket

{P,H} =
∂P

∂p

∂H

∂x
− ∂P

∂x

∂H

∂p
= U ′(x)

∂P

∂p
− p

m

∂P

∂x
. (27)

The heat distribution after having analyzed the Fokker-Planck equation is
then given by

P (Q, t) =

∫
dxdpP (x, p,Q, t). (28)

Defining the characteristic function with respect to the heat by

Ψ(x, p, s, t) =

∫
dQP (x, p,Q, t)esQ, (29)

and noticing that in eq. (26) ∂/∂Q → −s and ∂2/∂Q2 → s2 we obtain for Ψ

∂Ψ(s)

∂t
= L(s)Ψ(s), (30)

where the tilted FP–operator L(s) reads

L(s)Ψ(s) = {Ψ(s), H}+ (γ1T1 + γ1T2)
∂2Ψ(s)

∂p2
+ (γ1 + γ2)

∂(pΨ(s))

∂p

−γ1s

[
(p2 + T1)Ψ(s)− sT1p

2Ψ(s) + 2T1p
dΨ(s)

dp

]
. (31)

We now consider the case of an unbound particle Brownian particle with
U(x) = 0 and hence {Ψ(x, p, s, t), H} = −pdΨ(x, p, s, t)/dx and integrating
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over the position x which is decoupled from the momentum p we obtain a
second order differential equation for Ψ of the Hermite type. By means of
the transformation

Ψ(p, s, t) = e−A(s)p2/2mΨ̃(p, s, t), A(s) =
γ1 + γ2 − 2sγ1T1

2(γ1T1 + γ2T2)
, (32)

Ψ̃(p, s, t) satisfies the Schrödinger-like equation (in p) for a harmonic oscilla-
tor

∂tΨ̃(p, s, t) =

[
γ1 + γ2
2m

− p2
δ(s)

4m2(T̃1 + T̃2)
+ (T̃1 + T̃2)

∂2

∂p2

]
Ψ̃(p, s, t), (33)

with T̃i = γiTi and

δ(s) = γ2
1 + γ2

2 + 2γ1γ2(1− 2sT1 + 2sT2 − 2s2T1T2). (34)

In this respect it is convenient to replace

ℏω → 1

m

√
δ(s), (35)

so as the eigenvalues read

−En = −γ1 + γ2
2m

+
(n+ 1/2)

m

√
γ2
1 + γ2

2 + 2γ1γ2(1− 2sT1 + 2sT2 − 2s2T1T2),

(36)
the sign minus originating from the fact that the Schrödinger–like equation
exhibits a time derivative with “complex t”.

We finally obtain the spectral representation

Ψ(p, s, t) = e−A(s)(p2−p20)/2m
∑
n=0

eEn(s)tΨn(p)Ψn(p0), (37)

where Ψn(p) are the associated normalized eigenfunctions. We have, more-
over, imposed the initial condition Ψ(p, s, t = 0) = δ(p− p0), where p0 is the
initial momentum. The rescaled cumulant generating function is thus given
by the ground state energy E0(s) yielding

lim
t→∞

1

t

〈
esQ

〉
= E0(s)

=
1

2m

[
γ1 + γ2 −

√
γ2
1 + γ2

2 + 2γ1γ2(1− 2sT1 + 2sT2 − 2s2T1T2)

]
=

1

2m

[
γ1 + γ2 −

√
γ1γ2T1T2(s+ − s)(s− s−)

]
, (38)
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where the branch points are given by

s± =
1

2

[
β1 − β2 ±

√
(β1 − β2)

2 +
β1β2(γ1 + γ2)2

γ1γ2

]
. (39)

Notice the Gallavotti-Cohen symmetry E0(s) = E0(−s+ β1 − β2), implying
the long–time fluctuation relation

P (Q1, t)/P (−Q1, t) = eQ1(β1−β2) (40)

The average heat current in the long time limit reads

⟨q1⟩ = ∂sE0(s)|s=0 =
(T1 − T2)γ1γ2
m(γ1 + γ2)

(41)

In the case γ1 = γ2 = γ, the variance takes the simple form〈
q21
〉
− ⟨q1⟩2 ∂2

sE0(s)
∣∣
s=0

=
(T1 + T2)

2γ

4m
(42)

Finally, the rate function reads

I(q) = max
s

[sq − E0(s)]

= − 1

2m

[
γ1 + γ2 − q(s+ + s−)− (s+ − s−)

√
γ1γ2T1T2/m2 + q2

]
,(43)

In the case of a bound Brownian particle with U(x) = κx2/2 the Poisson
bracket enters the calculation and the position of the particle comes into play.
The FP-operator becomes second order in x and p and is more difficult to
analyze. However it can be shown that the maximal eigenvalue is independent
of κ.

Finally one can show that for the “rotated” FP operator

L̃(s) = eβ2HT L(s)T −1e−β2H (44)

the following equality holds

L̃(s) = L†(−s+ β1 − β2) (45)

where L†(s) is the adjoint operator of L(s), and T is the time reversal op-
erator. Thus L(s) and L†(−s + β1 − β2) have identical spectra, and for any
eigenvalue λ(s) of L(s) the following equality holds λ(s) = λ(−s+ β1 − β2).
This symmetry holds for any potential U(x).
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