Superconducting qubits

How can we make a circuit which can be used for quantum information processing? If we recall from
any basic Electromagnetism course the parallel LC circuit will act in many ways like a mechanical
harmonic oscillator. This suggests that an LC circuit might be able to be used for quantum
information processing. However, we need to figure out if the electric circuit will also quantize as the
mechanical system does and determine the relevant parameters of the system.

We consider a circuit involving an inductor (with inductance L) and and a capacitor (with capacity C)
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We may now write the quantum Hamiltonian of the LC circuit as
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what would happen if we chose the variables dierently so that Q was x and P ~as ¢ 2
Since these variables are canonical variables, then it should not be too surprising to realize that the

analysis would have taken a slightly dierent path, but produced identical results.
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In the circuit considered so far, we neglected any resistance. What would happen if we assume one?
For simplicity let us put a resistor in parallel with C and L. Kirchoff's circuit laws tell us the net current

at the junction is zero, and that the voltage across each element is equal.
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The obvious consequence is that energy will dissipate over time. This may cause problems if, for
example, we attempt to set our qubit into an excited state to be used later, but we wait too long and

the energy has already dissipated. A simple solution is to decrease the resistance in the circuit to give

a longer decay time. Superconductors have extremely small resistance, thus one way to increase our
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control over the circuit is to cool it down into the superconducting regime for the component material

of the circuit.



For our circuit to be useful we need to be able to couple it to the environment such that we can put
energy in the system (qubit operations) or retrieve the energy (measure the qubit). This coupling adds
increased parasitic effects on the harmonic oscillator including increased dissipation. Because we
want our system to be somewhat isolated, a way of doing it is to couple to the external world

capacitatively Cir
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Another important aspect of controlling our system for quantum computation is knowledge and
control of the state of the system. In particular, depending on the nature of the system, we know the
probability of a certain energy level being occupied is dependent on temperature (Fermi-Dirac, Bose-
Einstein or Maxwell-Boltzmann distribution functions). For T approaching OK, the probability of the
system to be in the ground state approaches 1. More over, we need to ensure that the gap between

the ground state and the first excited state is much larger than the thermal energy of the system.
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Notice that we have quantized the charge. And that the we want to work

in the superconductive regime. So what is the charge in a superconductor?
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superconductors

We have now seen that LC circuit can be quantized to show discrete energy levels and that the
charge is quantized (Cooper pairs). In theory we could use this to construct a qubit basis using any
two levels of the system. We could also in principle create superposition states in the magnetic flux or
the charge basis. However, all of the energy levels are separated by an identical amount of energy.
When inducing a transition from the ground state to the first excited state, we may actually induce a

transition from the first excited state to the second, or a transition from any two states in the system.



This will be a problem for any linear oscillator if we want to use them as 2 level systems. Ideally we
need something that induces anharmonicity in the system
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How can we do it? one option is to use the Josephson junction.This junction is nothing more than

two superconducting materials sperate by an insulator

SUPERCONDUCTING
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Josephson discovered that Cooper-pairs can tunnel through this insulating barrier and cause

interesting effects. For us the most interesting one is that it will act like a non-linear inductor
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three dierent styles of depicting the Josephson Junction in a circuit. It is important to note that the
Josephson Junction also has an internal capacitance which can be considered to be in parallel with

the tunneling/inductive part
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This island is isolated from the outside world via the capacitors

dielectric material and the Josephson Junction insulating gap. Initially,
when there is no gate voltage, the island is charge neutral. As we turn on the voltage, charges will

start accumulating on the outside of the capacitor. So, the charges in the island, will polarize,



meaning that they will rearrange to cancel the external potential. So far no new charges have moved
inside the island.
There is however, a bridge onto the island across the Josephson Junction. As the island polarization
increases, Cooper-pairs will being tunneling across the junction to try to re-neutralize the polarization.
This causes an actual increase in the number of charges on the island. If we continue to increase the
gate voltage, Cooper-pairs will continue to tunnel onto the island. If we remove the voltage, these
extra Cooper-pair charges will tunnel back off of the island returning the system to its original state.
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Our envisioned basis for the qubit is only related to the extra number of Cooper-pair charges on the
island. Therefore the total charge we are concerned with is the dierence in Cooper-pair charges,

which have tunneled onto the island, and the effective number of charges which have built up on the

gate capacitor. = er = leu.m = Q%, = 2& (N - ")&)
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We have yet to account for the magnetic part of the Hamiltonian. As we found before, the Josephson
Junction acts like an inductor and will be storing energy in its magnetic field. The energy in the
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With this we can now rewrite the hamiltonian in the basis of N
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the magnetic term of the Hamiltonian, which is proportional to the Josephson energy, efa ectively
creates energy gaps at the degeneracy points. The gap size between the ground state and the first
excited stated is approximately the Josephson Energy. However, the gap size decreases between
increasing energy levels. This is exactly what we wanted since this will help us control transitions!

If we restrict the Hamiltonian to the first two levels we get the Hamiltonian for the qubit
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If we look at the plots above, we would like to work in the regime where 55 > Ec because this will

create a very flat energy gap. The question then becomes how to tune all the parameters
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Without proof, we state that two Josephson junctions in parallel effectively modify the dependence of
the cosine term in the Josephson energy —from the magnetic flux through each individual junction to

the total magnetic flux through the loop formed by the junctions. Since the loop has a much larger



area than the individual junctions, a much smaller magnetic field is required to control the cosine

parameter. We refer to this type of circuit as a transmon.
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We have seen that the qubit Hamiltonian is = _Be (4 -—ZN%) 7z -Ts -
Z

=z

As anticipated we can control the qubit by controlling the gate voltage. It follows that NS; can be

written as a sum of a static component and a time dependent component.
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The next step will be coupling the Cooper-Pair Box(Transmon) to a simple harmonic oscillating circuit.
The motivation for doing this comes from Cavity Quantum Electrodynamics. In this way, greater
control and readout of the state of the atom is possible.
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The second term is proportional to Ng that is related to the coupling between the LC circuit and the
transmon qubit, while the third term we have seen to be responsible to the splitting of the energy
bands (and thus to the definition of the qubit hamiltonian).

This system is similar to that of a cavity QED system, where we want to exchange information
between the resonator (the optical cavity) and a qubit. This system is governed by the Jaynes-
Cumming hamiltonian. R
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To turn our transmon hamiltonian into the JC hamiltonian we can see that we can make a rotation of 1l
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Good, so the qubit part and the resonator part are the same in both hamiltonians and we just need to
manipulate the interaction part. Recall that &6’ is the number of charges built up on the gate
capacitor. This is a continuous value (set by Vg) but also contains a quantized part (the charges that

C
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Now remember the definitions of the charge and voltages for an LC circuit and its quantization (all the
an an
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Compared to the quantization we did at the beginning where we assumed Q like p and cﬁ like x so

that 4 +
6= (5 (@9)
2 Co
we now choose to do the opposite and choose Q like x and 45 like p (at the beginning we saw that

we can always choose as long as we are consistent)



A
Q = \Ei’_ (eF +a) wwe 2c = @;
272

) \S’R (@' ra) = \[fie (g
> Ve &= %\T-‘; (0/++0’>: 2N - zc (a"re)
<

C

O BACK D e HAMLroMAR (TVRE WTEMCTIo N 1-6!1/‘(>

Hmr: Ec Ng T = Ec_ej\/rxf Ec._é&_’ Fown (.Qf_-l—@)f);

= Hué-r = Ec ng @ (0—4—0’_1-0.—0;3
AR

There are a number of reasons why it is useful to couple a qubit to a resonator. One of these is to do

quantum non demolition (QND) measurements

We will work in the dispersive limit | 81 = I\wp( - dn | >> ¥
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