3. HYPERBOLIC CONSERVATION LAWS

1. Linear analysis
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X
Aj e R™™,

We first consider the case of a linear system
ur + ZAjaju =0,
J

]:(u(t))(g) = (271); /U(t, I)e_lg'zdz,

we have
ﬂutg <ZA§> (t,&) = 0.

Hence a solution is such that the coefficients satisfy the ODE system above
) ,-Ajtﬁ(07£)7

Taking the Fourier transform
a(t,§) =

(t,6) =€ >i®
(0,a€) = €' 23 54050, af) = a(at,n/a)

Note that if @ € R then by Remark 0.1
a(t, af) = et 25 “&iAity (0,
so that if there is a frequency & such that e 2584 4 50 as t — oo, then no integrable solution w is
& s di

possible: indeed the frequency af diverges as (e 2= @& 4it)a
DEFINITION 1.1. The PDE (0.1) is hyperbolic if for all £ € SY~! the matrix > . A4;¢; is diagonalizable

with real eigenvalues.
A condition for hyperbolicity is the following
DEFINITION 1.2. The PDE (1.1) is symmetric hyperbolic if there is a symmetric strictly positive

matrix Ay such that ApA; are symmetric
LEMMA 1.3. A symmetric hyperbolic system is hyperbolic
PROOF. By Ag = B2 > 0, B = BT, we obtain that v = Bu satisfies
v+ Y BA;BT'9;0 =0,
J
BA;B™' =B '(AoA4;)B™!
O

and
is symmetric, in particular diagonalizable.
1.1. Well-posedness for linear equation in integral spaces. For the L?-norm, we have that if

the PDE is symmetric hyperbolic that
d
ulls = — u' A;0u = — u' Aju) =
Jullf = =2 [ S uT 400 = =3 [ 0,7 a0 =0
J J
( 12, Sty

so that the L?-norm is conserved. In particular the operator
ug = u(t) = F~H(a(€)) =

is an L2-multiplied, according to the following

DEFINITION 1.4. A LP-multiplier X is a tempered distribution such that for all f € S it holds
A+ fllp < Mp(M £l

the constant M, (\) being the minimal one
In the L'-case in particular My(F~*(e* 23 %45%)) = 1. Recall also that this requires that
125845t ¢ oo

as we have observed above
We have the following theorem
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THEOREM 1.5. Consider a symmetric hyperbolic linear system. If e’ X564 s q p-multiplier for
p # 2, then the matrices A; commute.

Thus the requirement is that
[u(®)lp < M[u(O)]lp, a(t,€) = &> % a(0,£).

We can assume that the system is of the form (1), i.e. the matrices A; are symmetric. Note that if
M (%) is not uniformly bounded, then by the hyperbolic scaling one concludes that the solution blows
immediately up.

PRrRoOOF. First we prove that if the matrices A; commute, then it is a p-multiplier: indeed, since they
commute there is a common diagonalization: for example, for two matrices

A2A1’I" = AlAQ’I” = )\Alr,

i.e. A; maps eigenspaces of Ay into eigenspaces of As: thus we just diagonalize A; restricted to each
eigenspace of As.
If P is the common diagonalization matrix

PAjPil = diag()\jﬁi),
we have
(Pv)i+ > PA;P7'(Pv),, =0,
J
and in components of Pv = w
&gwi + Z )\M@jwi == O, wi(t, QJ) = U)(O,.’[} — Xlt), Xl = (/\i,b ey )\i,d)-
J

Clearly the LP-norm is preserved, being just a translation.
For the necessary part, observe that when evaluated at ¢ = m this implies that if

Thu=F1! (A}"(u)),

then we have that

T omsyesa; || < M.

Consider the scaling
a N a_g. (&
walo) = atu(an), fuall, = ol 2(©) =a?a(£).

In particular we can concentrated the Fourier transform of u about a point £, and preserve the LP-norm.
Expanding about a point where the eigenvalues are analytic as well as the eigenprojectors

ZAZ@ = Z Xi(©)ri(§) @ ri(8),

we can test with the LP-function
@i (§) = p(&)ri(8),
obtaining that
FH (e 5 (@)ri(€)) = FH N Op(©)ri(©).

In particular, also also e*™*(€) is a Fourier multiplier, and \;(£) is analytic in a small ball.
We thus have for the scaling and expansion about one point

Fl <ezm(xo+xlg+55A5+0(53)>a;7’/@ <5> > () = e F1 <ezm(;sAs+O<£3))a§@(5>> (2 + mAy)
« (e%

= apeNF (emattAStOmat) 4 () (a(x + mAy)).
Hence

= ||]_-—1 (ezmaQEAE-FO(mas)ﬁ(é‘))
p

||P7

HJ—_-—I <elm()\o+/\1§+éfAf‘f’o(fs))O“;i’ra <€>>
(07
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so that letting o N\, 0 with ma? = m’ constant, and observing that we have the uniform convergence
in compact sets we deduce that ¢**2* is Fourier multiplier for all functions with Fourier transform with
bounded support, i.e. for all:
| Tpnrencll < C.
Being A symmetric, we can take

and consider the action on Gaussians

22

_d

w re 2wZ,

The Fourier transform is )
d w2e?

f(wfge 2: )(g)wwpe z

and then the action of the multiplier is

2,2 2 ,
F- 1(62’m §A§ i/ —Lf ):H/wiezfixi—%(wz—rm )\Z)dgz

o2

2_ . L4 2_ i
_ H/ , 3 (EvVwZ—um/X; Z\/AQ—rm’A,L) 2(w2—wm/x;) d¢;

T2

~ H 76 T 2(w? *'”"'lki) .
S Vw? —am/ A
Computing the LP-norm we get
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If m’ — oo, then we conclude the the only way of being bounded is either p = 2 or \; = 0.
The statement thus becomes that y — \;(y) is linear: then

D vidi = (0 y)rs(y) @ i(y) = Zyzzpm ) @ 75(y),

ie.
Aj(y) = pjirj(y) @ 7;(y)
which means they commute, and also r;(y) is independent on y. ([



