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1. Linear analysis

We first consider the case of a linear system:

ut +
∑

j

Aj∂ju = 0, Aj ∈ R
m×m. (1.1)

Taking the Fourier transform

û(t, ξ) = F(u(t))(ξ) =
1

(2π)
d
2

ˆ

u(t, x)e−ıξ·xdx,

we have
d

dt
û(t, ξ)− ı

(

∑

j

Ajξ

)

û(t, ξ) = 0.

Hence a solution is such that the coefficients satisfy the ODE system above:

û(t, ξ) = eı
∑

j ξjAjtû(0, ξ),

Note that if α ∈ R then by Remark 0.1

û(t, αξ) = eı
∑

j αξjAjtû(0, αξ) = eı
∑

j ξjAj(αt)û(0, αξ) = û(αt, η/α),

so that if there is a frequency ξ such that eı
∑

j ξjAjt → ∞ as t → ∞, then no integrable solution u is
possible: indeed the frequency αξ diverges as (eı

∑
j αξjAjt)α.

Definition 1.1. The PDE (0.1) is hyperbolic if for all ξ ∈ S
d−1 the matrix

∑

j Ajξj is diagonalizable
with real eigenvalues.

A condition for hyperbolicity is the following.

Definition 1.2. The PDE (1.1) is symmetric hyperbolic if there is a symmetric strictly positive
matrix A0 such that A0Aj are symmetric.

Lemma 1.3. A symmetric hyperbolic system is hyperbolic.

Proof. By A0 = B2 > 0, B = BT , we obtain that v = Bu satisfies

vt +
∑

j

BAjB
−1∂jv = 0,

and
BAjB

−1 = B−1(A0Aj)B
−1

is symmetric, in particular diagonalizable. �

1.1. Well-posedness for linear equation in integral spaces. For the L2-norm, we have that if
the PDE is symmetric hyperbolic that

d

dt
‖u‖22 = −2

ˆ

∑

j

uTAj∂ju = −
∑

j

ˆ

∂j(u
TAju) = 0,

so that the L2-norm is conserved. In particular the operator

u0 7→ u(t) = F−1(û(ξ)) = F−1(eı
∑

j ξjAjt) ∗ u0
is an L2-multiplied, according to the following

Definition 1.4. A Lp-multiplier λ is a tempered distribution such that for all f ∈ S it holds

‖λ ∗ f‖p ≤Mp(λ)‖f‖p,
the constant Mp(λ) being the minimal one.

In the L1-case in particular M2(F−1(eı
∑

j ξjAjt)) = 1. Recall also that this requires that

eı
∑

j ξjAjt ∈ L∞,

as we have observed above.
We have the following theorem.
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Theorem 1.5. Consider a symmetric hyperbolic linear system. If ei
∑

j ξjAj is a p-multiplier for

p 6= 2, then the matrices Aj commute.

Thus the requirement is that

‖u(t)‖p ≤M‖u(0)‖p, û(t, ξ) = ei
∑

j Ajξj û(0, ξ).

We can assume that the system is of the form (1), i.e. the matrices Aj are symmetric. Note that if
M(t) is not uniformly bounded, then by the hyperbolic scaling one concludes that the solution blows
immediately up.

Proof. First we prove that if the matrices Aj commute, then it is a p-multiplier: indeed, since they
commute there is a common diagonalization: for example, for two matrices

A2A1r = A1A2r = λA1r,

i.e. A1 maps eigenspaces of A2 into eigenspaces of A2: thus we just diagonalize A1 restricted to each
eigenspace of A2.

If P is the common diagonalization matrix

PAjP
−1 = diag(λj,i),

we have

(Pv)t +
∑

j

PAjP
−1(Pv)xj

= 0,

and in components of Pv = w

∂twi +
∑

j

λj,i∂jwi = 0, wi(t, x) = w(0, x− ~λit), ~λi = (λi,1, . . . , λi,d).

Clearly the Lp-norm is preserved, being just a translation.
For the necessary part, observe that when evaluated at t = m this implies that if

Tλu = F−1
(

λF(u)),

then we have that

‖Teım∑
i ξiAi ‖ ≤M.

Consider the scaling

uα(x) = α
d
pu(αx), ‖uα‖p = ‖u‖p, û(ξ) = α

d
p
−dû

(

ξ

α

)

.

In particular we can concentrated the Fourier transform of u about a point ξ0 and preserve the Lp-norm.
Expanding about a point where the eigenvalues are analytic as well as the eigenprojectors

∑

i

Aiξi =
∑

i

λi(ξ)ri(ξ)⊗ r⊥i (ξ),

we can test with the Lp-function

ûi(ξ) = ψ(ξ)ri(ξ),

obtaining that

F−1
(

eı
∑

i ξiAiψ(ξ)ri(ξ)
)

= F−1
(

eıλi(ξ)ψ(ξ)ri(ξ)
)

.

In particular, also also eımλi(ξ) is a Fourier multiplier, and λi(ξ) is analytic in a small ball.
We thus have for the scaling and expansion about one point

F−1

(

eım(λ0+λ1ξ+
1
2 ξAξ+O(ξ3))α

− d
p′ û

(

ξ

α

))

(x) = eımλ0F−1

(

eım( 1
2 ξAξ+O(ξ3))α

− d
p′ û

(

ξ

α

))

(x+mλ1)

= α
d
p eıλ0F−1

(

eımα2ξAξ+O(mα3)û(ξ)
)

(α(x+mλ1)).

Hence
∥

∥

∥

∥

F−1

(

eım(λ0+λ1ξ+
1
2 ξAξ+O(ξ3))α

d
p′ û

(

ξ

α

))
∥

∥

∥

∥

p

=
∥

∥F−1
(

eımα2ξAξ+O(mα3)û(ξ)
)

‖p,



54 3. HYPERBOLIC CONSERVATION LAWS

so that letting α ց 0 with mα2 = m′ constant, and observing that we have the uniform convergence

in compact sets we deduce that eı
ξAξ
2 is Fourier multiplier for all functions with Fourier transform with

bounded support, i.e. for all:
‖Teın′ξAξ‖ ≤ C.

Being A symmetric, we can take
A = diag(λi),

and consider the action on Gaussians

̟− d
p e−

x2

2̟2 .

The Fourier transform is

F
(

̟− d
p e−

x2

2̟2
)

(ξ) ∼ ̟
d
p′ e−

̟2ξ2

2 ,

and then the action of the multiplier is

F−1
(

e
ı
2m

′ξAξ̟
d
p′ e−

̟2ξ2

2

)

=
∏

i

ˆ

R

̟
1
p′ eıξixi−

ξ2i
2 (̟2−ım′λi)dξi

=
∏

i

ˆ

R

̟
1
p′ e

− 1
2 (ξi

√
̟2−ım′λi−i

xi√
λ2

−ım′λi

)2− x2
i

2(̟2
−ım′λi) dξi

∼
∏

i

̟
1
p′

√
̟2 − ım′λ

e
− x2

i
2(̟2

−ım′λi) .

Computing the Lp-norm we get

∥

∥F−1
(

e
ı
2m

′ξAξ̟
− d

p′ e−
̟2ξ2

2

)∥

∥ ∼
∏ ̟

1
p′

√

|̟2 − ım′λ|

(
ˆ

e
− px2

i
2

̟2

̟4+λ2
i dxi

)
1
p

∼
∏

i

̟
1
p′

(̟4 + (m′)2λ2i )
1
4

(̟4 + (m′)2λ2i )
1
2p

̟
1
p

=
∏

i

(̟4 + (m′)2λ2i )
1
2p−

1
4

̟
1
p
− 1

p′

.

If m′ → ∞, then we conclude the the only way of being bounded is either p = 2 or λi = 0.
The statement thus becomes that y 7→ λi(y) is linear: then

∑

i

yiAi =
∑

j

(pj · y)rj(y)⊗ rj(y) =
∑

i

yi
∑

j

pjirj(y)⊗ rj(y),

i.e.
Aj(y) = pjirj(y)⊗ rj(y)

which means they commute, and also ri(y) is independent on y. �


