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2. Borel isomorphisms and Polish spaces

In this section we want to reduce several computations in Polish spaces to computations on a G-
subset of R.

DEFINITION 2.1. A Polish space is a separable complete metric space (X, d).
If (Xy,d1),(Xa,ds) are two Polish spaces, a continuous map ¢ : X3 — X5 such that ¢ is a homeo-
morphism on ¢(X1) is an embedding.

Note that while the topology of X is determined, there are several equivalent metrics: thus completion
means that there is a distance d such that (X, d) is complete. Clearly the identity map is an embedding
(X,d) into (X,d"), with d,d" equivalent metrics.

DEFINITION 2.2. A set is clopen if it is open and close.
The Borel g-algebra is the o-algebra generated by the topology.

2.1. Extension of continuous functions and embeddings. The property of having a complete
metric is a topological property, so we are interested in finding which subsets of a complete metric space
are Polish (i.e. they have a complete metric generating the induced topology): a trivial example is closed
sets.

LEMMA 2.3. If O C X is open, then there is an equivalent distance do such that (O, do) is complete.

PRrROOF. Just define
1 1
dist(z,80)  dist(a’,00) |
The second term is the inverse of the Euclidean distance by the map z — dist(z, dO), which is continuous
in O. Clearly a Cauchy sequence must have m converging, with means that d(z,00) > 0,z € O. O

do(z,2") = d(z,2') +

PROPOSITION 2.4. A Gs-subset G of X Polish is Polish.

PrOOF. We have to define a complete metric d’ on G leaving the topology the same: set
d(z,2') = Z 107" max{1,do, (z,2)}, Gs= ﬂ On.
n n

Then if z, is Cauchy for d’, it follows that z; is Cauchy for all dp,, so that in particular it converges
to some = which belongs to all O,, because m has to converge: this gives that z € (", 0, = G. Tt
is immediate to see that the series is converging, because every terms is converging and the sequence is
uniformly summable. a

PROPOSITION 2.5. A continuous function from A C X subset of metric space (X,dx) to a Polish
space (Y,dy) can be extended to a Gs-set G.

PROOF. Define for z € A the oscillation
Osc(x) = lim sup{dy (f(2'), f(2)),2",2" € AN BX(x)}.
r—

This function is defined on A4, and moreover of z,, — z, then
sup{dy (f(z"), f(2')),2",a" € AN B} (2)} > sup{dy (f(2), f(z")),2',a" € AN By (%)} > Osc(i)

if dx (x,2) < 5. This means that
Osc(z) > limsup Osc(f(Z)).
T—x
The map
A3z Osc(r)

is then u.s.c., which means that the set
G = {Osc(x) = 0} = [ {Osc(z) < 27"}

is a Gs.
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By definition the extension of f to G defined by
f(z) = lim f(y)
is well defined and continuous. (]

THEOREM 2.6 (Lavrentiev). If f is an embedding of A C X Polish into the Polish space Y, then it
can be extended as embedding to a Gs-set containing A.

PROOF. The assumptions are that f(A) = B and f is bi-continuous there, with inverse g = f~1,
g: B — A
Let f be the continuous extension of f to a Gs-set A C G4 C X. By definition this means that the
graph
Graph(f) = {(a. f(x)).x € Ga}
is closed in the product distance in the set G4 x Y.
Consider now the function ¢ = f~!: in the same way it can be extended to a continuous function g
to a Gs-set B C Gp C Y such that Graph(g) is closed in X x Gp.
Let now
F = Graph(f) N Graph(g).
This is a closed set in G4 X G, and then it is a G5 set in the product X x Y.
Being f continuous on G, it follows that (id, f)~1(F) is closed in G4, in particular it is a Gs set A
of X. The same property for B = (g,id) "' (F), closed in Gz and thus Gs-set B of Y.
By construction
F = Graph(fv ;) = Graph(g. 3),

so that on A x B it holds g = f~! and being relatively closed both f, g are continuous. ]

COROLLARY 2.7. The embedding of a Polish space into a Polish space is a Gg-set. In particular if
A C X Polish is Polish, then it is a Gg-set.

PrOOF. By Lavrentiev’s Theorem, the embedding : X — Y can be extended to a Gs-set Gx con-
taining X, but this can only be X. |

2.2. Emebdding of a Polish space in ([0,1],]-]). Among all maps between Polish spaces, we will
consider the following one. Let {B,, = B, (x5,)}nen be a family of open balls generating the topology of
X, and define

X oz — ¢(x) = i 107"1p, (z) € [0,1] (2.1)

n=1
LEMMA 2.8. The map ¢ : X — [0,1] is Ls.c., with continuous inverse. In particular it is a Borel
map.

PRrROOF. Indeed z — Ip(zx) is L.s.c. for O open, and by writing

N
¢(x) =sup »_107"1p, ()
N n=1

we conclude since the supremum of 1.s.c functions is l.s.c..

Clearly given z € ¢(X), the expansion in decimals of z € R determines a unique point z € X (since
lim inf,, diam B,, N\, 0), and moreover if ¢(z,,) — ¢(x) then z, — x for the same reason: if z,, z coincide
in the n-th decimal entry, then z,,x € B,. O

In particular, the image of open sets is relatively open in ¢(X), but the counterimage of open sets is
only Borel.

PROPOSITION 2.9. There exists a metric d' on X with a base made of clopen sets such that the Borel
o-algebra B(X) remains the same and ¢ is an embedding.
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ProoF. If {B,}, is a base for the topology, define the new distance
d(z,2') = dg(z,2") = |p(x) — p(2')],
where ¢ is given by (2.1). Clearly this new topology is contained in the Borel o-algebra, being closed by

complementation.
By definition ¢ is a isometry, in particular an isomorphism. (]

In particular from the point of view of the structure as a measurable space, X remains invariant, but
we have lost the completeness. Let
Ty =06 (T,
be the counterimage of the standard topology on R. This topology is finer than the original one, but
the completeness is more related to a uniformity, i.e. a way of evaluating how far are couple of points in
X x X.

PROPOSITION 2.10. There exists a metric d” on X such that (X,d") is Polish and ¢ : X — [0,1] is

an embedding.

PrOOF. Recall the distance used Lemma 2.3
1 1
(z,00) d(z',00)|

do(%,%l) = d(.Z‘,.Z‘/) + d

Define for every B,, the distance
min{1,dg, (z,2")} =z,2' € By,
dn(z,2") = < min{1,d(z,2")} z,z' ¢ By,
1 x € Bp,x' ¢ B, or x ¢ B,z € By,

To verify it is a distance, being min{1, -} subadditive, it is enough to check that if z € B,,, 2’ ¢ B,, then
their distance is 1 so that the triangle inequality is verified. It is also complete: indeed a Cauchy sequence
x, must belongs definitely to B,, or to X \ B,, and the distances there are complete.

Set now

d"(z,2") = d(z,2") + Z 107 "dp (z, 2').

Clearly the space is metric separable. Let 2, k € N, be a Cauchy sequence for d”: then being d complete
there exists z such that d(zy,z) — 0. Moreover, it follows from the convergence of d,,(zx,z) — 0 that
definitely either xj belongs to B, or to X \ B,: in particular x is also the dp, -limit of the sequence xy.
Thus (X, d") is Polish.

We need to prove that ¢ is an embedding. First one can observe that by construction

l¢(z) — ¢(2)] < d"(z,2"),
so that the map ¢ is now 1-Lipschitz.

On the other hand, if ¢(zx) = yr — y = &(z), then the convergence of the decimals given that for
every B, such that x € B,, the points x; belong definitely to B,,. If xz,x; € B, let B, and r > 0 be
such that

B, + B(0) C By,
where we have used the fact that {B,}, is a base for the topology. Then d,, restricted by By, X By, is
equivalent to d, and then we can use Lemma 2.8 to deduce that zy — = w.r.t. d,,. If ¢ B,,, then also
xg, & By, otherwise there will be > 9 - 10~ distance in the their images. Hence z — x also in d,.

In particular each term of the series defining d” converges, and we thus conclude that ¢! is contin-
uous. O

COROLLARY 2.11. The set ¢(X) is a Gs-set of ((0,1),]-])-

2.3. Exercises.

(1) Let (X, B) be a measurable space, and assume that B is countably generated by the family of
sets {Bn}, which is separating: for all x # y there is B € B such that z € B, y € X \ B.
Define a separable metric d such that the Borel set of the topology are B. (This exercise is
just to show that one can play around with a countable family of sets in order to build suitable
metric/Polish/Borel structures.)



