3. SCALAR CONSERVATION LAWS

3. Scalar conservation laws

The equation is
u +div(f(u)) =0, uweR, f:R—RL
Since the entropy relation
dg; _ dndf;
du  dudu

has always a solution, we conclude that

LEMMA 3.1. Every convex function n is an entropy for (3.1) with flux
u
aw) = [ o/ ()r )
In particular, writing every convex function as whose second derivative has compact support as

n(u) =a+ pu—1u)+ %/Rm — | (o),

1 1 s
a=mn(u)— 3 /]R g — |0 (v)du', B=mn'(u)— 5/ﬂ€51gn(u —u)n" (u)du”,

we obtain that
¢ = (54 5 [ sty ) £
=51 (u) + 5 [ sign(u— o) ()
=51/ (u) + 5 [ Oulsing(u — ) (7 (w) — £ ()
so that

o) = 7 0) + [ st = ) () = S ()i

is an associated flux.

COROLLARY 3.2. To test whether a solution is an entropy solution, it is enough to check for the

Kruzkhov entropies
Me(u) = lu— k|, qu(u) = sign(u — k)(f(u) — f(K)).

3.1. Existence of an entropy solution. We consider the parabolic approximation

ur + div(f(u)) = eAu, ug € L. (3.2)

By the scaling
t x
t = -, =
(o) (4.7

ug + div(f(u)) = Au,

the PDE becomes

with initial data

uo(€ex.
LEMMA 3.3. It holds
[uo(e)lloo = lluollo,  [[Vuo(e)|lr = [[Vuoll1-

The proof is elementary. The above lemma gives the quantities which are invariant for the scaling,
so that we expect that ||u(t)||co, Tot.Var.(u(t)) will play an important role in the computations for (3.1).

PROPOSITION 3.4. The solution is C™* if f is in C?*+1),
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PrOOF. We consider mild solution, i.e.

u(t) =Gt —s) xu(s) + /VG(t —7) - fu(r))dr.

Recall the estimates for the Heat Kernel

|z]2
e~ 2t x =2 1
G(t,x) = , VG=——"——¢"20, |VG|: < —.
(t.2) (2nt)% 2(27t) % Vel < 7=

We have first

[u®)lloe < NIGD11luolloo +/ IVG(t = s) [l f(u(s)) = £(0)llcods

1 oo ()l s,

t
1
TP
leolloe - f 5 it —n)

so that assuming the apriori estimate
[u(®)lloo < 2|uolloo

we obtain
luolloe + / - \/7||f loollu(r)lloodr
< unl (12 Wf'nw)
= ol (14 20 ey ) < 2

if

t<
A
Hence the L norm is controlled: the same reasoning can be applied to every initial time where ||u(s)] oo
is bounded, giving that it cannot blow up faster than an exponential

4|l f’ n2 t

[u(®)]o < O(1)2

We repeat for the derivative:

Vu(t) = VG(t) x ug — /0 VG(t — 5) * f'(u(s))Vu(s)ds,

t
IVu(®)lloo < IVG@)I1]uolloo +Co/0 Vit = 5[ Vu(s)|oods.

The constant Cy depends only linearly on || f/||oo. Using the apriori bound

C1|luollso
IVu)ll < el
we obtain
t
1
HVG(t)||1\|uO||oo+Co/ \/il\Vu(S)lloodS
Colluol|oo / 1
< ———— + CoCt||uol|so —_—ds
\/’ 0 1” OH M
< Cilluollee (Co ) Cilluols
+ Oyt < Gilltolle
- Vi \G Vi
if

C1=2C), t<t<——.
! O P ==y
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Repeating the same starting with the time s, we thus deduce that in the interval where ||u(s)|/c is
bounded, obtaining that
Ch

[Vu(t + 7)o < FIIU(t)Iloo-
Next, we write the PDE for the derivative
(Vu) + Vdiv(f(u)) = AVu,
whose mild solution is
t
Vu(t) = G(t — s) x Vu(s) — / G(t — 1) V(f (u(r))Vu(r))dr.

Hence with the same estimates

V2u(t) = VG(¢) * Vau(s) + / VG(t — 1) % V(f (u(r))Vu(r))dr,

t
V(o) < AT g [

1 ) )
Vi—s _S(HVU(T)IIOOJrIlV w(7)||o0)dT

=

ClV)er | =i, + [ Al
< ———— 4+ Covt—s||V + \% ool
> \/m 0 SH u”oo ) \/m“ U(T)” T
_ Gl Vuls) oo
— /715 _s )
with the same apropri assumption
Cil[Vu(s)lloo
Viu|o < ———222 0 04 =20y, 0<t—s< 1.
172l < =222 0y = 20y ;

Hence we obtain that the solution has bounded second derivative.
We can proceed in this way to obtain the desired regularity, and for th time derivative we can use
the PDE to obtain u;. O

As a corollary we obtain that the maximum principle holds, which in particular shows that the
solution is smooth for all times.

COROLLARY 3.5. The mazimum principle holds in a parabolic domain. In particular if ui(0) < u2(0)
then Ul(t) < Us (t)

PrOOF. Consider the equation written as
up = Au+b(t,z) - Vu

It is well known that the maximum principle holds for the above PDE for C? functions, which implies
that a local maximum/minimum cannot belong to any interior point of R* x R?: in particular

[u()lloe < lluolloo- O
Clearly by scaling back the estimates becomes
Cllu

IV u(t) < S,

so they are not uniform w.r.t. to e. However the L*°-bound is preserved.
The next proposition shows that also the total variation is preserved.

PROPOSITION 3.6. If uy,us are two solutions then for s <t
[u () — w2 ()]l < [[ur(s) — ua(s)llr

In particular the TV of any solution is decreasing.
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PROOF. We can assume that s = 0 and u1(0) < uz(0), so that

lur () = u2(t)]ls = /d(u2(tax) — u(t, x))de. (3-3)
R
The difference fo two solutions satisfies
O(ur —ug) + div(f(ur) — fu2)) = A(ur — ug,
which implies that (3.3) is constant. Since
lu1(0) — u2(0)]| = / (max{uy,uz} — min{uy, us})de = /(112(0) —41(0))dx,

then by maximum principle
1(t, z) < uy(t,x),ua(t, z) < to(t, x),
and then
l[ua (t) = w2 (B[] < [t (£) — G2(t)]|1 = [Jur (0) — uz(0)]]1.
This gives the L!-stability.
In particular, being the PDE invariant for translation we get

/ lu(t, @ + h) — u(t, 2)|dz < / 10(0, 2 + h) — u(0, z)|da.
Dividing by h and letting h — 0 we obtain
/|Vu(t,x) ~hldz < /\Vu(O,a:) - h|dz,
which gives the L'-estimate

/Z'ai“(t’f””dx < /Z‘aﬂt(o,xﬂdm.

Observe also that v = 9;u satisfies

v+ 3 0 (fl(w) = Av,

The equation for a convex function h(v) is then
h(w) + 3 0(F (wh(v) = Ah(w) = B [Vof? + 37 8i(fih(w)) — Vh-04( £ (w))
< Ah(v) + div(f])(h — h'v).

v2452
h@):{ 5 <o

ol vl =4,

If we take

then
2 2

h—hv= 62_75@1|v|<5 < gl\v|<6a
so that the last term disappears in L{ ., so that
[vle + div(f']o]) < Alu],
in distribution, which is the previous estimate. O
The next estimate gives a uniform in time dependence in L' if the total variation is bounded: it

is perfect coherent with the conservation law PDE. First we observe that the same estimate for the L'
norms gives

COROLLARY 3.7. It holds
IV2ully < C[|Vuls.
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ProOF. Using the same estimate for mild solutions of the equation

(V)¢ + div(f (u)Vu) = AVu

t
IV2u(t)[ly < [VG@)]1]Vu(0)x +CO||f,Hoc/0 IVG(t = )l (IVu(s)]I3 + [IV2u(s)]l)ds
Co|[Vu(0)||y ol /t 1 2

< ————=+4C —||V ||V t+ C —||V ds,

< O ) | IVul | VulVi+ Co |~ [V2us) s
so that again the apriori bound

C1||Vu(0
||V2U(t)||1 < 1” ( )Hl

Vit

can be applied. One concludes by using the uniform control on the total variation.

LeEMMA 3.8. If Tot.Var. < C, the solutions are uniformly Lipschitz in time.

PROOF. Scaling back the previous estimate
C
IVZu@)llx < —[Vuolh,

which gives that
luelly < ledully + [ o[ Vulls < ClIVu(0)]:.

This holds for ¢t > O(e) in the rescaled variable.
For the time [0, ] we use the estimate

C[Vuollx

eVife

t
Jutt) ~ w0l < Il -

{\/Z 0<t<e,

Vet+(t—e) t>e

are uniformly continuous, and Lipschitz after .

[Aully <

to get

Clearly the family of functions

We thus have a family of Lipschitz semigroups
R x L' N {Tot.Var.(u) < C} > (t,ug) — Sfug € L'
with the property of being 1-Lipschitz for fixed ¢
[Sfuo — Sivollr < [luo — voll1,

and uniformly continuous in L'
|Sfuo — Sguollr < w(t —s).
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By Ascoly-Arzeld, there is a limiting subseugnec converging to a semigroup Siug, which is now Lipschitz

in t, ug.

COROLLARY 3.9. If Tot.Var.(ug) < C, then up to subsequence the semigroup generated by the para-

bolic approximations converge to a semigroup of entropy solutions to the scalar conservation law:

llu(t) — v(s)|]1 < CTot.Var.(ug)lt — s| + |Jug — vol|1-

COROLLARY 3.10. The semigroup can be extended to a continuous in time semigroup, 1-Lipschitz in

L.

PROOF. If ug , — up, the continuous function ¢t — wu(t) is converging uniformly.

O



62 3. HYPERBOLIC CONSERVATION LAWS

3.2. Entropy estimate. The last part is the uniqueness: we are going to use the Kruzkhov’s
entropies.
We use the double integration estimate

//|u(t,x) ot 9)[(Br — D)b(t, 5, 3, ) dwdt + //sign(u A f— )V > 0.
Indeed the entropy condition for u(t, ) with v(s, y) as parameter
/ lu— vl + sign(u — v)(F(u) — F(v)) - Vaodadt + / o — voldadt > 0,
for v(s,y) with u(t, z) as parameter
[ u= vl + sign(u— o)(#(a) = 1) - Vyodyds + [ uo ~ volodyds > .
adding
/ lu —v|(¢r + ¢s) + sign(u — v)(f(u) — f(v)) - (Vo + Vyd)dadtdyds + / |ug — voledzdtdyds > 0.

Taking

t+s x—i—y)

¢(t7$787y):<(t_87x_y)30< 2 ) 2

we obtain

/|u — v|er +sign(u — v)(f(u) — f(v)) - V.p)sdadtdyds + / |ug — vo|pdadtdyds > 0,

Since the expression does not contain derivatives of ¢, then we can let ¢ — dg(dtdx) (it is also better to
take ¢ as a product), and being u(t) continuous in L' and translations continuous in L' we obtain the
weak formulation of

Olu —u'| + div(sign(u — u')(f (u) — f(u))) <0,
and integrating we have the L' stability estimate for entropy solutions
[u(t) =o)L < lluls) —v(s)ll,
which gives uniqueness.
We collect all the results in this section into the following
THEOREM 3.11. For every initial data ug in L™ there exists a unique entropy solution to the PDE
(3.1), which generates a semigroup Sy with the properties
(1) 1-Lipschitz in L':
[Seu = Spvlly < flu— vl
(2) continuous in times
%gr; ||Stu — Ssully = 0;
(8) if Tot.Var.(u) < C, then
[IStw — Ssully < CTot. Var.(u)|t — s;

(4) it is the limit of the parabolic approxzimations (3.2).
(5) it has a finite speed of propagation,

/ |Siu — Spv|. £ < / lu — v].2%
Br(z) Brg )15l oot(®)

PrOOF. The only missing part are the finite speed of propagation and the limit of the parabolic
approximations for initial data which are not BV. The first implies the second because we can assume u
to have compact support and by taking an approximation of BV function

BVNL>® 3 u,(0) = u(0) € LN L

the L'-stability implies
[Jup, (8) = w ()]l < [lun(0) = u(0)]]1,
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so that u¢(t) must be a Cauchy sequence because

lim sup sup ||u;, (t) — u(¢)]| = limsup sup ||Siun(0) — u(¢) |1 < ||un — ulls —n 0.
€ t € t

To prove the finite speed of propagation, consider the balance for entropy solutions
O|u — v| + div(sing(u — v) f(u) — f(v)) <0,
and test with a Lipschitz function of the form
h(lz] — Mt) > 0.
It holds
O(Ju —vlh) + div(sing(u — v)(f (u) = f(v))h) < [u —v|hs + sing(u — v)(f(u) = f(v)) - VI
flw) = f(v) x) |

<|u-— vh/< — Mt + sin(u — v)
lu—v| |z

If
M > [ fllos

then the r.h.s. is negative, which means that
/|u(t, z) —vu(t,z)|h(|z| — Mt)dx < /|u0(x) — vo(x)|h(z)dz.

Now letting
h = g <p—nt
we obtain the statement. O



