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2. Set c1 = 10, c3 = 0.005, and c4 = 0.02. The constant c2 is the control parameter. Consider
c2 = 0.10 to 0.16 in steps of 0.005. What is the period of lnY for each value of c2?

3. Determine the values of c2 at which the period doublings occur for as many period doublings
as you can determine. Compute the constant δ (see (6.10)) and compare its value to the
value of δ for the logistic map.

4. Make a bifurcation diagram by taking the values of lnY from the Poincaré plot at X = Z, and
plotting them versus the control parameter c2. Do you see a sequence of period doublings?

5. If you have three-dimensional graphics capability, plot the trajectory of (6.63) with lnX,
ln Y , and lnZ as the three axes. Describe the attractors for some of the cases considered in
part (b).

Appendix 6A: Stability of the Fixed Points of the Logistic
Map

In the following, we derive analytical expressions for the fixed points of the logistic map. The
fixed-point condition is given by

x∗ = f(x∗). (6.64)

From (6.5) this condition yields the two fixed points

x∗ = 0 and x∗ = 1 − 1
4r

. (6.65)

Because x is restricted to be positive, the only fixed point for r < 1/4 is x = 0. To determine the
stability of x∗, we let

xn = x∗ + ϵn (6.66a)

and
xn+1 = x∗ + ϵn+1. (6.66b)

Because |ϵn| ≪ 1, we have

xn+1 = f(x∗ + ϵn) ≈ f(x∗) + ϵnf ′(x∗)
= x∗ + ϵnf ′(x∗). (6.67)

If we compare (6.66b) and (6.67), we obtain

ϵn+1/ϵn = f ′(x∗). (6.68)

If |f ′(x∗)| > 1, the trajectory will diverge from x∗ since |ϵn+1| > |ϵn|. The opposite is true
for |f ′(x∗)| < 1. Hence, the local stability criteria for a fixed point x∗ are

1. |f ′(x∗)| < 1, x∗ is stable;
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{
myControl.setValue("r", 0.2 );
myControl.setValue("x", 0.6);
myControl.setValue("iterations", 50);

}

public void calculate()
{

r = myControl.getValue("r");
x = myControl.getValue("x");
// method getValue returns double
iterations = (int) myControl.getValue("iterations");
plot.deleteAllPoints();
for (int i = 0; i <= iterations; i++)
{

plot.addPoint(0, i, x); // 0 is data index
map();

}
plot.repaint();

}

public void map()
{

x = 4*r*x*(1 - x); // iterate map
}

public static void main(String[] args)
{

IterateMap map = new IterateMap();
map.reset();

}
}

In Problems 6.1 and 6.3 we use this program to explore the dynamical properties of the logistic
map.
Problem 6.1. Exploration of period-doubling

1. Explore the dynamical behavior of (6.5) with r = 0.24 for different values of x0. Show that
x = 0 is a stable fixed point. That is, for sufficiently small r, the iterated values of x converge
to x = 0 independently of the value of x0. If x represents the population of insects, describe
the qualitative behavior of the population.

2. Explore the dynamical behavior of (6.5) for r = 0.26, 0.5, 0.74, and 0.748. A fixed point is
unstable if for almost all x0 near the fixed point, the trajectories diverge from it. Verify that
x = 0 is an unstable fixed point for r > 0.25. Show that for the suggested values of r, the
iterated values of x do not change after an initial transient, that is, the long time dynamical
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Figure 6.3: Graphical representation of the iteration of the logistic map (6.5) with r = 0.7 and
x0 = 0.9. Note that the graphical solution converges to the fixed point x∗ ≈ 0.643.

This graphical method is illustrated in Figure 6.3 for r = 0.7 and x0 = 0.9. If we begin
with any x0 (except x0 = 0 and x0 = 1), continued iterations will converge to the fixed point
x∗ ≈ 0.642857. Repeat the procedure shown in Figure 6.3 by hand and convince yourself that you
understand the graphical solution of the iterated values of the map. For this value of r, the fixed
point is stable (an attractor of period 1). In contrast, no matter how close x0 is to the fixed point
at x = 0, the iterates diverge away from it, and this fixed point is unstable.

How can we explain the qualitative difference between the fixed point at x = 0 and x∗ =
0.642857 for r = 0.7? The local slope of the curve y = f(x) determines the distance moved
horizontally each time f is iterated. A slope steeper than 45◦ leads to a value of x further away
from its initial value. Hence, the criterion for the stability of a fixed point is that the magnitude
of the slope at the fixed point must be less than 45◦. That is, if |df(x)/dx|x=x∗ is less than unity,
then x∗ is stable; conversely, if |df(x)/dx|x=x∗ is greater than unity, then x∗ is unstable. Inspection
of f(x) in Figure 6.3 shows that x = 0 is unstable because the slope of f(x) at x = 0 is greater
than unity. In contrast, the magnitude of the slope of f(x) at x = x∗ is less than unity and the
fixed point is stable. In Appendix 6A, we use similar analytical arguments to show that

x∗ = 0 is stable for 0 < r < 1/4 (6.6a)

and
x∗ = 1 − 1

4r
is stable for 1/4 < r < 3/4. (6.6b)

:

xn+1 = 4rxn(1 − xn)

x
∗

= 1 −

1

4r
is stable for

1

4
< r < . . .?

It can be demonstrated that:

(condition x
∗

> 0)

(< 1)

1 2

2

1

2

x⇤ is a fixed point if xn+1 = xn = x⇤, i.e., f(x⇤) = x⇤

1

2

The logistic map 

the iterated values of  x  converge to  x*  independently of  the value of x0

unstable fixed point :
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=
0)

=
4r

Note: the graphical intersection between y(x) and the diagonal gives the fixed point, but it is not 
sufficient to determine whether it is stable or unstable

xn+1 = 4rxn(1 − xn) y(x) = 4rx(1� x)

y0(x = 0) = 4r

1

x0

(x0, f(x0))
x1 = f(x0)
(x1, f(x1))
f(x1)
x⇤ is a fixed point if xn+1 = xn = x⇤, i.e., f(x⇤) = x⇤

1

.

..

3

(x0, y(x0))(x1 = y(x0), y(x0))

(x1, y(x1))

(cobweb plot) : 
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xn+1 = 4rxn(1 − xn) r = 0.33 ⟹ x* = 0.25

x0 = 0.25

stable fixed point

by Roberta Favata
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xn+1 = 4rxn(1 − xn) r = 0.5 ⟹ x* = 0.5

x0 = 0.5

stable fixed point

by Roberta Favata
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The logistic map 
xn+1 = 4rxn(1 − xn) r = 0.875 ⟹

x0 = 0.3

by Roberta Favata
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The logistic map 
xn+1 = 4rxn(1 − xn) r = 0.875 ⟹

x0 = 0.6

by Roberta Favata
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The logistic map 
xn+1 = 4rxn(1 − xn) r = 0.875 ⟹

x0 = 0.9

by Roberta Favata
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The logistic map 
xn+1 = 4rxn(1 − xn) r = 0.875 ⟹

x0 = 0.9

by Roberta Favata
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The logistic map 
xn+1 = 4rxn(1 − xn) r = 0.875 ⟹

x0 = 0.714285714
(machine precision)

unstable fixed point !!!
by Roberta Favata
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The logistic map 
xn+1 = 4rxn(1 − xn) r = 0.8 ⟹ x* = 1 −

1
4r

= 0.6875

x0 = 0.6875

it seems stable…. BUT….
by Roberta Favata
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The logistic map 
xn+1 = 4rxn(1 − xn) r = 0.8 ⟹ x* = 1 −

1
4r

= 0.6875

x0 = 0.68749

unstable fixed point!
by Roberta Favata



Measuring chaos 

The difference between two trajectories may diverge 
exponentially, 

but not indefinitely since the trajectory is limited!
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6.5 Measuring Chaos

How do we know if a system is chaotic? The most important characteristic of chaos is sensitivity
to initial conditions. In Problem 6.3 for example, we found that the trajectories starting from
x0 = 0.5 and x0 = 0.5001 for r = 0.91 become very different after a small number of iterations.
Because computers only store floating numbers to a certain number of digits, the implication of
this result is that our numerical predictions of the trajectories are restricted to small time intervals.
That is, sensitivity to initial conditions implies that even though the logistic map is deterministic,
our ability to make numerical predictions is limited.

How can we quantify this lack of predictably? In general, if we start two identical dynamical
systems from different initial conditions, we expect that the difference between the trajectories
will change as a function of n. In Figure 6.8 we show a plot of the difference |∆xn| versus n
for the same conditions as in Problem 6.3a. We see that roughly speaking, ln |∆xn| is a linearly
increasing function of n. This result indicates that the separation between the trajectories grows
exponentially if the system is chaotic. This divergence of the trajectories can be described by the
Lyapunov exponent, which is defined by the relation:

|∆xn| = |∆x0| eλn, (6.15)

where ∆xn is the difference between the trajectories at time n. If the Lyapunov exponent λ
is positive, then nearby trajectories diverge exponentially. Chaotic behavior is characterized by
exponential divergence of nearby trajectories.

A naive way of measuring the Lyapunov exponent λ is to run the same dynamical system
twice with slightly different initial conditions and measure the difference of the trajectories as a
function of n. We used this method to generate Figure 6.8. Because the rate of separation of the
trajectories might depend on the choice of x0, a better method would be to compute the rate of
separation for many values of x0. This method would be tedious, because we would have to fit the
separation to (6.15) for each value of x0 and then determine an average value of λ.

A more important limitation of the naive method is that because the trajectory is restricted
to the unit interval, the separation |∆xn| ceases to increase when n becomes sufficiently large.
However, to make the computation of λ as accurate as possible, we would like to average over as
many iterations as possible. Fortunately, there is a better procedure. To understand the procedure,
we take the natural logarithm of both sides of (6.15) and write λ as

λ =
1
n

ln
∣∣∣∣
∆xn

∆x0

∣∣∣∣. (6.16)

Because we want to use the data from the entire trajectory after the transient behavior has ended,
we use the fact that

∆xn

∆x0
=

∆x1

∆x0

∆x2

∆x1
· · · ∆xn

∆xn−1
. (6.17)

Hence, we can express λ as

λ =
1
n

n−1∑

i=0

ln
∣∣∣∣
∆xi+1

∆xi

∣∣∣∣. (6.18)
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6.5 Measuring Chaos

How do we know if a system is chaotic? The most important characteristic of chaos is sensitivity
to initial conditions. In Problem 6.3 for example, we found that the trajectories starting from
x0 = 0.5 and x0 = 0.5001 for r = 0.91 become very different after a small number of iterations.
Because computers only store floating numbers to a certain number of digits, the implication of
this result is that our numerical predictions of the trajectories are restricted to small time intervals.
That is, sensitivity to initial conditions implies that even though the logistic map is deterministic,
our ability to make numerical predictions is limited.

How can we quantify this lack of predictably? In general, if we start two identical dynamical
systems from different initial conditions, we expect that the difference between the trajectories
will change as a function of n. In Figure 6.8 we show a plot of the difference |∆xn| versus n
for the same conditions as in Problem 6.3a. We see that roughly speaking, ln |∆xn| is a linearly
increasing function of n. This result indicates that the separation between the trajectories grows
exponentially if the system is chaotic. This divergence of the trajectories can be described by the
Lyapunov exponent, which is defined by the relation:

|∆xn| = |∆x0| eλn, (6.15)

where ∆xn is the difference between the trajectories at time n. If the Lyapunov exponent λ
is positive, then nearby trajectories diverge exponentially. Chaotic behavior is characterized by
exponential divergence of nearby trajectories.

A naive way of measuring the Lyapunov exponent λ is to run the same dynamical system
twice with slightly different initial conditions and measure the difference of the trajectories as a
function of n. We used this method to generate Figure 6.8. Because the rate of separation of the
trajectories might depend on the choice of x0, a better method would be to compute the rate of
separation for many values of x0. This method would be tedious, because we would have to fit the
separation to (6.15) for each value of x0 and then determine an average value of λ.

A more important limitation of the naive method is that because the trajectory is restricted
to the unit interval, the separation |∆xn| ceases to increase when n becomes sufficiently large.
However, to make the computation of λ as accurate as possible, we would like to average over as
many iterations as possible. Fortunately, there is a better procedure. To understand the procedure,
we take the natural logarithm of both sides of (6.15) and write λ as
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where ∆xn is the difference between the trajectories at time n. If the Lyapunov exponent λ
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separation for many values of x0. This method would be tedious, because we would have to fit the
separation to (6.15) for each value of x0 and then determine an average value of λ.

A more important limitation of the naive method is that because the trajectory is restricted
to the unit interval, the separation |∆xn| ceases to increase when n becomes sufficiently large.
However, to make the computation of λ as accurate as possible, we would like to average over as
many iterations as possible. Fortunately, there is a better procedure. To understand the procedure,
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6.5 Measuring Chaos

How do we know if a system is chaotic? The most important characteristic of chaos is sensitivity
to initial conditions. In Problem 6.3 for example, we found that the trajectories starting from
x0 = 0.5 and x0 = 0.5001 for r = 0.91 become very different after a small number of iterations.
Because computers only store floating numbers to a certain number of digits, the implication of
this result is that our numerical predictions of the trajectories are restricted to small time intervals.
That is, sensitivity to initial conditions implies that even though the logistic map is deterministic,
our ability to make numerical predictions is limited.

How can we quantify this lack of predictably? In general, if we start two identical dynamical
systems from different initial conditions, we expect that the difference between the trajectories
will change as a function of n. In Figure 6.8 we show a plot of the difference |∆xn| versus n
for the same conditions as in Problem 6.3a. We see that roughly speaking, ln |∆xn| is a linearly
increasing function of n. This result indicates that the separation between the trajectories grows
exponentially if the system is chaotic. This divergence of the trajectories can be described by the
Lyapunov exponent, which is defined by the relation:

|∆xn| = |∆x0| eλn, (6.15)

where ∆xn is the difference between the trajectories at time n. If the Lyapunov exponent λ
is positive, then nearby trajectories diverge exponentially. Chaotic behavior is characterized by
exponential divergence of nearby trajectories.

A naive way of measuring the Lyapunov exponent λ is to run the same dynamical system
twice with slightly different initial conditions and measure the difference of the trajectories as a
function of n. We used this method to generate Figure 6.8. Because the rate of separation of the
trajectories might depend on the choice of x0, a better method would be to compute the rate of
separation for many values of x0. This method would be tedious, because we would have to fit the
separation to (6.15) for each value of x0 and then determine an average value of λ.

A more important limitation of the naive method is that because the trajectory is restricted
to the unit interval, the separation |∆xn| ceases to increase when n becomes sufficiently large.
However, to make the computation of λ as accurate as possible, we would like to average over as
many iterations as possible. Fortunately, there is a better procedure. To understand the procedure,
we take the natural logarithm of both sides of (6.15) and write λ as

λ =
1
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Because we want to use the data from the entire trajectory after the transient behavior has ended,
we use the fact that

∆xn

∆x0
=

∆x1

∆x0

∆x2

∆x1
· · · ∆xn

∆xn−1
. (6.17)

Hence, we can express λ as

λ =
1
n

n−1∑

i=0

ln
∣∣∣∣
∆xi+1

∆xi

∣∣∣∣. (6.18)

CHAPTER 6. THE CHAOTIC MOTION OF DYNAMICAL SYSTEMS 171

6.5 Measuring Chaos

How do we know if a system is chaotic? The most important characteristic of chaos is sensitivity
to initial conditions. In Problem 6.3 for example, we found that the trajectories starting from
x0 = 0.5 and x0 = 0.5001 for r = 0.91 become very different after a small number of iterations.
Because computers only store floating numbers to a certain number of digits, the implication of
this result is that our numerical predictions of the trajectories are restricted to small time intervals.
That is, sensitivity to initial conditions implies that even though the logistic map is deterministic,
our ability to make numerical predictions is limited.

How can we quantify this lack of predictably? In general, if we start two identical dynamical
systems from different initial conditions, we expect that the difference between the trajectories
will change as a function of n. In Figure 6.8 we show a plot of the difference |∆xn| versus n
for the same conditions as in Problem 6.3a. We see that roughly speaking, ln |∆xn| is a linearly
increasing function of n. This result indicates that the separation between the trajectories grows
exponentially if the system is chaotic. This divergence of the trajectories can be described by the
Lyapunov exponent, which is defined by the relation:

|∆xn| = |∆x0| eλn, (6.15)

where ∆xn is the difference between the trajectories at time n. If the Lyapunov exponent λ
is positive, then nearby trajectories diverge exponentially. Chaotic behavior is characterized by
exponential divergence of nearby trajectories.

A naive way of measuring the Lyapunov exponent λ is to run the same dynamical system
twice with slightly different initial conditions and measure the difference of the trajectories as a
function of n. We used this method to generate Figure 6.8. Because the rate of separation of the
trajectories might depend on the choice of x0, a better method would be to compute the rate of
separation for many values of x0. This method would be tedious, because we would have to fit the
separation to (6.15) for each value of x0 and then determine an average value of λ.

A more important limitation of the naive method is that because the trajectory is restricted
to the unit interval, the separation |∆xn| ceases to increase when n becomes sufficiently large.
However, to make the computation of λ as accurate as possible, we would like to average over as
many iterations as possible. Fortunately, there is a better procedure. To understand the procedure,
we take the natural logarithm of both sides of (6.15) and write λ as

λ =
1
n

ln
∣∣∣∣
∆xn

∆x0

∣∣∣∣. (6.16)

Because we want to use the data from the entire trajectory after the transient behavior has ended,
we use the fact that

∆xn

∆x0
=

∆x1

∆x0

∆x2

∆x1
· · · ∆xn

∆xn−1
. (6.17)

Hence, we can express λ as

λ =
1
n

n−1∑

i=0

ln
∣∣∣∣
∆xi+1

∆xi

∣∣∣∣. (6.18)

CHAPTER 6. THE CHAOTIC MOTION OF DYNAMICAL SYSTEMS 173

-2.0

-1.0

0.0

1.0

!

0.7 0.8 0.9 1.0
r

Figure 6.9: The Lyapunov exponent calculated using the method in (6.20) as a function of the
control parameter r. Compare the behavior of λ to the bifurcation diagram in Figure 6.2. Note
that λ < 0 for r < 3/4 and approaches zero at a period doubling bifurcation. A negative spike
corresponds to a superstable trajectory. The onset of chaos is visible near r = 0.892, where λ
first becomes positive. For r > 0.892, λ generally increases except for dips below zero whenever
a periodic window occurs. Note the large dip due to the period 3 window near r = 0.96. For
each value of r, the first 1000 iterations were discarded, and 105 values of ln |f ′(xn)| were used to
determine λ.

Problem 6.9. Lyapunov exponent for the logistic map

1. Compute the Lyapunov exponent λ for the logistic map using the naive approach. Choose
r = 0.91, x0 = 0.5, and ∆x0 = 10−6, and plot ln |∆xn/∆x0| versus n. What happens to
ln |∆xn/∆x0| for large n? Estimate λ for r = 0.91, r = 0.97, and r = 1.0. Does your estimate
of λ for each value of r depend significantly on your choice of x0 or ∆x0?

2. Compute λ using the algorithm discussed in the text for r = 0.76 to r = 1.0 in steps of
∆r = 0.01. What is the sign of λ if the system is not chaotic? Plot λ versus r, and explain
your results in terms of behavior of the bifurcation diagram shown in Figure 6.2. Compare
your results for λ with those shown in Figure 6.9. How does the sign of λ correlate with the
behavior of the system as seen in the bifurcation diagram? If λ < 0, then the two trajectories
converge and the system is not chaotic. If λ = 0, then the trajectories diverge algebraically,
that is, as a power of n. For what value of r is λ a maximum?
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xn+1 = 4rxn(1 − xn) (a0 = x0)

for the logistic map
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See also: https://www.physics.rutgers.edu/~haule/488/LogisticMap/Logistic%20map.html
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According to the previous definition, 
the Lyapunov parameter λ is given by:

λ =
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If we consider the map as a function, we have:

if the Δxi  are sufficiently small, which is true 
in case of convergence towards fixed pointsSince f ′(x) = ±r for all x, we find
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⎠
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⎛
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⎠
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This suggests that the tent map has chaotic
solutions for all r > 1, since λ = ln r > 0.

In general one needs a computer to calculate
λ!

e.g. λ for the Logistic Map

25

hence:

CHAPTER 6. THE CHAOTIC MOTION OF DYNAMICAL SYSTEMS 171

6.5 Measuring Chaos

How do we know if a system is chaotic? The most important characteristic of chaos is sensitivity
to initial conditions. In Problem 6.3 for example, we found that the trajectories starting from
x0 = 0.5 and x0 = 0.5001 for r = 0.91 become very different after a small number of iterations.
Because computers only store floating numbers to a certain number of digits, the implication of
this result is that our numerical predictions of the trajectories are restricted to small time intervals.
That is, sensitivity to initial conditions implies that even though the logistic map is deterministic,
our ability to make numerical predictions is limited.

How can we quantify this lack of predictably? In general, if we start two identical dynamical
systems from different initial conditions, we expect that the difference between the trajectories
will change as a function of n. In Figure 6.8 we show a plot of the difference |∆xn| versus n
for the same conditions as in Problem 6.3a. We see that roughly speaking, ln |∆xn| is a linearly
increasing function of n. This result indicates that the separation between the trajectories grows
exponentially if the system is chaotic. This divergence of the trajectories can be described by the
Lyapunov exponent, which is defined by the relation:

|∆xn| = |∆x0| eλn, (6.15)

where ∆xn is the difference between the trajectories at time n. If the Lyapunov exponent λ
is positive, then nearby trajectories diverge exponentially. Chaotic behavior is characterized by
exponential divergence of nearby trajectories.

A naive way of measuring the Lyapunov exponent λ is to run the same dynamical system
twice with slightly different initial conditions and measure the difference of the trajectories as a
function of n. We used this method to generate Figure 6.8. Because the rate of separation of the
trajectories might depend on the choice of x0, a better method would be to compute the rate of
separation for many values of x0. This method would be tedious, because we would have to fit the
separation to (6.15) for each value of x0 and then determine an average value of λ.

A more important limitation of the naive method is that because the trajectory is restricted
to the unit interval, the separation |∆xn| ceases to increase when n becomes sufficiently large.
However, to make the computation of λ as accurate as possible, we would like to average over as
many iterations as possible. Fortunately, there is a better procedure. To understand the procedure,
we take the natural logarithm of both sides of (6.15) and write λ as

λ =
1
n

ln
∣∣∣∣
∆xn

∆x0

∣∣∣∣. (6.16)

Because we want to use the data from the entire trajectory after the transient behavior has ended,
we use the fact that

∆xn

∆x0
=

∆x1

∆x0

∆x2

∆x1
· · · ∆xn

∆xn−1
. (6.17)

Hence, we can express λ as

λ =
1
n

n−1∑

i=0

ln
∣∣∣∣
∆xi+1

∆xi

∣∣∣∣. (6.18)
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⎠
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This suggests that the tent map has chaotic
solutions for all r > 1, since λ = ln r > 0.

In general one needs a computer to calculate
λ!

e.g. λ for the Logistic Map
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by Andrea Cacciola

a=4r

f′￼(xi) = 4r(1 − 2xi)
for the logistic map:

See also: https://www.physics.rutgers.edu/~haule/488/LogisticMap/Logistic%20map.html
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Example 7.5.1
Consider the so-called tent map

f(x) =

{
rx 0 ≤ x ≤ 1/2

r − rx 1/2 ≤ x ≤ 1

(for 0 ≤ r ≤ 2 and 0 ≤ x ≤ 1).

Fig. 7.5.1

This looks similar to the logistic map, but is

much easier to analyse!
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Since f ′(x) = ±r for all x, we find

λ = lim
n→∞

⎛

⎝1

n

n−1∑

i=0
ln |f ′(xi)|

⎞

⎠

= lim
n→∞

⎛

⎝ln r

n

n−1∑

i=0
1

⎞

⎠

= ln r

This suggests that the tent map has chaotic
solutions for all r > 1, since λ = ln r > 0.

In general one needs a computer to calculate
λ!

e.g. λ for the Logistic Map

25

r



Billiards

Ergodicity
of chaotic
billiards

NON Ergodicity
of circular
billiards

25


