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Regular Surfaces

Definition

A subset S C R3 is a regular surface if, for every p € S there exist an open
set V' C R3an open set U C R? and a map x of U onto V N SR3

such:

e x is differentiable, i.e. if x(u,v) = (x(u, v), y(u, v), z(u, v)) with
(u,v) € U, then x, y, z have continuous partial derivatives of all
orders in U:;

e x:U— VNS isahomeomorphism;

@ dxq4 has rank 2 at every point g € U
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Regular Surfaces

Definition

A subset S C R3 is a regular surface if, for every p € S there exist an open
set V' C R3an open set U C R? and a map x of U onto V N SR3
such:

e x is differentiable, i.e. if x(u,v) = (x(u, v), y(u, v), z(u, v)) with
(u,v) € U, then x, y, z have continuous partial derivatives of all
orders in U:;

e x:U— VNS isahomeomorphism;

@ dxq4 has rank 2 at every point g € U

T,S = {v € R3 tangent to S at p = x(q)} = dxq(R?)
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Surfaces and Curves

Induced scalar product and First Fundamental Form

< Y >R3‘TPSXTp5 = < I >P
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Surfaces and Curves

Induced scalar product and First Fundamental Form

< Y >R3‘TPSXTp5 = < I >P

lb:TpS =R w= (w,w), = HwH2 >0
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Surfaces and Curves

Induced scalar product and First Fundamental Form

(, rslTsxTs = () )p
lp: TpS = R w»—><w,w>p::\|w|]220

E=Ixull* = (x4 ,xu)
G = [Jxv[[* = (x ,x,)

F=(xy,xy) = (Xy ,Xy)
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(, rslTsxTs = () )p
lp: TpS = R w»—><w,w>p::\|w|]220

E=Ixull* = (x4 ,xu)
G = [Jxv[[* = (x ,x,)

F=(xy,xy) = (Xy ,Xy)

/HEF
P F G
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Surfaces and Curves

Induced scalar product and First Fundamental Form

1%y A xy[]? + (x4 ,%,)% = EG
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Surfaces and Curves

Induced scalar product and First Fundamental Form

1%y A xy[]? + (x4 ,%,)% = EG

E F
0 # ||xy Axy||> = EG — F? = det <F G)
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Surfaces and Curves

Induced scalar product and First Fundamental Form

1%y A xy[]? + (x4 ,%,)% = EG

E F
0 # ||xy Axy||> = EG — F? = det <F G)
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Gauss Map

Xy N\ Xy

N(p) lg P=x(q)

B [[xu A xy||

N:SNV — S2cR3
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Gauss Map

Xy N\ Xy

N(p) lg P=x(q)

B [[xu A xy||

N:SNV — S2cR3

{xu, %y, N} is a (moving) frame of R3
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Surfaces and Curves

Curves on a Surface

Definition
A smooth curve on a surface S is a smooth map

a:lCcR—S.

The curve is regular if o/(t) # 0 for all t € /.

Fabio Vlacci (MIGe) Compatibility Conditions February 24, 2026

6/22



Surfaces and Curves

Curves on a Surface

Definition
A smooth curve on a surface S is a smooth map

a:lCcR—S.

The curve is regular if o/(t) # 0 for all t € /.

s(t) = /T |/ (t)||dt = /T VI (e/(t))dt arc length
0 0
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Surfaces and Curves

Curves on a Surface

Definition
A smooth curve on a surface S is a smooth map

a:lCcR—S.

The curve is regular if o/(t) # 0 for all t € /.

5(7'):/ |/ (t)||dt = /\/ ))dt arc length
0

If « is parametrized by arc length, ||o/(s)|| =1 for all s.
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Surfaces and Curves

Curves on a Surface

fai:/ CR— Sandaz:/ CR— S are two regular curves on S which
intersect at p = a1 (tp) = aa(to), then if ¥ is the angle between o/ (to)
and a4 (tp) is such that
1 (to), o5 (t
COS(’IQ) <O[1( 0),&2( 0)>P

 log (o)l - b (o)

Fabio Vlacci (MIGe) Compatibility Conditions February 24, 2026 7/22



Surfaces and Curves

Curves on a Surface

fai:/ CR— Sandaz:/ CR— S are two regular curves on S which
intersect at p = a1 (tp) = aa(to), then if ¥ is the angle between o/ (to)
and a4 (tp) is such that

() (to), h(to))p
cos(¥) = ||y (t0)|] - ||y (to) ]

In particular the angle ¢ between line coordinates

a1(t) = x(uo + t, vo) aa(t) = x(uo, vo + t) at p = x(up, vp) is such that

{ Xy, Xy)p __F

COS = =
)= Tl Tl ~ VEG
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Surfaces and Curves

x: Uonto VNS RCx(U) Q CR?such that R = x(Q)
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Surfaces and Curves

x: Uonto VNS RCx(U) Q CR?such that R = x(Q)

We define area of R to be

// qu/\xVHdudv:// V EG — F?dudv
Q Q
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Surfaces and Curves

Differentiable functions

Definition

f:S — S'is said to be differentiable at p € x(U) if there exists a local
coordinate neighborhood y(U’) of f(p) in S’ such that

yofoxt:UCR?— U CR?
is differentiable at x~1(p).
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Surfaces and Curves

Differentiable functions

Definition

f:S — S'is said to be differentiable at p € x(U) if there exists a local
coordinate neighborhood y(U’) of f(p) in S’ such that

yofoxt:UCR?— U CR?
is differentiable at x~1(p).

dfp : TpS — Tf(P)Sl

is a linear operator
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Surfaces and Curves

Second Fundamental Form and Curvatures

In particular, since N: SNV — §?

dNp : TpS = Th(p)S® = TpS
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Surfaces and Curves

Second Fundamental Form and Curvatures
In particular, since N: SNV — §?
dNp : TpS = Th(p)S® = TpS

Proposition

dN, : T,S — T,5 is a self adjoint linear operator
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Surfaces and Curves

Second Fundamental Form and Curvatures
In particular, since N: SNV — §?
dNp : TpS = Th(p)S® = TpS

Proposition

dN, : T,S — T,5 is a self adjoint linear operator

Il : T,S =R wi= (—dNp(w) ,w),
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Surfaces and Curves

Second Fundamental Form and Curvatures
In particular, since N: SNV — §?
dNp : TpS = Th(p)S® = TpS

Proposition
dN, : T,S — T,5 is a self adjoint linear operator

Il : T,S =R wi= (—dNp(w) ,w),

dN, has two real eigenvalues,

de(e]_) = —k1e1 de(ez) = —k2e2,

called principal curvatures of S at p.
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Surfaces and Curves

Second Fundamental Form and Curvatures
In particular, since N: SNV — §?
dNp : TpS = Th(p)S® = TpS

Proposition
dN, : T,S — T,5 is a self adjoint linear operator J

Il : T,S =R wi= (—dNp(w) ,w),

dN, has two real eigenvalues,

de(e]_) = —k1e1 de(EQ) = —k2e2,

called principal curvatures of S at p. The corresponding (orthogonal)
eigenvectors are called principal directions.
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Surfaces and Curves

Second Fundamental Form and Curvatures

If v =ejcos+ ersint with e; and e, principal directions of S at p, then

I,(v) = ky cos® 9 + kysin®9  (Euler's Formula)
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Surfaces and Curves

Second Fundamental Form and Curvatures

If v =ejcos+ ersint with e; and e, principal directions of S at p, then

I,(v) = ky cos® 9 + kysin®9  (Euler's Formula)

If a: (—¢,€) — S is a regular curve such that o/(0) = p and
v =0a/(0) = x,u/(0) + x,v'(0) € TpS, then
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Surfaces and Curves

Second Fundamental Form and Curvatures

If v =ejcos+ ersint with e; and e, principal directions of S at p, then

I,(v) = ky cos® 9 + kysin®9  (Euler's Formula)

If a: (—¢,€) — S is a regular curve such that o/(0) = p and
v =0a/(0) = x,u/(0) + x,v'(0) € TpS, then

dN,(a'(0)) = dNp(x,)u'(0) + dNp(x,)v'(0) = N,u'(0) + Ny v'(0)
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Surfaces and Curves

Second Fundamental Form and Curvatures

If v =ejcos+ ersint with e; and e, principal directions of S at p, then

I,(v) = ky cos® 9 + kysin®9  (Euler's Formula)

If a: (—¢,€) — S is a regular curve such that o/(0) = p and
v =0a/(0) = x,u/(0) + x,v'(0) € TpS, then
dN,(a'(0)) = dNp(x,)u'(0) + dNp(x,)v'(0) = N,u'(0) + Ny v'(0)

5(0’(0)) = —(Nu, xu) ' (0) = 2(Ny, x,) ' (0)v'(0) — (Ny, x,)v/(0)?
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Surfaces and Curves

Second Fundamental Form and Curvatures

e = —<NU,XU> = <N,qu>

f = —<NU,XV> = <N,Xuv> = —<Nv,Xu> = <N7Xvu>

g = _<NV7XV> = <N7xvv>
since (N, x,) = (N,x,) = 0.
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Second Fundamental Form and Curvatures
e :=—(Ny,x,) = (N, xy,)
f= _<NU7XV> = <N7XUV> = _<NVaXu> = <N7Xvu>

g = _<NV7XV> = <N7xvv>
since (N, x,) = (N,x,) = 0.

I1,(a/(0)) = eu’(0)? + 2fu'(0)v/(0) + gv/(0)?
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Second Fundamental Form and Curvatures
e :=—(Ny,x,) = (N, xy,)
f= _<NU7XV> = <N7XUV> = _<NVaXu> = <N7Xvu>

g = _<NV7XV> = <N>xvv>
since (N, x,) = (N,x,) = 0.

I1,(a/(0)) = eu’(0)? + 2fu'(0)v/(0) + gv/(0)?

e f
Iy < <f g)
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Surfaces and Curves

Second Fundamental Form and Curvatures

On the other hand, since N, L N, N, L N

N, = a11x, + a2ixy
N, = a1ox, + axnx,

or

a a
dN = 11 12
az1 a2
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Surfaces and Curves

Second Fundamental Form and Curvatures

On the other hand, since N, L N, N, L N
N, = a11x, + a2ixy
N, = a1ox, + axnx,

or

=
s
X
<

I
Y
Y]
m
+
Q
N
71
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Surfaces and Curves

Second Fundamental Form and Curvatures
. e f dil1  ai12 . E F
f g dni1 ano F G
dil  di2 _ e f ) E F -1
do1 a2 B f g F G

or
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Surfaces and Curves

Second Fundamental Form and Curvatures

_ef 311312‘EF
f g a  ax» F G

or
-1
ain ap) _ (e f\ (E F
a1 ax) \f g F G
hence
= == = . = i
EG _ F2 1 2 ausslian cvurvature
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Surfaces and Curves

Second Fundamental Form and Curvatures

_ef 311312‘EF
fg dp1 do2 F G

or
-1
dil  di2 _ e f ) E F
do1 a2 - f g F G
hence
deta = E " 4k — K Gaussian Curvat
= — — = . = l1a1n r I
EC _ P2 1 ko aussia. urvature
1 1 1eG —2fF +gE ki + ko
—trdN = - == = =H
pUrdN = jlan+a) = 55— 2
Mean Curvature
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Compatibilty Equations

Fabio Vlacci (MIGe)

Xou = Mhxy + T3 x, + LIN

Xoy = Moxy + T, + LN
_rl 2 -

XVU — r21xu + r21Xv + L2N

X = Mooy + M3o%, + L3N

Compatibility Conditions

February 24, 2026
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Compatibilty Equations

Fabio Vlacci (MIGe)

Xou = Mhxy + T3 x, + LIN

Xoy = Moxy + T, + LN
_rl 2 -

XVU — r21xu + r21Xv + L2N

X = Mooy + M3o%, + L3N

L1:Civ
Ly=L,=f
L3=g

Ik Christoffel symbols

Compatibility Conditions

February 24, 2026
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Compatibilty Equations

_rl 2
Xyu = r11XU+r11XV+eN — { th + r%lG = (xUU7XV> = Fu— 1/2EV

I'bE—H’%zF = (Xu,Xy) = 1/2E,
M F+T2,6 = (Xuy, %) 1/2G,

Xuy = Mox, + THx, + N — {

M,E+T3,F = (xu,x,) = F,—1/2G,

X = [hxu+T3%, +gN — {
22XuT ] 2XvTE MLF+T3,G6 = (xw,x,) = 1/2G,
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Compatibilty Equations

_rl 2
Xyu = r11XU+r11XV+eN — { th + r%lG = (xUU7XV> = Fu— 1/2EV

I'bE—H’%zF = (Xu,Xy) = 1/2E,
M F+T2,6 = (Xuy, %) 1/2G,

Xuy = Mox, + THx, + N — {

M,E+T3,F = (xu,x,) = F,—1/2G,

X = [hxu+T3%, +gN — {
22 22 g F%ZF—F F%zG = (xvvaxv> = 1/2GV

Since EG — F? # 0, one can express the Christoffel symbols in terms of
E, F, G and their derivatives!
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(Xuu)v — (Xuv)u =0
(xw)u — (Xwu)v =0
Ny, — Ny =0

A1Xu + lev + C1N =
Aox, + Box, + GN =
A3Xu + B3XV + C3N =

where Ay, B, C; are functions of E, F, G, e, f, g and their derivatives.
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(Xuu)v — (Xuv)u =0
(xw)u — (Xwu)v =0
Ny, — Ny =0

A1Xu + lev + C1N =0
Aox, + Box, + GN = 0
A3Xu + B3XV + C3N =0

where Ay, B, C; are functions of E, F, G, e, f, g and their derivatives.

Since {xy, x,, N} are linearly independent, it turns out that A; =0, B; =0
¢G=0/=1,2,3.
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(Xuu)v — (Xuv)u =0
(xw)u — (Xwu)v =0
Ny, — Ny =0

Alxu + lev + C1N =0
Aox, + Box, + GN = 0
A3Xu + B3XV + C3N =0

where Ay, B, C; are functions of E, F, G, e, f, g and their derivatives.
Since {xy, x,, N} are linearly independent, it turns out that A; =0, B; =0

C;=01/=1,2,3. For instance
Ar=0 <= (Ma)u— (M) + Tl — MM =F- K

Gauss equation
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Surfaces and Curves

Theorema Egregium

Definition

A diffeomorphism 1) : S — S’ is an isometry if

(w1, w2)p = (dip(w1), dop(W2))y(p) for any wi,waz € 7,5 and any
peES.
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Surfaces and Curves

Theorema Egregium

Definition
A diffeomorphism 1) : S — S’ is an isometry if

(w1, w2)p = (dip(w1), dop(W2))y(p) for any wi,waz € 7,5 and any
peES.

Theorem

The Gaussian curvature K of a surface depends only on the first
fundamental form and therefore is invariant by (local) isometries.
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Surfaces and Curves

Mainardi Codazzi equations

From
C=0 <> e —f=el+ (M), — 1) — gl

G=0 <+ f,—gu=-el3+ (%), — ) — gl

Mainardi Codazzi equations

Fabio Vlacci (MIGe) Compatibility Conditions February 24, 2026

19/22



Surfaces and Curves

Mainardi Codazzi equations
If F =0 and f =0, the Mainardi Codazzi equations become
S el'}z - gr%l

8u = gr%2 - er%2
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Mainardi Codazzi equations

If F =0 and f =0, the Mainardi Codazzi equations become
S el'}2 - gr%l

8u = gr%2 - er%2

and since
1E 1E
r2 — - v rl _ =v
11 2 G 12 2 FE
1G 1G
=3F MTa%
we have
_E, e g G, e g
o=5(gt¢) a=%(¢+¢)
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Surfaces and Curves

Gauss equation

IfFF=0

<= avee | (vee), * (Vi)
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Theorem of Bonnet

Theorem

Assume &, G, F e, g,  are differentiable functions in an open set V C R2
such that € >0, G > 0, £EG — F? > 0 and they (formally) satisfy Gauss
and Mainardi Codazzi equations.

Then, for every q € V there exists a neighborhood U C V of q and a
diffeomorphism x : U — x(U) C R3 such that for the regular surface x(U)
the coefficients E, F, G, e, f,g of the first and second fundamental forms
we haveE =E, F=F, G =G e=e, f=f,g=g. Furthermore, if U is
connected and if x : U — x(U) C R3 is another diffeomorphism satysfying
the same conditions, then there exist a translation T and a linear
orthogonal transformation o of R? such that

x=Topox.
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