Chracterization of BV functions on an interval

Theorem 1 (Helly’s selection theorem). Let (f,) be a sequence of increasing
functions on [a, b]. Suppose that there exists M > 0 such that, for alln € N
and for all x € [a, b],

()] < M.

Then there exists a subsequence (fn, )i and there exists an increasing function
g on [a, b] such that, for all x € [a, b],

lim f,, () = g(x).

Remark 1. We stress the fact that in the conclusion of Helly’s selection theorem
the convergence of the subsequence is a convergence in all points of [a, b].

Proof. Here a proof due to C. Bennewitz
(https://math.stackexchange.com/questions/397931 /hellys-selection-theorem).
The reference for the original proof is: Helly, E. (1912), "Uber lineare Funktion-
aloperationen", Wien. Ber. (in German), 121: 265-297.

The proof is divided in three steps.

e Let A = QnNJa,b. By a diagonal procedure it is possible to extract a
subsequence (fp, )r which is converging at all points of A.

e Define h(z) = limsupy fn,(z). Since the limsup, of a sequence gj of
increasing functions defined on [a, ] is an increasing function, the function
h is increasing and for all a € A, h(a) = limy, f,,, (a). Suppose that h is
continuous at . We claim that h(x) = limy, f,, (z). Let r, s € A such
that r <z < s. We have

Jr(r) = h(s) < fo, (@) = h(z) < fn, (s) = h(r).
We have

limksup(fnk () — h(z)) < lirnksup(fmc (s) = h(r)) < h(s) — h(r)
and

limkinf(fnk () — h(z)) > 1imkinf(fnk (r) — h(s)) < h(r) — h(s),

so that

h(r)—=h(s) < liminf(f,, (2) —h(z)) < limksup(fnk () =h(x)) < h(s)=h(r).

We know that A is dense and z is point of continuity of h, consequently

lim  h(r)= lim h(r)=h(z)

reAr—z- s€A,s—xt

and

lilgn frp () = h(x).



e The previous point says that (f,,)r is converging at all points of [a, b]
apart of a set which is at most countable (i.e. the set in which h is not
continuous). A diagonal procedure gives a sub-sub sequence converging
at all points of [a, b].

O

Corollary 1 (Helly’s selection theorem for BV functions). Let (f,) be a se-
quence of BV ([a, b]) functions. Suppose that there exists M > 0 such that, for
alln e N,

Vo (fa) < M.

Then there exists a subsequence (fn,)r and there exists a BV ([a, b]) function g
such that, for all x € [a, b),

lim f, () = g(z).

Moreover V2 (g) < M.

Proof. Define hy(x) = VI (fn). (hn)n is a sequence of uniformly bounded in-
creasing functions on [a, b] so that it is possible to apply Helly’s selection the-
orem. Denoting with (h,, ), the subsequence and with g the limit function, we
have

lim f, () = lim V7 (f,.) = g(x)

for all z € [a, b]. Define then lx(z) = VF(fn,) — fne (z). The conclusion of the
proof is obtained applying also to (I;) the Helly’s selection theorem. O

Theorem 2 (Characterisation of BV functions on an interval). Let a, b € R,
with a < b. Let f € L'(a, b). The following items are equivalent.

i) There exists M > 0 such that, for all h €]0, b — a],
b—h
[\t - solae < an

ii) There exists f € BV ([a, b]) such that, for almost every x € a, b[,
f(z) = f(a).

Proof. 1 prove first that ii) implies 7). Let f € BV ([a, b]). Let t, t +h € [a, b)].
Then
|[f(t+h) = FOI < V() = VI () = V()

Remarking that both the functions

t |ft+h) = f(O]  and ¢ V() = V()



are integrable on the interval [a, b — h], we deduce that

b—h

b—h B _ _ _
/ F+h) - Fola < / (VIR (F) = V() dt

a

b—h b—h
<[ verdae- [ vihae

b b—h
< [ Vif)di— V() dt
a+h a

b a+t+h
Y t(F
<[ v [ viha

—h
b ~
< [ v
b—h
< WV, ().
The conclusion is a consequence of the fact that
b—h

b—h }
/ e+ ) — Fe)| de = / F(t+ ) — £(1)] dt.

a

Remark that in 44) there is M = V2(f).
I prove now that ) implies i7). Let’s define, for h € 0, b — af,

x+h
gh(ﬂﬁ)Z%/ f@)de, gn :la, b—h] = R.
We have .
gu(2) = 1 (Fale + b) = Fa(a),

where F, : [a,b] — R, Fy(z) = [ f(t)dt. We know that F,(a) = 0 and
for almost all = € [a, b], Fy is differentiable and F}(x) = f(x) for almost all
x € [a, b]. Consequently
1 .
(#) = 3 (fa+ ) — [(2)) ae. in [a, b h].
Moreover, from the known result on Lebesgue’s points for an L' function, we
have that for almost all x € [a, b],

lim gp,(z) = f(z).

h=0
Define now
hn(z) = gi (z),
We have ) 1
hl(x) =n(f(x+ E) — f(z)) a.e.in[a, b— ﬁ]’

1irrln hn(z) = f(z) a.e. in [a, D]



and

b4

b1 b-1
VR = [T @lde = [ (et 3) - sl de < 0.

We deduce that for all ng sufficiently large and for all n > ny,

1 _ 1
hy € BV(la,b— —]) and Vi ™ (hy) < M.

o

Apply now the corollary to Helly’s selection theorem to the sequence (hy,)n>n,-
There exist a subsequence (hy, ) and a function g : [a, b — n%)] — R such that

1
lim Ay, (z) = g(z) for all x € [a, b — —],
k no

where it is interesting to remark that g(z) = f(z) for a. e. in [a, b — nio]
Consider now a subdivision of [a, b — %],

1
ro=a<xr1<---<xp_1<x,=b——,
no

We have

L L
> lgla;) = glwj 1) )| = lim( Z e (@5) = hay (25-1)1)
i=1 =1

and, for all k € N,

1

L
b— L
Z|hnk(mj)_hnk(mj*1)| <Va o(hnk) < M.

bh— L
As a consequence g € BV ([a, b — i]) and V, "°(g) < M. The above remark

that g(z) = f(x) for a. e. in [a, b— no] gives the conclusion.
O

Exercize 1. Let (gi)r be a sequence of increasing functions defined on [a, b].
Suppose that (gx)x is uniformly bounded. Let

h(z) = limsup gx(x).
k

Show that h is a bounded increasing function.
Remember that h(z) = limsup,, gx(z) means
o for all k € N, gi(x) < h(z);

e for all ¢ > 0 and for all k¥ € N, there exists & € N such that k¥ > &k and
gk (z) > h(x) —

Let @1, o2 € [a, b] with 21 < x3. Suppose by contradiction that h(z1) > h(x2).
Choose ¢ = h(z1)—h(x3). Then for all k € N, there exists k € N such that k > k
and gg(z1) > h(xz). But this implies gx(x1) > gx(x2) and this is impossible.



