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Differentiable Manifolds - Def. |

Definition
A differentiable manifold M of dimension n is a Hausdorff and

paracompact? topological space with a (maximal) atlas
{(Va,Xa : Vo T M — R")},
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3) the transition maps

Xo ox/g1 :xg(Va N Vg) = xo(Vo N V3)

are differentiable (smooth) (V, N V3 # @).

?Any open cover of M has a refinement which is locally finite
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Differentiable Manifolds - Def. |

Definition
A differentiable manifold M of dimension n is a Hausdorff and
paracompact? topological space with a (maximal) atlas
{(Va,Xa : Vi C M — R")}, ie.

) Uy Vo =
2) x4 is a homeomorphism for any «
3) the transition maps

XaOXB (V ﬂVB)—>Xa(V ﬂVﬁ)

are differentiable (smooth) (V, N V3 # @).

?Any open cover of M has a refinement which is locally finite

(Va, xq) is called a (local) chart or local parametrization of M.
A family {(Va, Xa }a Which satisfies 1), 2) and 3) is called a differentiable
structure on M.
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Differentiable Manifolds

Differentiable mappings

We say that a function f : M — R is differentiable at p € M if, given any

local chart (Vq,xa) of M with x,(p) € V,, it turns out that f o x ! is
differentiale at x;*(p).
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Differentiable mappings

We say that a function f : M — R is differentiable at p € M if, given any
local chart (Vq,xa) of M with x,(p) € V,, it turns out that f o x ! is
differentiale at x;*(p).

The set of all differentiable functions at p will be denoted by D,.
Similarly,

Definition
Given two differentiable manifolds M, M’ of dimension n, n’ respectively

and a mapping F : M — M’, we say that F is differentiable at p € M if,
given a parametrization (Vj3,yg) of M' at F(p) there exists a

parametrization (V,,x,) of M at p such that F(x;1(V,)) C ygl(Vé)
and

yﬁoFoxgl:UaCR"—HR"l

is differentiable.
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Tangent Space

The tangent space of M at p is defined to be

TpM = {derivations at p}.
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Tangent Space

The tangent space of M at p is defined to be

TpM = {derivations at p}.

o 9
Ix1’ 7 Oxp

Local basis:

p
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Differentiable Manifolds - Def. Il

Definition

A differentiable manifold M of dimension n is a set M and a family of
injective mappings X, : Uy, C R” — M of open sets U, of R" such that
1) Ua%a(Ua) = M

2) for any «, 8 with x(Ua) Nxg(Ug) = W # @, the sets x/gl(W) and
x, 1 (W) are open sets in R” and the mappings xgl o X, are differentiable.
3) The family {(Ua, X }o is maximal relative to the conditions 1) and 2)
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Differentiable Manifolds - Def. Il

Definition

A differentiable manifold M of dimension n is a set M and a family of
injective mappings x,, : Uy, C R” — M of open sets U, of R" such that
1) UaXa(Ua) = M

2) for any «, 8 with x(Ua) Nxg(Ug) = W # @, the sets x/gl(W) and
x; 1 (W) are open sets in R” and the mappings xgl o x,, are differentiable.
3) The family {(Ua, X }o is maximal relative to the conditions 1) and 2)

(Ua, xq) is called a (local) chart or local parametrization of M
A family {(Ua,Xq }o which satisfies 1) and 2) is called a differentiable
structure on M.
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Topology on M

Definition
If M is a differentiable manifold of dimension n, a set A C M is defined to
be open in M if and only if x;*(ANxa(Uy)) is an open set in R” for any a.
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Topology on M

Definition
If M is a differentiable manifold of dimension n, a set A C M is defined to
be open in M if and only if x;*(ANxa(Uy)) is an open set in R” for any a.

Remark

The topology is defined in such a way that the sets x,(U,,) are open and
the mappings x,, are continuous.
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Differentiable Manifolds

Differentiable mappings

We say that a function f : M — R is differentiable at p if, given any local

chart (Uy, xo) of M with p € V,,, it turns out that f o x, is differentiale at
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Differentiable mappings

We say that a function f : M — R is differentiable at p if, given any local
chart (Uy, xo) of M with p € V,,, it turns out that f o x, is differentiale at
Xo(p). The set of all differentiable functions at p will be denoted by D,.

Definition

Given two differentiable manifolds M, M’ of dimension n, n’ respectively
and a mapping F : M — M’, we say that F is differentiable at p € M if,
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Differentiable mappings

We say that a function f : M — R is differentiable at p if, given any local
chart (Uy, xo) of M with p € V,,, it turns out that f o x, is differentiale at
Xo(p). The set of all differentiable functions at p will be denoted by D,.

Definition

Given two differentiable manifolds M, M’ of dimension n, n’ respectively
and a mapping F : M — M’, we say that F is differentiable at p € M if,
given a parametrization (Uj,ys) of M" at F(p) there exists a

parametrization (Ua,Xa) of M at p such that F(x.(Ua)) C yg(Up)
and

ygloFoxa:UaCR”%R"/

is differentiable.

v

If a differentiable mapping is also invertible with inverse also differentiable,
we say that the mapping is a diffeomorphism.
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Tangent Space
Definition

A tangent vector of M at p is the tangent vector at t = 0 of some curve
v : (—e,€) = M with v(0) = p.
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Tangent Space
Definition

A tangent vector of M at p is the tangent vector at t = 0 of some curve
v : (—e,€) = M with v(0) = p.

In a local parametrization (we omit the label &), let f € D, and
v(t) = x(x1(t), - .., xa(t)) with t — (x1(t),...,xa(t)) a curve in U C R".
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Tangent Space
Definition

A tangent vector of M at p is the tangent vector at t = 0 of some curve
v : (—e,€) = M with v(0) = p.

In a local parametrization (we omit the label &), let f € D, and
v(t) = x(x1(t), - .., xa(t)) with t — (x1(t),...,xa(t)) a curve in U C R".

Hence, when f is restricted to -y, we have t — f(x1(t),...,xa(t)) and so
d d . of
Z(f = °f ) X =3 X(0) -
dt( © '7) =0 dt (Xl(t)v ) X (t)) =0 = XJ(O) 8XJ

or, since 7/(0)f = % for)
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Tangent Space

Definition
0

0
TpM:span(—‘O,...,(?T

oxq

o>'
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Tangent Space

Definition
0 0
T.M = -—‘uf—
P 5p3"<ax1 o Ox,

o>'

Remark
If F: M — M’ is a differentiable map, then

dFp s ToM — TrpM'

(the differential of F at p) is defined as follows: if v =~'(0), then
dF(v) = 1/'(0), where n = F o .
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Differentiable Manifolds

Immersions and Embeddings

Let M and N be two differentiable manifolds.

Definition

A differentiable mapping ® : M — N is an immersion if Vp € M d®, is
injective.

If, in addition, ® is a homeomorphism of M onto ®(M) C N, we say that
® is an embedding.
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Vector Fields

Definition
A differentiable vector field X on a differentiable manifold M is a (smooth)
function that assigns to each p € M a vector (denoted by X(p)) in T,M.
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Vector Fields

Definition
A differentiable vector field X on a differentiable manifold M is a (smooth)
function that assigns to each p € M a vector (denoted by X(p)) in T,M.

In local coordinates

n

E aj
i 8
X
j=1 J

where aj : U — R are differentiable.

Fabio Vlacci (MIGe Universita di Trieste) Basic Facts in Riemannian Geometry Academic Year 2025/2026 11/17



Vector Fields

Definition
A differentiable vector field X on a differentiable manifold M is a (smooth)
function that assigns to each p € M a vector (denoted by X(p)) in T,M.

In local coordinates

n

E aj
i 8
X
j=1 J

where aj : U — R are differentiable.
The set of all differentiable vector fields will be denoted by '( TM).
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Lie Bracket

Let X, Y € I(TM), then

[X,Y]:= XY — YX € [(TM)
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Lie Bracket

Let X, Y € I(TM), then

[X,Y]:= XY — YX € [(TM)

Properties of the Lie bracket of vector fields X, Y, Z
1) [X,Y]=—-[Y,X]
2) if f,g € D(M), then

[1X.gY] = fg[X, Y]+ X(g)Y — gY(f)X
3)

[1X, Y], Z] + [[Y, Z), X] + [[Z.X], Y] = 0
(Jacobi identity)
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Differentiable Manifolds

Distributions

Definition

Given a differentiable manifold M of dimension n, a distribution on M of
dimension k with 1 < k < nis a (smooth) choice of a subspace of
dimension k in T,M, i.e. a differentiable mapping

with A (p) a linear subspace of dimension k in T, M.
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Differentiable Manifolds

Distributions

Definition
A distribution A, on M of dimension k is involutive if it is closed with
respect to Lie bracket operation, i.e. X, Y € Ay = [X, Y] € Aq.
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Distributions

Definition
A distribution A, on M of dimension k is involutive if it is closed with
respect to Lie bracket operation, i.e. X, Y € Ay = [X, Y] € Aq.

Definition

Given distribution Ax on M of dimension k, a differentiable submanifold
N of M (i: N — M, i immersion) is said integral of Ay if Vp e N
dip(TpoN) =~ Ay(p).
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Differentiable Manifolds

Frobenius Theorem

Theorem (Frobenius)

Given distribution A, on M of dimension k, there exists a differentiable
submanifold N of M integral of Ay if and only if Ay is involutive.
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Differentiable Manifolds

Something more on the topology of a differentiable
manifold

From now on we'll always assume that the topology on a differentiable
manifold M is Hausdorff or T, (given two distinct points of M there exist
neighborhoods of these two points which do not intersect each oithe)r and
such that M can be covered by a countable number of coordinate
neighborhoods (or M has a countable basis).
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Something more on the topology of a differentiable
manifold

From now on we'll always assume that the topology on a differentiable
manifold M is Hausdorff or T, (given two distinct points of M there exist
neighborhoods of these two points which do not intersect each oithe)r and
such that M can be covered by a countable number of coordinate
neighborhoods (or M has a countable basis).

Theorem (Whitney)

Any differentiable manifold M of dimension n which is Hausdorff and has a
countable basis can be immersed in R?>" and embedded in R?"*1.
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Differentiable Manifolds

Partition of unity

Definition

We say that a family {f, }, of differentiable functions f, : M — R is a
differentiable partition of unity if

e for all & f, > 0 and suppfy, C x4(Uy), where {(Uy,Xa)}a is a
differentiable structure of M;
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Partition of unity

Definition
We say that a family {f, }, of differentiable functions f, : M — R is a
differentiable partition of unity if

e for all & f, > 0 and suppfy, C x4(Uy), where {(Uy,Xa)}a is a
differentiable structure of M;

0 {x4(Uq)}a is locally finite;
° > . fa(p) =1forany pe M.

Theorem

A differentiable manifold M has a differentiable partition of unity if and

only if every connected component of M is Hausdorff and has a countable
basis.
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