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Definition of Group

Definition

A group is any set G with an operation - : G X G — G such that
1) Vg, h,l € Gg-(h-1)=(g-h)-I);

2)dec € Gsuchthateg-g=ec-g=g Vg € G;

3)Vge G,dge€ Gsuchthate=g-g=g-g.
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Definition of Group

Definition

A group is any set G with an operation - : G X G — G such that
1) Vg, h,l € Gg-(h-1)=(g-h)-I);

2)dec € Gsuchthateg-g=ec-g=g Vg € G;

3)Vge G,dge€ Gsuchthate=g-g=g-g.

In general, the operation - is not commutative but if so the group is said
to be abelian.
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Definition of Group

Definition

A group is any set G with an operation - : G X G — G such that
1) Vg, h,l € Gg-(h-1)=(g-h)-I);

2)dec € Gsuchthateg-g=ec-g=g Vg € G;

3)Vge G,dge€ Gsuchthate=g-g=g-g.

In general, the operation - is not commutative but if so the group is said

to be abelian. Very often g = g~ 1.
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Definition of Action of a Group

Definition

We say that a group (G, ) acts on a set S if there exists a mappting

w:GxS—S

(g, x) — gx = p(g,x)
such that
1) p(eg,x) =x VxeS
2) pu(h, gx) = p(h, p(g,x)) = p(h-g,x) Vx e SandVg heG.
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Definition of Action of a Group

Definition

We say that a group (G, ) acts on a set S if there exists a mappting

w:GxS—S

(g, x) — gx = p(g,x)
such that
1) p(eg,x) =x VxeS
2) pu(h, gx) = p(h, p(g,x)) = p(h-g,x) Vx e SandVg heG.

v

If S is a topological space, we say that the action of (G, -) on S is properly
discontinuous if every x € S has an open neighborhood U in S such that
Ung(U)=o forall g € G g # eg.
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Definition of Topological Group

Definition

A group (G, -) where the set G is a topological space with
:GxG—G, (g,h)—~g-h
and

1:G— G, grgt

continuous maps is called a topological group.
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Definition of Lie Group

Definition

A group (G, ) where G is a smooth manifold with
:GxG—G, (g,h)—~g-h
and

1:G— G, g—gt

smooth maps is called a Lie group.
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Examples of Lie Groups

Examples include

(R",+) (C\{0} =R*\{0},¢) (S'.c) (GL(n.R),)
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Definition of Lie Algebra

Definition

A real vector space G equipped with a R bilinear skew symmetric product?
which satisfies the Jacobi identity is called a Lie Algebra

a

[]:9xG—>¢

@ Bilinear
@ Skew symmetric [X, Y] = —[Y, X]
@ Jacobi identity [X,[Y, Z]] +[Y,[Z,X]]+[Z,[X, Y]] =0
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Definition of Lie Algebra

Definition
A real vector space G equipped with a R bilinear skew symmetric product?
which satisfies the Jacobi identity is called a Lie Algebra

a

[]:9xG—>¢

@ Bilinear
@ Skew symmetric [X, Y] = —[Y, X]
@ Jacobi identity [X,[Y, Z]] +[Y,[Z,X]]+[Z,[X, Y]] =0

The bilinear probuct is not necessarily associative!
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Definition of Lie Algebra

Definition
A real vector space G equipped with a R bilinear skew symmetric product?
which satisfies the Jacobi identity is called a Lie Algebra

a

[]:9xG—>¢

@ Bilinear
@ Skew symmetric [X, Y] = —[Y, X]
@ Jacobi identity [X,[Y, Z]] +[Y,[Z,X]]+[Z,[X, Y]] =0

The bilinear probuct is not necessarily associative! Examples include

R3 (as 3-dimensional real vector space) and A
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Definition of Lie Algebra

Definition

A real vector space G equipped with a R bilinear skew symmetric product?
which satisfies the Jacobi identity is called a Lie Algebra

a

[]:GxG—=G

@ Bilinear
@ Skew symmetric [X, Y] = —[Y, X]
@ Jacobi identity [X,[Y, Z]] +[Y,[Z,X]]+[Z,[X, Y]] =0

The bilinear probuct is not necessarily associative! Examples include

R3 (as 3-dimensional real vector space) and A

M(n,R) = {(aj)1<ij<n aj € R} (as a subspace of an)
and (A, B) s [A, B] = AB — BA
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Left Translation

For g € G, the function

Lg:G—= G Lg(x)=g x

is called a left translation.
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Left Translation

For g € G, the function

Lg:G—= G Lg(x)=g x
is called a left translation.
A similar definition is given for right translation, namely Ry(x) = x - g;

notice that the definition of Lie group does not assume that the group is
abelian, so left translations are different from right translations in general!
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Left Translation

For g € G, the function

Lg:G—= G Lg(x)=g x
is called a left translation.

A similar definition is given for right translation, namely Ry(x) = x - g;
notice that the definition of Lie group does not assume that the group is
abelian, so left translations are different from right translations in general!

Left and right translations are diffeomorphisms and so are inner

automorphisms Rg-10Lg: G — G

X — gxg_1

which, for any g € G, keep eg fixed.
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Left Translation

For g € G, the function

Lg:G—= G Lg(x)=g x
is called a left translation.

A similar definition is given for right translation, namely Ry(x) = x - g;
notice that the definition of Lie group does not assume that the group is
abelian, so left translations are different from right translations in general!

Left and right translations are diffeomorphisms and so are inner

automorphisms Rg-10Lg: G — G

X — gxg_1

which, for any g € G, keep eg fixed.

Question: since (left translations, o) is a group acting on G, when is this
action properly discontinuous?
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Left-Invariant Vector Fields

Definition
A vector field X € I'(TG) is left-invariant if

(dLg)nXn = Xgh = X1, (n)
for all g, h € G.
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Left-Invariant Vector Fields

A vector field X € I'(TG) is left-invariant if

(dLg)nXh = Xgh = X1 4(h)
for all g, h € G.
The set of left-invariant vector fields on G forms a Lie algebra with [,] Lie
bracket as product.

A\
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Proof (Step 1)

Let X, Y be left-invariant vector fields.
We have only to show that

[X,Y] = XY — YX

is also left-invariant.
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Proof (Step 2)

Take f € D(G) and consider (dLg)[X, Y]f.
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Proof (Step 2)

Take f € D(G) and consider (dLg)[X, Y]f. In general if F: M — M’ is a
differentiable mapping and v € T,M, f € D(M’)

d
dFp(v)f = I(fo Foa)|i=o

where a : (—e,e) — M is a differentiable curve such that a(0) = p and
o/(0) = v or

dFp(v)f = v(f o F)(p).
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Proof (Step 2)

Take f € D(G) and consider (dLg)[X, Y]f. In general if F: M — M’ is a
differentiable mapping and v € T,M, f € D(M’)
dF,(v)f = i(7"0 F o)
PR T dr =0
where a : (—e,e) — M is a differentiable curve such that a(0) = p and
a/(0) = v or
dFp(v)f = v(f o F)(p).

Hence
(dL)[X, YIf =[X,Y](folg) =

= X(Y(folg))— Y(X(folg)=X(dLgYf) — Y(dLgXf)
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Proof (Step 2)

Take f € D(G) and consider (dLg)[X, Y]f. In general if F: M — M’ is a
differentiable mapping and v € T,M, f € D(M’)

d
dFp(v)f = a(fo Foa)le=o
where a : (—e,e) — M is a differentiable curve such that a(0) = p and
a/(0) = v or

dFp(v)f = v(f o F)(p).

Hence
(dL)[X, YIf =[X,Y](folg) =

= X(Y(folg))— Y(X(folg)=X(dLgYf) — Y(dLgXf)

But since X, Y are left invariant (or dLz,X = X dL,Y =Y, the
commutator of X and Y is left invariant.
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Lie Algebra of a Lie Group

Given a Lie group (G, ), consider T..G and the Lie algebra G of left
invariants vector fields on G.

Proposition

XeG — Xee

is a linear isomorphism which preserves the Lie brackets (or a Lie algebra
homomorphism).

If Xee = Yec, forany g € G dlgXe. = LgYe, and hence X; = Y, for any
geEGorX=Y.
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Lie Algebra of a Lie Group

Given a Lie group (G, ), consider T..G and the Lie algebra G of left
invariants vector fields on G.

Proposition

XeG — Xee

is a linear isomorphism which preserves the Lie brackets (or a Lie algebra
homomorphism).

If Xee = Yec, forany g € G dlgXe. = LgYe, and hence X; = Y, for any
geEGorX=Y.
If X € Te. G, put Xg = dLX; then

dLpXg = dLp(dLgXeg) = Xgn = dLghXeq-
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Lie Algebra of a Lie Group

Given a Lie group (G, ), consider T..G and the Lie algebra G of left
invariants vector fields on G.

Proposition

XeG — Xee

is a linear isomorphism which preserves the Lie brackets (or a Lie algebra
homomorphism).

If Xee = Yec, forany g € G dlgXe. = LgYe, and hence X; = Y, for any
geGor X=Y.

If X € Te. G, put Xg = dLX; then

dLpXg = dLp(dLgXep) = Xgh = dLghXe, -

Finally, if X, Y € G, then [X, Y] € G and [X, Y]ee = [Xee, Yeel.
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Example

(GL(n,R),-)  (M(n,R),[A,B]=A-B—B-A)
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(GL(n,R),-)  (M(n,R),[A,B]=A-B—B-A)

w (e-ghi-o
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Lie Group Homomorphism

Definition

Given two Lie Groups G and G a differentiable mapping ¢ : G — H is a
Lie group homomorphism if it s a group homomorphism.
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Lie Group Homomorphism

Definition

Given two Lie Groups G and G a differentiable mapping ¢ : G — H is a
Lie group homomorphism if it s a group homomorphism.

If o : G — His a Lie group homomorphism, then ¢(eg) = ey;
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Lie Group Homomorphism

Definition

Given two Lie Groups G and G a differentiable mapping ¢ : G — H is a
Lie group homomorphism if it s a group homomorphism.

If o : G — His a Lie group homomorphism, then ¢(eg) = ey;
furthermore

Proposition
dpec i TecG — Ty H

is a linear homomorphism such that

do([X, Yleg) = [do(X), dp(Y)]e,

i.e. p is a Lie algebra homomorphism.
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Exponential map

Let G be a Lie group and consider X € To.G ~ G. Then there exists a
unique a : (—¢,e) — G such that «(0) = eg and /(0) = X.
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Exponential map

Let G be a Lie group and consider X € To.G ~ G. Then there exists a
unique a : (—¢,e) — G such that «(0) = eg and /(0) = X.
Take § > 0 and consider 3(t) := a(td);
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Exponential map

Let G be a Lie group and consider X € To.G ~ G. Then there exists a
unique a : (—¢,e) — G such that «(0) = eg and /(0) = X.

Take § > 0 and consider 5(t) := a(td); hence 5 : (—¢/d,e/6) — G is
such that 5(0) = eg and 5'(0) = §&/(0) = 6.X.
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Fabio Vlacci MIGe Universita di Trieste Introduction to Lie Groups and Lie Algebras



Exponential map

Let G be a Lie group and consider X € To.G ~ G. Then there exists a
unique a : (—¢,e) — G such that «(0) = eg and /(0) = X.

Take § > 0 and consider 5(t) := a(td); hence 5 : (—¢/d,e/6) — G is
such that 5(0) = eg and 5'(0) = §&/(0) = 6.X.

XegG—a(l)e G

is called the exponential map of G.
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Exponential map

Let G be a Lie group and consider X € To.G ~ G. Then there exists a
unique a : (—¢,e) — G such that «(0) = eg and /(0) = X.

Take § > 0 and consider 5(t) := a(td); hence 5 : (—¢/d,e/6) — G is
such that 5(0) = eg and 5'(0) = §&/(0) = 6.X.

XegG—a(l)e G

is called the exponential map of G.

a(1) = expx(1)
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Exponential map

Let G be a Lie group and consider X € To.G ~ G. Then there exists a
unique a : (—¢,e) — G such that «(0) = eg and /(0) = X.
Take § > 0 and consider 5(t) := a(td); hence 5 : (—¢/d,e/6) — G is
such that 8(0) = eg and 5'(0) = 6&/(0) = 6 X.

XegG—a(l)e G

is called the exponential map of G.

a(1) = expx(1)
If exp(tX) = expx(t) we have
expx(f1 + t2) = expx(t1) - expx(t2)
and, if ¢ : G — H is a Lie group homomorphism, then

poexp® = exp” odipe,

with exp® the exponential map of G and exp'’ the exponential map of H.
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Theorem (Local Diffeomorphism)

The exponential map is a local diffeomorphism near the identity. \
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Then

d
T exp(tX)|t=0 = X
Thus

dexpg = Id

By the inverse function theorem, exp is a local diffeomorphism.
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Take A € M(n,R) and consider

Exp(A) =1+ A+A%/24+ ... +A"/nl + ...
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Take A € M(n,R) and consider
Exp(A) =1+ A+A%/24+ ... +A"/nl + ...
Then

t — Exp(tA)
is the curve a in GL(n, R) such that a(0) = /(= eg(nr)) and /(0) = A.
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Take A € M(n,R) and consider
Exp(A) =1+ A+A%/24+ ... +A"/nl + ...
Then

t — Exp(tA)
is the curve a in GL(n, R) such that a(0) = /(= eg(nr)) and /(0) = A.

expCLMR) — Expll
Moreover, if B € GL(n,R)

BExp(A)B~! = Exp(BAB™!)
and
det(Exp(A)) = Exp(trace(A))
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Take A € M(n,R) and consider
Exp(A) =1+ A+A%/24+ ... +A"/nl + ...
Then

t — Exp(tA)
is the curve a in GL(n, R) such that a(0) = /(= eg(nr)) and /(0) = A.

expCLMR) — Expll
Moreover, if B € GL(n,R)

BExp(A)B~! = Exp(BAB™!)
and

det(Exp(A)) = Exp(trace(A))
Finally, if A- A" = A’ - A, then
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Invariant metrics on G

Definition
If a Lie group G has a Riemannian metric, we'll say that this Riemannian
metric is left invariant if, for any X, Y € T,G and for any g € G

(X, Y>p = <(dLg)va (dLg)p Y)Lg(p)

or Lg is an isometry for any g € G.
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Invariant metrics on G

Definition
If a Lie group G has a Riemannian metric, we'll say that this Riemannian
metric is left invariant if, for any X, Y € T,G and for any g € G

(X, Y>p = <(dLg)va (dLg)p Y)Lg(p)

or Lg is an isometry for any g € G.

v

Analogously, one can define right invariant metrics; if a Riemannian metric
is both right and left invariant it will be called bi-invariant.
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Invariant metrics on G

Take any generic inner product (-, )¢, in G =~ T, G and extend it as
follows at g € G

G

(X, Y>g = <(dLg*1)gX’ (dLg*I)g Y)e
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Invariant metrics on G

Take any generic inner product (-, )¢, in G =~ T, G and extend it as
follows at g € G

(X, Y>g = <(dLg*1)gX’ (dLg*I)g Y)

The corresponding Riemannian metric in G is, by defintion, left invariant.

€G
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