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Periodic functions, Harmonics

Periodic functions

Definition and properties

definition

A function f(x) is periodic if there exists a constant T > 0 for which:
f(x+ T) = f(x) V x in the domain of definition of the function
it is understood that both x and x + T belong to the domain

°
@ familiar functions: cos x, sinx, tanx, ...
o Entire graph obtained by repetition of the graph in a < x <a+ T
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Periodic functions, Harmonics

Periodic functions

Definition and properties

o If two functions, f(x) and g(x) are periodic of period T:
(x) = g(x) are periodic of the same period, T
(x)g(x) is periodic of the same period, T
(x)/g(x) is periodic of the same period, T
)

o If f(x is periodic of period T, then the numbers 27,37,... and
—T,-2T,—3T ... are also periods (kT with k € Z is also a per|od)

o f(X)=Ff(x+T)=Ff(x+2T)=f(x+3T)=
o f(xX)=Ff(x—=T)=Ff(x=-2T)=f(x—-3T) =
e the period is not unique
@ The periodic function defines a 1D lattice on the x axis
e infinite points equally spaced by T
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Periodic functions, Harmonics

Periodic functions

Definition and properties

properties
If f(x) is integrable on an interval of length T then
Q@ [T f(x)dx = [P f(x)dx, Va,b € R

o Define H(z) = fzz+T f(x)dx, it is ( ) =0 — H(a) = H(b), ¥
a,beR

@ [T f(x+d)dx = [T f(x)dx, ¥V d € R

e the function can be arbitrarily translated on the real axis
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Periodic functions, Harmonics

Periodic functions

Definition and properties
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Periodic functions, Harmonics

Harmonics

The simplest periodic function

The Harmonic oscillator
Consider a point mass M, of mass m, that moves along a straight line

under the action of a restoring force F = —ks (k > 0):

d’s _ _ d?s 20 _
e myz = ks or gz tws=0

co 3
@ The solution can be written in the form s(t) = Asin (wt + )

o |A|: max. deviation from O
o T = 2Z: period of oscillation
e : initial phase, s(t =0) =singp

0 F o
F—
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Periodic functions, Harmonics

Harmonics

The simplest periodic function

Appearance of the curve y = Asin (wx + ¢)
@ Assume w > 0 (sin (—wx + ¢) = —sin (wx — @)
e y=sinxforA=1w=1 ¢=0
o y=cosxforA=1,w=1 =7
@ y =sin(wx): set z = wx
e uniform compression along the x-axis by a factor w (if w > 1) or
expansion (if w < 1)
@ y=sin(wx+p): set z=wx+ ¢
o shift of the graph of sin (wx) along the x-axis by —%
@ y = Asin(wx + ) is obtained from that of y = sin (wx + ¢) by
multiplying all ordinates by the constant A
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Periodic functions, Harmonics

Harmonics

The simplest periodic function

Appearance of the curve y = Asin (wx + ¢)
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(a) y = sinx; (b) y =sin3x; (c) y = sin(3x + F); (d) y = 2sin(3x + F)
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Periodic functions, Harmonics

Harmonics

The simplest periodic function

General representation

@ Every harmonics can be written as: y = acoswx + bsinwx
e a=Asiny
e b=Acosyp

o Conversely:
o A=vVa2+ B2

@ sinp =

a
VErE
ith period T = 2/ can be written as:

El
A
@ cosp = %

@ The harmonic w

acos( ; )+ bsin (—)
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Trigonometric Fourier Series

Trigonometric Fourier series

Trigonometric polinomials and series

Trigonometric polynomials
@ Let's consider the harmonic:
o aycos () + bysin (™) (k=1,2,...)

@ Each member is:

e periodic of period T, = 27’ and frequency wy = ”T"

e has a common period T =2/ = kT

o sy(x)=A+>7 4 (ak cos (#) + by sin (’T—’,‘X))
e is periodic of period 2/
e can represent quite general functions

7,
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of

graph of y = sinx + % sin (2x) + % sin (3x)
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Trigonometric Fourier Series

Trigonometric Fourier series

Trigonometric polinomials and series

Trigonometric series
o If convergent, the infinite trigonometric series:
o A+ Y70 (ak cos (TR) + by sin (7))
Represents a function of period T = 2/

Can represent a wide class of functions

e complicated oscillatory motion represented as superposition of
individual simple oscillations

(]

If a function f(x) of period 2/ is represented by such a series:
o f(x) = A+ (akcos (F) + bysin (%))

X

Then setting t = %%
o o(t)=f () =A+332, (ak cos (kt) + by sin (kt))
e (t) is periodic of period T =27«
e we can focus on functions of period 27
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Trigonometric Fourier Series

Trigonometric Fourier series

The orthogonality of sines and cosines

The basic trigonometric system
@ The functions in the set:
e 1, cos(x),sin(x),cos (2x),sin (2x) ..., cos (nx),sin (nx)...
@ Have the common period of 27
o Are pairwise orthogonal on the interval [—7, 7]:
o |™ cos(nx) dx_O (n=1,2,..))
o [ sin(nx)dx=0(n=1,2,...)
o [" cos(nx sm(mx)dx_ 0Vn,m
° f sin (nx) sin (mx)dx = 7émn
o ["_cos(nx)cos(mx)dx = T6mn
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Trigonometric Fourier Series

Trigonometric Fourier series

The orthogonality of sines and cosines

Orthogonal systems

@ Two functions ¥(x) and ¢(x) are orthogonal on the interval [a, b] if:

b
/ B(x)p(x)dx = 0

@ The basic trigonometric system is orthogonal in any interval of the
type [a, a + 27]
@ Hint: to verify it use the well-known formulae:
o cosacos 3 = [cos (o + f3) + cos(a — B)]
e sinasin B = i[cos(a — ) — cos (a + B)]
e sinacos f = 5[sin (o + B3) + sin (a — )]
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Trigonometric Fourier Series

Trigonometric Fourier series

Fourier series for functions of period 27

@ Suppose a (integrable) function f(x) of period 27 is given the
following expansion:

oo
4o
) + Z ay cos (kx) + by sin (kx))
k=1
@ How are the coefficients (Fourier coefficients) determined from a
knowledge of f(x)?
@ The task is easy if we assume that the series above and those to be
written (i.e. f(x)cos (nx),f(x)sin(nx)) can be:
e integrated term by term
e the integral of the sum is the sum of the integrals
@ This is the case if the series is uniformly convergent on a given
interval and its terms are continuous on the interval
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Trigonometric Fourier Series

Trigonometric Fourier series

Fourier series for functions of period 27

Fourier series of a function

® 39 = %fjﬂ f(x)dx

@ 2 is the average value of f(x) in the interval [—7, 7]:

1 a+T 1 N
- f)dx = lim —— > f(x)A
T/;, Cde =i Vax 2 (xi)Ax
D) ,-V,l f(xi)
== I I= = f
N N <flx) >
:l: T ﬂllf
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Trigonometric Fourier Series

Trigonometric Fourier series

Fourier series for functions of period 27

Fourier series of a function
® a, =21 [T f(x)cos(nx)dx

o by=1 " f(x)sin(nx)dx

o the same coefficients are obtained with [ — j”zﬂ

o f(x)~ % +> 72 (akcos (kx) + by sin (kx))
o if we do not know in advance its convergence and if it sums to f(x)

o If f(x) is defined only on [—m,x], its Fourier series is its periodic
extension on the real axis
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Trigonometric Fourier Series

Trigonometric Fourier series

Fourier series for functions of period 27

Periodic extensions of a function defined on [—, 7]
@ For f(x) continuous on [—m, 7], the extension has discontinuities
(jump discontinuities):
e at points x = (2k + 1)w, k =0,£1,£2... when f(7) # f(—n)
e at x = a+ 2km, k =0,+1,42... when f(a) # f(a+ 2n)
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Trigonometric Fourier Series

Trigonometric Fourier series

Fourier series for functions of period 27

Right-hand and left-hand limits: jump discontinuities

o Let limx—x f(x) = f(xo — 0) and limx—x f(x) = f(xp + 0) if both
xX<Xo o X>X0
exist and are finite
o f(xo — 0): left-hand limit of f(x) at xg
o f(xo + 0): right-hand limit of f(x) at xo
e If f is continuous in xp: f(xp +0) = f(xp) = f(x0 — 0)
o If f(xo —0) # f(xo +0):
@ Xp is a point of jump discontinuity if both exist
e 0 ="f(xo+0)—f(xo—0): jump of the function

e Xp is a point of discontinuity of the second kind if at least one of them
does not exist
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Trigonometric Fourier Series

Trigonometric Fourier series

Fourier series for functions of period 27

Right-hand and left-hand limits: jump discontinuities

-3 x<1
f(x)=<0 x=1
Vx o ox>1

@ In the graph of the function, at x = 1:
o F(1—0)=—1,f(14+0)=1—3=F(1+0)—F(1—0)=2

¥
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Trigonometric Fourier Series

Trigonometric Fourier series

Fourier series for functions of period 27

Smooth and piecewise smooth functions
e f(x) is said to be smooth on the interval [a, b] if is has a continuous
derivative on [a, b]:
e the graph is a smooth curve without any " corners”
e f(x) is said to be piecewise smooth on the interval [a, b] if:
o either f(x) and its derivative are both continuous on [a, b]
o they have only a finite number of jump discontinuities on [a, b]
@ A continuous or discontinuous function f(x) defined on the whole real
axis is piecewise smooth if it is piecewise smooth on every interval of
finite length
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Trigonometric Fourier Series

Trigonometric Fourier series

Fourier series for functions of period 27

Smooth and piecewise smooth functions
@ Graph (a): smooth function
e Graph (b

): continuous piecewise smooth function
@ Graph (c): discontinuous piecewise smooth function
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Trigonometric Fourier Series

Trigonometric Fourier series

Fourier series for functions of period 27

A criterion for the convergence of Fourier series

The Fourier series of a piecewise smooth (continuous or discontinuous)
function f(x) of period 27 converges for all values of x. The sum of the
series equals f(x) at every point of continuity and equals the number
2[f(x+0) + f(x — 0)] at every point of discontinuity. If f(x) is continuous

everywhere, then the series converges absolutely and uniformly.
@ Convergence at the endpoints:

o to f(x) if f(—m) = f(m)
o to P i £(_1) # ()
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Trigonometric Fourier Series

Trigonometric Fourier series

Fourier series for functions of period 27

Even and odd functions
e f(x) is an even function if f(x) = f(—x) ¥x
e symmetric with respect to the y axis
° fi, f(x)dx =2 fol f(x)dx
e provided f(x) is defined and integrable in [—/, /]
e f(x) is a odd function if f(—x) = —f(x) Vx
e symmetric with respect to the origin (f(0) = 0)

o [ f(x)dx=0
/\/Io

(o) (b)

(a) even function; (b) odd function
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Trigonometric Fourier Series

Trigonometric Fourier series

Fourier series for functions of period 27

Even and odd functions: properties

@ The product f(x) = ¥(x)p(x) of two even or odd functions is an
even function
o f(=x) = Y(=x)p(=x) = Y(x)p(x) = f(x)
o f(=x) = P(=x)p(=x) = [~ ()][=p(x)] = f(x)
@ The product f(x) = 1(x)p(x) of a even and a odd function is an odd
function

o f(—x) = ¥(=x)p(—x) = =P (x)p(x) = —f(x)
@ cosnx (n=0,1,2...) and sinnx (n=1,2...) are respectively even
and odd
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Trigonometric Fourier Series

Trigonometric Fourier series

Fourier series for functions of period 27

Cosine series

@ If f(x) is an even function defined on [—, 7] (or even periodic) then:
e f(x)cos(nx) is even
e f(x)sin(nx) is odd

@ lts Fourier series contains only cosines:

o)

a

?O + 2:1 ap, cos (nx)
n=

°a,= 2f0 )cos (nx)dx (n=0,1,2...)
° b,,:O (nf1,2...)
@ An even extension onto [—, 0] if f(x) is defined on [0, 7]
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Trigonometric Fourier Series

Trigonometric Fourier series

Fourier series for functions of period 27

Sine series

e If f(x) is an odd function defined on [—m, 7] (or odd periodic) then:

o f(x)cos(nx) is odd

o f(x)sin(nx) is even
o lts Fourier series contains only sines:

X) ~ Z by sin (nx)
n=1
° an:0(n—0 1,2..))
o by =2 [ f(x)sin(nx)dx (n=1,2...)
@ the series vanishes for x = km
@ An odd extension onto [—, 0] if f(x) is defined on [0, 7] (necessarily
f(0) = 0)
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Trigonometric Fourier Series

Trigonometric Fourier series

Examples of expansions in Fourier series

Expansion of f(x) = x? (—7 < x < )
e f(x) is even, the extended function is continuous and piecewise
smooth; its Fourier series converges absolutely and uniformly to f(x):
o Vx € [—m, 7]
e to its periodic extension outside [—, 7]

0o x2 =1 _ (cosx _cos(29 4 cos(3) | )
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Trigonometric Fourier Series

Trigonometric Fourier series

Examples of expansions in Fourier series

Expansion of f(x) = |x] (—7 < x < 7)
e f(x) is even, the extended function is continuous and piecewise
smooth; its Fourier series converges absolutely and uniformly to f(x):
o Vx € [—m, 7]
e to its periodic extension outside [—, 7]

° ’A:%—%(COSX—FCOS‘?’#"‘%@X)J’_'”)
° ao_%fo xdx =
o a, =2 [ xcos(nx)dx = Z;[cos (nm) — 1] = Z;[(~1)" — 1]
° b,,:O(nz
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Trigonometric Fourier Series

Trigonometric Fourier series

Examples of expansions in Fourier series

Expansion of f(x) = x (—7 < x < 7)
e f(x) is odd, the extended function is piecewise smooth and

discontinuous at the point x = (2k + 1) (k =0,£1,£2...); its

Fourier series converges to zero at the points of discontinuity.
sin (2x) sin (3x)
——2 tT3 - )

0 a,=0(n=0,1,2,...)
o by =2 [ xsin(nx)dx = —2[cos (nm)] = 2[(—1)""!]
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Trigonometric Fourier Series

Trigonometric Fourier series

Fourier series for functions of period 27

The complex form of Fourier series
o Given f(x) ~ % —|— fo’ 1 (ancos (nx) + by sin (nx))
=1 [T f(x)cos(nx)dx (n=0,1,2,...)
° b zlf x)sm(nx)dx(n—l,2,...)
00 inx

@ It can be put in the equivalent complex form: f(x) ~ > ° _ cpe

o ¢y =5 [T f(x)e ™dx, (n=0,£1,£2,...)

@ Cp = £

oc,,:%z( — iby) for n >0

o Cc_p= %(an +iby) = ¢ for n > 0 (if f(x) is real)
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Trigonometric Fourier Series

Trigonometric Fourier series

Fourier series for functions of period 27

The Euler's identity: e/® = cosa + isina
e Expand e/® o € R in Taylor's series around a = 0:
. 2 . 3 . 4
(ia)" ) ) 5 ()
nl

S TR TR T

m\
Q
I
1[M8

= cosa+ isina

® COSX = Z;“;O(f)”—é:;! =1- ’5* + % +.
. 2n+1 3 5
@ sinx = Z;io(_)"i(zxnﬂ)! =x— 3, + 5+

o It follows that e™'® = cosa — isin«

a4+

042 Oé4 0(3 Ols
1- — (- — 4.
< TR R )+:(a E TR

@)°
5!

)

a5—|—...
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Trigonometric Fourier Series

Trigonometric Fourier series

Fourier series for functions of period 27

The complex form of Fourier series

@ cosx = 7eix+2€_ix — cos (nx) = 7einx+2€_inx
e sinx = £~ —sin(nx) = &2
3 o0
f(x) = ?O + Z [a, cos (nx) + by, sin (nx)]
n=1
0 inx —inx inx —inx
ao e t+e e’ —e
g — _— b -~
22l (Te ) e (T
— @ +i [C einx+c efinx] _ i c einX
= 5 n —n — n
n=1 n=—o00
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Trigonometric Fourier Series

Trigonometric Fourier series

Fourier series for functions of period 27

The complex form of Fourier series

° coz%:iff f(x)dx

°c,= —Ibn _ j‘ f e~ inX oy

e c ,= anngbn _ % ffﬂ f(X)einde

o Can be obtained directly from f(x) ~ > >2
result:

/ e (=M dy — 2n,

—T

cne™ by using the
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Trigonometric Fourier Series

Trigonometric Fourier series

Fourier series for functions of period 2/

@ The results can be readily applied to functions periodic of period 2/
instead of 2.
e If f(x) has period 2/, then set x = /;t o(t) = f(/;t) is periodic with
period 27:
o (e +2km) = £ (NE2m) — £ (% 4 261) = F(x) = (%) = o(2)

(t) ~ oy EZO 1 (a,, cos (nx) + by sin (nx))
=L [T f(x)cos(nx)dx (n=0,1,2,...)
=L " f(x)sin(nx)dx (n=1,2,...)

° Changmg variable x = if

F(x) ~ 3 + 3202 (ancos () + bysin (7))
o a, =1 [! f(x)cos()dx (n=0,1,2,...)
o b, = %fi/ f(x)sin(“%)dx (n=1,2,...)
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Trigonometric Fourier Series

Trigonometric Fourier series

Fourier series for functions of period 2/

o The system: 1, cos (Z*),sin (%), cos (22%),sin (22X)...

e is composed of functions of the common period 2/
e is pairwise orthogonal on any interval of length 2/

@ The same considerations about the convergence of the Fourier series
apply.
° F(x) ~ 3 + 2251 (ancos (") + by ssin (77%))
oa,,:,/ f(x cos(%)dx(n:0,1,2,...)
obn—lf f(x)sin(Z%)dx (n=1,2,...)
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Trigonometric Fourier Series

Trigonometric Fourier series

Fourier series for functions of period 2/

inTx

e The complex form reads: f(x) ~ > N__ . cne T

_ m’rx

® =3 f f(x
o e o i oo Yo ) (1= 1.2,
o If f(x) is an even function: f(x) ~ % 4+ 37 a,cos (7X)
o a, =2 [ f(x)cos(Z=)dx (n=0, 1 2,..)
e If f(x) is an odd function: f(x) ~ 37" bysin (27%)
o by =13 [3 F(x)sin (%5 dx (n:172,...)
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Trigonometric Fourier Series

Trigonometric Fourier series

Fourier series for functions of period T

o The system: 1, cos (22%),sin (27%), cos (47%),sin (42%). ..
e is composed of functions of the common period T
@ is pairwise orthogonal on any interval of length T
@ The same considerations about the convergence of the Fourier series
apply.
o f(x)~2+> 00, (a,,cos(2 X) + by sin (222))
oan:Tjo (x) cos (24=)dx (n=10,1,2,...)
(x)sin (322%)dx (n=1,2,...)

° bn:?.lo
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Trigonometric Fourier Series

Trigonometric Fourier series

Fourier series for functions of period T

i2mwnx

@ The complex form reads: f(x) ~ > __ . che T

_lZﬂ'nX
=7 jb
° Cozazovcn_z( — ibn), Cfn:%(an—’_ibn) (n=12,..)

o If f(x) is an even function: f(x) ~ % +3° a, cos (21x)

i
o ap =% [\ F(x)cos(2Z=)dx (n=0,1,2,...)
o If f(x) is an odd function: f(x) ~ 37, b, sin (252
o by =2 [T f(x)sin(ZX)dx (n=1,2,...)
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Fourier Series in multiple dimensions and the reciprocal lattice

© Fourier Series in multiple dimensions and the reciprocal lattice
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Fourier Series in multiple dimensions and the reciprocal lattice

Fourier series in multiple dimensions

The reciprocal lattice in one dimension

summary

e For a T-periodic function: f(x) =
o B,=1% f:ﬂ— f(x)e”'sz”X dx

o defines a 1D lattice of equally spaced points x, = nT, n€ Z

Z B e 27rTn)<

@ The Fourier expansion is uniquely determined by the set of (angular)
frequencies k, = 27T”’, n € Z: the reciprocal lattice, R*

=l
B
Ll

direct and reciprocal lattices generated by a T-periodic function
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Fourier Series in multiple dimensions and the reciprocal lattice

Fourier series in multiple dimensions

The reciprocal lattice in one dimension

summary

@ Therefore:

f(x)= > Bre™

keR*

@ with coefficients:

1 a+T )
Bi= =+ / f(x)e~**dx

o f defines both a direct lattice and a reciprocal lattice (Fourier space)
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Fourier Series in multiple dimensions and the reciprocal lattice

Fourier series in multiple dimensions
Periodicity in 2D and 3D

Periodic functions in 2D

@ A 2D periodic function induces a 2D Bravais lattice:
o generated by two primitive vectors a; and a.

e each lattice point can be written as R = nija; + myay, ni,ny € Z

@ A 2D function is periodic on the 2D Bravais lattice if:
o f(r+R)=f(r), VRER, Vr € R?

’
Ras -
N -
/s AV
7L /
af o -
Yy ==

A 2D Bravais lattice, defined by the primitive vectors a; and ap
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Fourier Series in multiple dimensions and the reciprocal lattice

Fourier series in multiple dimensions
Periodicity in 2D and 3D

Periodic functions in 2D

o Example:

£ =2 (27r ) " 27 42 ( 2w ) 2w
x,y) = cos ([ —x cos | — cos ( —x ) +cos [ —
y 80 I A y 81 W X y

A 2D periodic function and the associated Bravais lattice
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Fourier Series in multiple dimensions and the reciprocal lattice

Fourier series in multiple dimensions
Periodicity in 2D and 3D

Periodic functions in 3D

@ A 3D periodic function induces a 3D Bravais lattice:
o generated by three primitive vectors ay, a,, and a3
e Each lattice point can be written as R = nja; + nax + n3as,
ny,n,n3 €7
@ A 3D function is periodic on the 3D Bravais lattice if:
o f(r+R)=f(r), VRER, Vr e R

A 3D Bravais lattice, defined by the primitive vectors aj, ap, and a3
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Fourier Series in multiple dimensions and the reciprocal lattice

Fourier series in multiple dimensions

The Fourier expansion of a function of 2 or 3 variables

General formula

Let’s propose the following expansion for a periodic function f:

F(r)=>_ Bie”
k

@ We assume By independent of r
@ We need to:

o find the set of allowed k
o find the coefficients By

@ The above formula reduces to the 1D case considered before
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Fourier Series in multiple dimensions and the reciprocal lattice

Fourier series in multiple dimensions

The Fourier expansion of a function of 2 or 3 variables

The k vectors (first part)
@ Enforce the periodicity condition f(r + R) = f(r):

ok (r+R) _ giker

ik-r

e each ™" must have the periodicity of the Bravais lattice

@ Factoring the exponential:

elk~relk~R — elk~r

@ fundamental constraint:

oikR _

ok -R=2mn,ncZ
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Fourier Series in multiple dimensions and the reciprocal lattice

Fourier series in multiple dimensions

The reciprocal lattice

The k vectors (first part)
@ Vectors k can we written as a linear combination of a basis of RP
(D = 2,3): k = ZJD:]_ mjbj, mj eR
e ReR— R=),na, n €Z, so that
k-R= Zj,mjn,bj ca) = 2mn

e A sufficient (and necessary) condition is:

{bj ca) = 27T§j/

ijZ
@ So that:
=n
VR eR k~R:ijn/bj~a/:27r2mjnj:27rn nez
Jyl J
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Fourier Series in multiple dimensions and the reciprocal lattice

Fourier series in multiple dimensions

The reciprocal lattice

The k vectors (first part)
o k=32, mb;, mcZ
@ Vectors k span a D-dimensional (D = 2,3) Bravais lattice: kK € R*

@ R*: reciprocal lattice associated with R

e b, j=1,...,D: primitive vectors of R* (to be found later)
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Fourier Series in multiple dimensions and the reciprocal lattice

Fourier series in multiple dimensions

The Fourier coefficients

The By coefficients

° f(r) = Yker- Bke™"
o Multiply both sides by e
primitive cell:

/ F(r)e ™ rdr = Z Bk/ e/(k=K)rqp
v

keR* v

—ik"r and integrate over the volume V of the

o Using the relation [, e/k=K)"dr = V5

1 .
Bk = V/V f(r)e_’k"dr

Daniele Toffoli March 27, 2026 52/89



Fourier Series in multiple dimensions and the reciprocal lattice

Fourier series in multiple dimensions

The Fourier coefficients

Proof of the orthogonality condition: [, e/k—k)rdr = V& 4
olfk=k — [, ’(k*k)"dr:fvdr:
olfk—k'=K#0— [, eKrdr= [, K +ddr vd € RP
o e’ has the periodicity of the Bravais lattice
o (1—eKd) [ eKrdr=0vdeRP
o —> fv eKrdr=0
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Fourier Series in multiple dimensions and the reciprocal lattice

Fourier series in multiple dimensions

The Fourier coefficients

A more rigorous proof for k # k'

o Let k= ZjDzl mjb;; k' = Zj.;l mib;; {m;,m}} € Z; D =2,3

—S3D 5. =D 3 .
o letr=> 7 x4 =) 1%5, 5 €R

@ Xj: vector's components on the &; axes

° (k—k’)-r:K-r:27rzj.;1(mj—m’-)ﬁ

J7 aj

o Generally the reference system of {4;};—1..p is not orthogonal.

S

The three primitive vectors aj, ap, and a3 are generally non orthogonal
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Fourier Series in multiple dimensions and the reciprocal lattice

Fourier series in multiple dimensions

The Fourier coefficients

A more rigorous proof for k # k'

D x;
e Ji2n(mj—m’) L
/e’K’dr:H/ e 'j Jajdxj
14

j=1"0

@ Therefore:

@ Since K # 0 for at least one index n, (m, — m/)) # 0:

an . N )
/ ef2m(mn=mn) 5] dx,=0— [ eKTdr=0
0
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Fourier Series in multiple dimensions and the reciprocal lattice

Fourier series in multiple dimensions

The reciprocal lattice vectors

The k vectors (second part)
@ The defining condition b; - a; = 274;; gives us geometric rules.
@ 2D case:
o b1 1 ar
] b2 1 ai
@ 3D case:
o b1 1 ap, as
o b2 1 as, a;
] b3 1 ai, ar

@ Linear systems that can be solved analytically (not instructive)

@ We will use vector algebra (elegant and instructive)
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Fourier Series in multiple dimensions and the reciprocal lattice

Fourier series in multiple dimensions

The reciprocal lattice vectors

The 3D case

@ Let's use the properties of the vector cross product b; = &;(a; x ay):

e a vector L to the plane spanned by {a;, ax}

e Enforcing the condition b; - a; =27 — &; = ﬁ
i-\dj

@ Therefore:

ar» X ajz
by =2r—————
aj - (ax x az)
a3 X ai
b =2r———
ap - (a3 X a1)
a X a
bs; = 27

as- (a1 x ap)
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Fourier Series in multiple dimensions and the reciprocal lattice

Fourier series in multiple dimensions

The reciprocal lattice vectors

The triple product a; - (a2 X a3)
@ Geometrically is the volume of the primitive cell.

@ Can be written as the determinant of the 3 x 3 matrix:

a1l d12 a3
ai - (32 X 33) = |d21 422 a3
as1 4d32 asz

changes sign by exchange of two rows or columns

invariant by cyclic permutations of its rows or columns

a-(mxa)=ay-(azxa)=az (a1 x a)
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Fourier Series in multiple dimensions and the reciprocal lattice

Fourier series in multiple dimensions

The reciprocal lattice vectors

The 2D case

o Let's write 2D vectors as 3D vectors in the x—y plane:
o a; = (aix, a1y, 0); @ = (axx, a2y, 0)
o b = (b1><7 blyvo); b, = (b2x> b2y70)

@ Define:
@ a3 =a; X a
o [, 4,0 plane spanned by {a;, a»}
o [, containing a, and as (L M,, 4,)

Daniele Toffoli March 27, 2026

59 /89



Fourier Series in multiple dimensions and the reciprocal lattice

Fourier series in multiple dimensions

The reciprocal lattice vectors

The 2D case
@ The vector a; x (a; X ay) = ap X a3z is:
o | az,J_ I'Il

e contanied in [, 4
e cannot be 1 a;

@ The condition b; L a» is satisfied if:
o by =¢&a x a;
° b1-31:27r—>§1:m
o Similarly by, 1 a; is satisfied if:

o by =6a; x a3
2
o from by -a, =27 — & = 7alx(al’;a2)_62
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Fourier Series in multiple dimensions and the reciprocal lattice

Fourier series in multiple dimensions

The reciprocal lattice vectors

The 2D case
@ We formally obtain the same results of the 3D case:

a» X as
by =2r————
ay - ady X ajz
az X a;
by =2r———
ay-ap X as
.
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Fourier Series in multiple dimensions and the reciprocal lattice

Fourier series in multiple dimensions

The reciprocal lattice vectors

Geometrical interpretation: 2D case
@ ap X as has the following properties:
° |82 X a3| = dpas
o | ap
e is contained in [, 4

o |al : (32 X a3)| = Aa3
o A: area of the 2D direct primitive cell
° by = || =21%

@ Analogously: by = |by| =213
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Fourier Series in multiple dimensions and the reciprocal lattice

Fourier series in multiple dimensions

The reciprocal lattice vectors

Geometrical interpretation: 2D case

—— |,
-
o LT, SR "
5 .
. & = = -
LI

.
.

.
L]

how to build b; and by primitive vectors of the reciprocal space
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Fourier Series in multiple dimensions and the reciprocal lattice

Fourier series in multiple dimensions

The reciprocal lattice vectors

Geometrical interpretation: 2D case

) X a3
? ES
a

B
ay
& X d

i)
@
dy

&l

d x i@

CEY RS

cos(3-10)
sin ()

Tsoza
sin (8
cos(§ +6)
D<h<E
cos (340
sin (8)

sla{o)
o
[éiy - iz x dig] = | 1y gty M(%*Ff) |
%
| taazen (0)as | = Az
sils)

|6, - & |ay @y cos (/f - %) |

A

—_——
| Gyagsin (8 ag | — Aas

| %]

[y -y ] = | ay Tz cos ('lw

1 fllagf(,cm(fé 7:1) |

| ayazageos (2 +

A

—_—
| @10z (— 0 () as | = Aag

sate)
-
[y - n ¢ g = | a1 o mﬁ(g + rr) |

—_——
| Graz(—sin(#))ag | = Aag

P 3

Daniele Toffoli

March 27, 2026

64 /89



Fourier Series in multiple dimensions and the reciprocal lattice

Fourier series in multiple dimensions

The reciprocal lattice vectors

Geometrical interpretation: 3D case
@ by is L to the face of the direct primitive cell spanned by {a;, a>}
o by = |by| = 2742

o Ays: area of the face
e V: volume of the direct primitive cell

o by = |by| = 2148
e by = |bs| = 27TA12
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Fourier Series in multiple dimensions and the reciprocal lattice

Fourier series in multiple dimensions

The reciprocal lattice vectors

Geometrical interpretation: 3D case

g X dy

=

z

a o : ) 8 .\

|1 - @iz x ds| = | @1 {@2as sin (a)) cos (§) |

3 & Az
—_———— h
| @y cos (8) agagsina) | = [hdg| =1

g

a

=

|y - g x dy| = | oy (@z0y sin (o)) cos (7 — §) |
R Az
————
| —a, cos (§) agaysin (o) | = |—hdg| =V

[ LR
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Fourier Series in multiple dimensions and the reciprocal lattice

Fourier series in multiple dimensions

Summary

@ The Fourier series expansion for a periodic function f(r), defining a

Bravais lattice R, reads:

f(r)=Y_ Bke'*"

e k's define the reciprocal lattice R*

@ With coefficients: )
Bk = V/\/f(r)e”‘"dr

e V: volume of the primitive cell of the direct lattice R
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Fourier Series in multiple dimensions and the reciprocal lattice

Fourier series in multiple dimensions

Summary

@ R*, is spanned by primitive vectors by, by, bs:

k:ijbj ijZ
J

o defined with respect to the direct lattice primitive vectors a1, a», a3

(b,' caj = 271'(5,]‘)2

ar X as3
by =2
ay-apy X as
as X ai
b, =2
a-ay X as
a; X ap
b3:27'f'
a-ay X as

o bl,b27a3 =aj; X a in 2D

Daniele Toffoli
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Fourier Series in multiple dimensions and the reciprocal lattice

Fourier series in multiple dimensions

An equivalent definition of the reciprocal lattice

the reciprocal lattice
Given a direct Bravais lattice R, whose points are the set of vectors R, the
reciprocal lattice R* associated with it is composed of all vectors k such
that k-R=27n,n€Z, VR € R:

okceR* <= k-R=2mn,neZ, VReR

@ = seen before

o & provethat d ¢ R* = JReR:d-R=21xx¢Z

o d= ijj + Z';l x;b; with Xj ¢ 7
i#j

o fora; € R, d-a; =2nx;
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Fourier Series in multiple dimensions and the reciprocal lattice

Fourier series in multiple dimensions

Symmetry properties

real, even and odd functions
o f(r)isreal: f(r)" =f(r) <= B_x = B;
o f(r)iseven: f(—r)="f(r)= B_x = Bk
e if f(r) is real, By are real
e f(r)isodd: f(—r)=—f(r) = B_x = —Bx

o if (r) is real, Bx are imaginary
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@ Periodic functions, Harmonics

© Trigonometric Fourier Series

© Fourier Series in multiple dimensions and the reciprocal lattice

O Waves
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Waves

Waves

Generalities

Definition and examples
@ A wave is a perturbation of a physical quantity (field) which
propagates with a given velocity
@ region: can be mono-,bi-,tridimensional
e physical quantity: can be a scalar or a vector
e perturbation: change from a reference value
@ Examples: water waves (travelling waves)

e perturbation: height of the surface w.r.t. an average value
e region: sea, lake, ...

example of waves: water waves
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Waves

Waves

Generalities

Definition and examples

@ Example of stationary waves: guitar string in motion

e perturbation: displacement of the string from its rest position

e region: the string
o its ends are fixed

example of waves: water waves
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Waves

Traveling waves

Traveling waves in one dimension

@ A function of two variables, space and time, u(x, t)
e Maps (x,t) to a field (scalar or vector)
e Generic form: u(x,t) = f(x % vt)

e v: velocity with which the perturbation propagates
e to the positive x-axis (-) or negative (+)

f

flr—vy) flx—vzsAr)
| f YA )
| \ / \ oy

\ | \ | [ [
\ i 1 | Adevar |
\ s ] \ fe-n | ¢

/ a / =

[ \ !

graph of f(x — t) compared to f(x)

v is the velocity of the wave
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Waves

Traveling waves

Sinusoidal Traveling waves in one dimension

@ The simplest form for a sinusoidal periodic wave moving right is:

u(x, t) = Acos <2)7\r(x —vt) + ¢0>

argument of the cos function: phase

t

A: amplitude (maximum variation).

the motion is restricted in the interval [—A, A]
®g: initial phase (u(x =0,t = 0) = Acos ).

the wave propagates with a constant velocity v, periodic in both x and
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Waves

Sinusoidal Traveling waves in one dimension

space and time periods
@ Since the wave is periodic in both x and t, there are two periods
@ Spatial period: A\ (wavelength)

e wave number: k = 27”: phase change (in rad.) per unit change of x at

fixed time

@ Time period: T = % = %
e v: frequency
27 .

o w=2mv = == angular frequency

@ More compactly: u(x,t) = Acos (kx — wt)

u(x, t) = Acos ZTW(X — vt)

Daniele Toffoli March 27, 2026

76 /89



Waves

Waves

Stationary waves in one dimension

properties

@ The simplest form for a stationary sinusoidal periodic wave is:

u(x,t) = Acos (kx) cos (wt)

its graph does not translate in time

spatial and temporal parts are separated

nodes do not change in time
o x,=1+(2n+1)%
at xo # xp — u(xp, t) = A'(x0) cos (wt)
o periodic motion restricted on [—A’(xp), A’ (x0)]
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Waves in one dimension

Travelling vs stationary waves

fian

e

traveling (up) vs stationary (down) wave, for t; < to < t3
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Waves

Plane waves

Sinusoidal traveling waves 2D and 3D

@ We will consider sinusoidal periodic traveling waves of the form:
u(r,t) = Acos(kr - i — wt)

r: Position vector, (x,y, z).
f: Unit vector in the direction of propagation of the wave.

At fixed ry: periodic motion of frequency w

plane waves: points of constant phase are planes L
esetr=n+rL.
o u(r,t) = u(n,t) = Acos (krj — wt)
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Waves

Plane waves

Sinusoidal traveling waves 2D and 3D
o Effectively a 1D wave moving along the direction f.

e Wavenumber depends on the direction: kr)

@ Defines a corresponding wavelength in the direction of A: k = 27“
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Plane waves

Wave fronts

@ A wave front is the locus of space points with constant phase at a
given time.

@ For plane waves, these are planes I1 orthogonal to 7
e Vrell: kr-fA—wt=kn —wt=const

@ All points on [1 share the same distance rj| from the origin.

plane MM is a wave front
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Plane waves

Wave fronts spacing

@ An infinite family of wave fronts exists, spaced by A:
|(krj1 — wt) — (krjo — wt)| =27

@ Solving for the distance between consecutive fronts:

27
An=rni—nz2=-=2

@ The spacing equals the wavelength X along n.
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Waves

Plane waves

Propagation direction
o If s a wave front, Vr € I, krj —wt = Q (constant)

o It follows that r| = % + %t

. d
o the palen moves aways from the origin at a constant v = % =Y =
@ For a bidimensional plane wave, wavefronts are straight lines

@ From now on, define k = kh

N

NURNCE N NN

Acos | ki il — wt)

a bidimensional plane wave at a fixed t
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Plane waves

Bravais lattice for the spatial part of a plane wave

@ The spatial part is a 2D or 3D periodic function: it defines a Bravais
lattice

o Put u(r,0) = Acos(k-r), i=(ng,ny,n;), r=(xy,z):

1 1 1
u(r,0) = Acos [27r <)\ o )\) : (x,y,z)]
y Nz

Y
X

e A\, = -, ... wavelengths in the directions of the coordinate axes
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Plane waves

Bravais lattice for the spatial part of a plane wave

e u(r,0) is periodic on a Bravais lattice defined by the primitive vectors
a, = A\(1,0,0), a, = A,(0,1,0),a, = A,(0,0,1)

a bidimensional plane wave at a fixed t and its Bravais lattice
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Stationary plane waves

2D or 3D stationary plane wave

@ Similarly to the 1D case, for 2D and 3D stationary plane waves
spatial and temporal parts are separated:

u(r,t) = Acos(k - r) cos(wt)

o Nodes are straight lines (2D) or planes (3D):
o 2D:y=2%HT &
o 3D: k-r=(2n+1)%, plane L k

o At fixed rp: —Acos(k - rg) < u(ry,t) < Acos(k - rp)
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Waves

Traveling plane waves

The complex exponential form
@ A traveling plane wave can be written as the real part of a complex
exponential:
u(r,t) =Re [Ae"(k"*“’t)}

@ Algebraic manipulations are significantly easier: perform calculations
with complex exponentials, then extract the real part.

@ The term plane wave is used also to refer to the spatial part of a
plane wave.

e the Fourier expansion is also sometimes termed plane waves expansion
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Traveling plane waves

Example

@ Turn the sum of two plane waves of the same frequency and

wavelength, but different amplitudes and initial phases, into a single

plane wave with the same frequency and wavelength of the two
original waves:

Ajcos(k-r—wt+¢1) £ Aycos(k - r—wt+ ¢)
= \/(A1 cos ¢ & Ay cos ¢2)2 + (Arsin g1 + Aysin ¢2)2

_ A1 sin (bl iAz sin ¢2
tan~!
cos (X +tan (Al cos ¢p1 £ A, cos ¢n

e x=k-r—uwt

@ This covers also the cases:
o Arsin(k-r—wt+ ¢1)+ Axsin(k-r—wt + ¢2)
o Ajcos(k-r—wt+ ¢1)x Agsin(k-r—wt+ ¢2)
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Stationary plane waves

The complex exponential form

@ Since space and time parts are separated, the spatial part is purely real
or purely imaginary and the temporal part is a complex exponential:

u(r,t) = Re[Acos(k - r)exp(—iwt)]

u(r,t) = Re[iAsin(k - r)exp(—iwt)]
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