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Closed-Loop Control Systems () YyveRsii oecu sTuo

Recall from Part 9, slide 10 (adding the output disturbance d,, ):

|
.’/ : \\‘, Controlled
G(s) = A(S)Q(S)\ i H(s) | System
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Design of the Controller

Without loss of generality, suppose M (s) =1 I d
w T e . +1 Yy
—O— C(5) G(s) -0

~

g Controller Design: Determine the transfer function C(s) of the controller
such that the closed-loop requirements are satisfied
* Very different from the analysis dealt with in Part 9: now the open-loop
_ transfer function L(s) = C(s)G(s) is unknown because C'(s) is unknown!/
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Closed-Loop Qualitative Requirements on Bode Diagrams

>0

» Closed-loop asymptotic stability = mes) -
Om

" g > 0 (pole(s) in 0)
1 and/or
- 1 “large enough”

* Static precision

* Dynamic precision
— speed of the closed-loop response === w. “large enough”

— closed-loop damping ratio === ¥, “large enough”
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Closed-Loop Qualitative Requirements on Bode Diagrams (contd,) /\ UNIVERSITA DEGLI STUDI

we ‘“large enough”

« Disturbance rejection on direct path  w==) ,
| L(jw)las , w < w. “large enough’

w. ‘not too large”

 Disturbance rejection on feedback path  mes) .
IL(jw)|as , w < we “small”

Om
* Robust stability — mes) “large enough”
K
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Design Specifications on Bode Diagrams (i) )\ vERSITA DEGLISTUD!

Starting from closed-loop requirements, precise specifications on Bode
diagrams are devised

Example
xamp Constraints on open-loop

Bode diagrams of |L(jw)|aB
[Llap -

le(o0)| < e, with w, d specified . T
N,

- Static Specifications \

« Dynamic Specifications  —p

® Wmin ch Swmax
® SOmZSE_m
S
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Design Specifications on Bode Diagrams: Example (g@mm\ UNIVERSITA DEGLI STUDI
4 le(o0)] =0, with w(t) =A-1(t), VA
s(s+1)

L(s) =

IL(jw)las ~

1S(jw)lap < —20dB, w € (0,0.1)

A% <3 mmmp £>0.75

|

ts <10sec mmmd w. > 0.5rad/sec
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Design Specifications on Root Locus

Closed-loop requirement:

« the damping ratio ¢ has to satisfy
the constraint
§>¢
* The region of the complex plane
where the constraint € > ¢ s
satisfied can be drawn as a
graphical constraint on the RL:

seC: & =cosa> €& =cosd
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Design Specifications on Root Locus (contd,) (i) UNIVERSITA DEGLI STUD!

W) DITRIESTE

Closed-loop requirement:

- the natural angular frequency w,,

has to SatISfy the ConStralnt é o7 064 05 038 024 012
Wp, = W .

0.88

* The region of the complex plane
where the constraint w,, > @,, is 7|
satisfied can be drawn as a

graphical constraint on the RL: _
scC: w, > w, "
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Design Specifications on Root Locus (contd,)

Closed-loop requirement:

 the (negative) real part of the poles o
has to satisfy the constraint
o<o
* The region of the complex plane
where the constraint 0 <5 is
satisfied can be drawn as a
graphical constraint on the RL:

seC: o0=Re(s)<a
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Loop-Shaping lterative Controller Design

| i s/
Nelyremgs o/
R

DITRIESTE

* Analyse the closed-loop requirements and translate them to
design specifications on the Bode diagrams

« Select an initial attempt for the controller C'(s) using a very simple
structure. For example, a typical initial choice is an algebraic
controller Cy(s) = uc

« Check whether the chosen controller satisfies all specifications. If
not, consider another attempt using a more complex structure of the
controller and proceed with the design trying to meet all specifications

* lterate the procedure till when all specifications are met

Fund. Automatic Control, G. Fenu - T. Parisini - Part 10
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Loop-Shaping Iterative Controller Design: Example 1 f?‘:\gr;\,gﬁ,ggggDEGuSTUD'

_|_
O— C(s) —] G(s) =0

10
(1 +10s)(1+5s)(1+ s)

G(s) =

 Design specifications:

e |e(o0)] <0.1 With{ w(t) él 1(t), |[A] <1

d(t) = B -1(t), |B| <5
o w.>0.2 used to meet dynamic
e ¢, > 60° used to meet static specifications
specifications

e Controller Structure:
[]@+sT)
[]@+sm)

C(s) = Oy (s) - Oy(s) where C1(s) = 29 Oy(s) =

s9
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Loop-Shaping Iterative Controller Design: Example 1 (contd,) (i) UNIVERSITA DEGLI STUD!

10
(1+10s)(1+5s)(1+s)

L(s) = C(s)G(s) = C1(s)C2(s)

Static Design:
Since (C5(0) =1 the static design is not influenced by
b gain: 10uc > 0
type: 9

Due to the linearity of the closed-loop system:

e(00) = €y(00) + eq(0)
where:

ew(t) = e(t) [qp=o > €alt) = e(t) |,)—0
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Loop-Shaping Iterative Controller Design: Example 1 (contd,

Hence:

e(00) = €4 (00) + ea(0)

b le(00)] < lew(o0)] + Jea(oo)]

and:
( | A 1 -
T 10p0 = 13 10pg " 1970
ew(00)]| = < He He
0, ifg>0

(Bl _ 5

it g=20
leq(oo

L0, ifg>0

Fund. Automatic Control, G. Fenu - T. Parisini - Part 10
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Loop-Shaping Iterative Controller Design: Example 1 (contd, (&) UNIVERSITA DEGLISTUD

s /o
<

2 e,
s

e Option 1: static design with g = 0 (no poles in the origin introduced by 1 (s))
1 5! 6

e(o0)] < + _
1+ 10uc 1+ 10uc 1+ 10uc

Imposing |e(oo)| < 0.1:

6
<0.1 > 5.9
L 1+ 10pc ~ = He

Possible choice: [Cl(s) =8 ]

* Option 2: static design with g = 1 (one pole in the origin introduced by C1(s))

b e(o0) =0, Vyuc —b[Ch(s):M—C}

S

Fund. Automatic Control, G. Fenu - T. Parisini - Part 10
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Loop-Shaping Iterative Controller Design: Example 1 (contd,
Dynamic Design, Option (A):
Pick the static controller: Ci(s) =8

bz $) Ca(s) = L'(s) Ca(s)

80

with L'(s) = (1+10s)(1 + 5s)(1 + s)

We proceed by a sequence of attempts with increasing complexity of the
structure of controller Cs(s) by following the iterative procedure outlined in
Slide 8:

Fund. Automatic Control, G. Fenu - T. Parisini - Part 10 16
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Loop-Shaping Iterative Controller Design: Example 1 (contd,
Attempt 1: C1(s) =8, Ca(s) =1

—20dB/dec
s

20 FROE S MR -------- »»»»»»»»»»»»» ----- —

0

closed-loop
unstable

Fund. Automatic Control, G. Fenu - T. Parisini - Part 10 17



Loop-Shaping Iterative Controller Design: Example 1 (contd,

Attempt 1: C1(s) =8, Ca(s) =1

@) UNIVERSITA DEGLI STUDI
==/ DITRIESTE

CONTROL SYSTEM p:{eloagelelViR=nl]0]3] - o
R Bl | e o
O unstable closed-loop pole §: Bode Editor for LoopTransfer_C Root Locus Editor for LoopTransfer_C X = |OTransfer_r2y: step
asymptotically stable closed-
|oop p0|e é iy 1.25
* The choice of controller C';(s) = 8 A
to satisfy the static requirement is not g o / A
feasible because the closed-loop : g gie
system would be unstable ‘ o
» Decreasing the gainin (' (s) o5 :
would "move" the close-loop poles into ) B
the open left-plane but this way the
static requirement would not be
Sati Sfi ed _2- -1‘:6 0.4:6 0.34 _0‘.\:.22 0.1 . il
Fund. Automatic Control, G. Fenu - T. Parisini - Part 10 " 18
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Loop-Shaping Iterative Controller Design: Example 1 (contd, UNIVERSITA DEGLI STUDI
Attempt 2.

1L (jw)|as

-100

-150

-200

-250
closed-loop — |

asympt. stable TS

Fund. Automatic Control, G. Fenu - T. Parisini - Part 10 19
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Loop-Shaping Iterative Controller Design: Example 1 (conta) () Yy vERsmA pecLisTUD!

Procedure followed in Attempt 2 of Dynamic Design Option (A) :
« Set a satisfactory critical angular frequency: w. = 0.3 > 0.2

« Draw a straight line on the magnitude Bode plot with slope —20dB/dec
and passing through the point (w.,0dB) ; find the frequencies w’, w”
where the straight line intersects the diagram of |L'(jw)|as

 Construct the asymptotic Bode diagram of |L*(jw)|qs Which
coincides with the drawn straight line for w € [w’,w"] and with the
diagram of |L'(jw)|as for w <&’ and w > w”

« The resulting asymptotic diagram of |L*(jw)|qs gives:

80 L*(s) (1 +10s)(1+5s)(1+ s)

L) = (1+/0.004)(1 + s/2.5)? Cals) = L'(s) (1 +250s)(1+0.45)2

Fund. Automatic Control, G. Fenu - T. Parisini - Part 10
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Loop-Shaping Iterative Controller Design: Example 1 (contd,

Analysis of the controller obtained with Design Option (A):

zeros introduced to “cancel” the
poles -0.1, -0.2, -1 thus increasing

arg L(jw)

guarantees the required
static precision

[(1 4+ 10s)(1 + 5s)(1 + S)J
(L +250s)(1 + 0.45)7)

I

“moves” to low frequency the slope of —20dB/dec in
order to cross the 0dB axis at the desired critical
frequency with a slope —20dB/dec to guarantee the
desired phase margin (the system is minimum phase
and hence the Bode criterion can be used)

C(s) = Ci(s)C5(s) =8

high-frequency poles:

« physical realisability

« attenuation of high-frequency
output disturbances

Fund. Automatic Control, G. Fenu - T. Parisini - Part 10 21



Loop-Shaping Iterative Controller Design: Example 1 (contd.)

Dynamic Design, Option (B): “?:Sflgﬁ,”zg?ens -Oof ;he_1two

(14 10s)(1 + 5s)(1 + s) .
(11 250s)(1 + 0.45)2

C(s) =8

—60dB/dec
Op i v

dB

gradi

';;ON closed-loop
asympt. stable
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Loop-Shaping Iterative Controller Design: Example 1 (contd,

Dynamic Design, Option (B):

1+ 10s)(1 4 5s)(1 + s)
(1 + 2505)(1 + 0.45)2

C(s) :8(

O closed-loop pole

All closed-loop poles are asymptotically
stable.

From the Requirement w. > 0.2 we
obtain the RL graphical constraint

Wp >~ we > 0.2
From the Requirement ¢,,, > 60° we

obtain the RL graphical constraint

0.6

100 — 100

Fund.

Automatic Control, G. Fenu - T. Parisini - Part 10
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REVIEW ‘ RESPONSES ‘ DESIGNS | CONTROLLERS AND FIXED Bl

=| Bode Editor for LoopTransfer_C Root Locus Editor for LoopTransfer_C x | IOTransfer_r2y: step

Root Locus Editor for LoopTransfer_C
T

; T
0.8 0.68

40
0.91
30
20
0.975
10
& L
X
< 7 60 50 40
= >
©
E )
-10 -
0.975
-20
-30
0.91
-40
0.8 0.68
L =
-70 -60 -50 -40
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Loop-Shaping Iterative Controller Design: Example 1 (contd,

e
%% DI TRIESTE
“Emx

X a2

Procedure followed in Option (B) :

« The static design is kept unchanged with C;(s) = 8

* The “slower” pole in -0.1 is kept whereas the "faster” poles in -0.2, -1
are cancelled by respective zeros introduced by the controller to
ensure a slope —20dB/dec when crossing the point (w., 0dB)

« Two sufficiently fast (at frequency sufficiently larger than w. ) poles
are introduced by the controller

 The resulting asymptotic diagram of |L”(jw)|qs gives:

L (s) = 80 _ L"(s) (1+5s)(1+s)

(14 10s)(1 + 0.02s)? Ca(s) L'(s)  (1+0.025)2

Fund. Automatic Control, G. Fenu - T. Parisini - Part 10
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Loop-Shaping Iterative Controller Design: Example 1 (contd, (W) D\ TRiEere

‘‘‘‘‘‘‘ 392

Static and Dynamic Design, Option (C):

Pick the static controller (thus we also modify the static design): Ci(s) = M?C
G(s
L(s) = S e €o() = La() e Ca(s)
with Ly (s) 10

~ s(1+10s)(1 +5s)(1 + s)

Again, we proceed by a sequence of attempts with increasing complexity
of the structure of controller Cs(s) by following the iterative procedure
outlined in Slide 8:

Fund. Automatic Control, G. Fenu - T. Parisini - Part 10
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Loop-Shaping Iterative Controller Design: Example 1 (contd, (\ UNIVERSITA DEGLI STUD!

[L1(jw)las
Attempt 1. —20dB/dec /
100 e '

A ? —40dB/deC L §§§
CQ(S) = 1 50F ................ .......... i #60dB/dec _______ - g ..... |

0 __________________ ___________ _______ ______ __________________ .......... —80dB/g
b L(s) = peLa(s) | e e

b pe = 1075/

lec
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Loop-Shaping Iterative Controller Design: Example 1 (contd, \{ )) UNIVERSITA DEGLI STUD!

: L2 (jw)las “cancellation” of the “slower”
Attempt 2 \ _20dB/dec  POl€ -0.1
100

calo) = () S T T g L
b L) - S(1+55)(1+ s)

b L(s) = pcLa(s)

L He =~ 0.01

o  —60dB/dec

-100 -

180

-200 -

-250

_3002 ; Lo ; Lo
10° 10
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Loop-Shaping Iterative Controller Design: Example 1 (contd, (e fj\ UNIVERSITA DEGLI STUDI

Attempt 3.
(1 +10s)(1+ 5s)
02(8) - 1+ s
10
b L3(S) — 8(1 —|—S)2

bL = pucLs(s)

Y pe =~ 0.0254

Fund. Automatic Control, G. Fenu - T. Parisini - Part 10
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Loop-Shaping Iterative Controller Design: Example 1 (contd,

Dynamic Design, Option (C):

" L
(14 10s)(1 + 5s) el il Werreitl ot ISR NN
C ( S) — 0.025 4 § <[ Bode Editor for LoopTransfer_C | | Root Locus Editor for LoopTransfer_C x || [OTransfer_r2y: step
8 ( 1 —|_ S) é Root Locus Editor for LoopTransfer_C
O closed-loop pole
 All closed-loop poles are asymptotically 1
stable. ]
* From the Requirement w. > 0.2 we £
obtain the RL graphical constraint H f .
W >~ wWe > 0.2
« From the Requirement ¢,, > 60° we
obtain the RL graphical constraint e
60°
52 Pm Z — 06 0.74 08 0.48 034 022 012
1 OO 1 OO ’ e ; Real Axis o °
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Example 1: Comparison Between the Designed Controllers

G(s) = 10

 Design specifications:
e [e(o0) <0.1 With{ w(t) 2234,'11(75)’

d(t) = B - 1(t),
o w.>0.2
® ppy > 60°
_ (1 +10s)(1 4 5s)(1 + s)
(R): C8) = 81 9508) (1 + 0.45)° |
0
B): C(s) =8 (1(1+ ff))élgj)j) <
_ B (14 10s)(1 + 5s) (
(€): C(s) = 0.0254 St 5] <

Fund. Automatic Control, G. Fenu - T. Parisini - Part 10

(1+10s)(1 4 5s)(1+s)

We >~ 7.8

O > T13°
w. =~ 0.24

DO =~ 63°

and e(co) =0
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Example 1: Comparison Between the Designed Controllers (contd,

Bode diagrams of the controllers

100

80

60

40

Magnitude (dB)

20

0

_20 1 Lol 1 Lol

180 ——

0
o
I

Phase (deg)

o

-QOE. P | 1 1 Lol

10° 107 10

Fund. Automatic Control, G. Fenu - T. Parisini - Part 10
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Example 1: Comparison Between the Designed Controllers (conta) (i) iiysesira vecu stuo

N2

Closed-loop step response

y(t) 14 T T T T T T T T T

1.2+ -

(B) —

0.6“ (A) .
(©)

04} -

0.2} -

0 2 4 6 8 10 12 14 16 18 20
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Example 1: Comparison Between the Designed Controllers (contd, (7”: UNIVERSITA DEGLI STUDI

Closed-loop step response

i (C) |
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Control Design for Non-Minimum Phase Zeros/Unstable Systems (i) jvizsr

//////

In scenarios where the open-loop system to be controlled has zeros and/or
poles in the right-half complex plane care must be exercised:

— the empirical criterion presented in Part 9, slide 32 cannot be used

— the Bode criterion cannot be used for open-loop unstable systems

— the “cancellation” of zeros and poles with non-negative real part is
not allowed not to generate unstable hidden dynamics

— the presence of zeros and/or poles with non-negative real part

introduces inherent limitations on the achievable performance

Fund. Automatic Control, G. Fenu - T. Parisini - Part 10
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Example 2 - System with a Non-Minimum Phase Zero

w €

o () | ats) Po—2

A

B 10(1 — 2s)
~ 5(14+10s)(1 +0.15)

G(s)

Design specifications: ¢,, > 40°
(1-2s)
- .

The term

« cannot be “canceled”
* it gives a negative contribution to the phase: —90° — arcgtg (2w)

b for w = 0.5 the negative contribution to the phase is —135°
b the critical frequency w. cannot exceed "too much" w. = 0.5

b [strong limitation to the achievable speed of response ]
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Example 2 - System with a Non-Minimum Phase Zero (contd,)
Note that:

arg G(jw) = —140° for w ~ 0.085 G(jw)lan

100 ‘ R /""'--

-~ 0dBjdec  —d0dB/dec

Attempt 1. SO ----------- ««««««««««« AAAAAAAAAAA AAAAAA ,—QOdB/dec‘
C(S):/’LC7 L(S):,UICG(S) Ok _______ = P : S : IR

—40dB/dec

b Wemax = 0.085

b e =~ 0.01

Wi

pulsazione
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Example 2 - System with a Non-Minimum Phase Zero (contd) (i) UNIVERSITA DEGLI STUD!

A,
et

Attempt 2: G(jw)las  “cancellation” of the “slower”
pole -0.1
1+ 10s /

S i ML AN e b MG

b L(s) = HC 11+ 0.15)2

-100

Note that: 150l
arg L(jw) = —140° for w ~ 0.5

b pe ~ 0.0035

-200

-300

-400L
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Loop-Shaping Iterative Controller Design: Example 1 (contd,

Dynamic Design, Attempt 2:
1+ 10s
1+0.1s

O closed-loop pole

» All closed-loop poles are asymptotically
stable.
* From the Requirement ¢,, > 40° we
obtain the RL graphical constraint
£ Om, > 40°
100 — 100
« Even ifitis not a requirement, to get a
controller that "pushes" the performance
to the limits, we impose w_. > 0.5, thus
we obtain the RL graphical constraint

C(s) = 0.0035

=04

Wn >~ We > 0.5

Fund. Automatic Control, G. Fenu - T. Parisini - Part 10
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&
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‘ PREVIEW | RESPONSES ‘ DESIGNS ‘ CONTROLLERS AND FIXED BLOCKS

Imag Axis

-20

| Bode Editor for LoopTransfer_C

0.93

0.97

0.992

0.992

0.97

0.93

Root Locus Editor for LoopTransfer_C X

0.87

15 12,5

0.87

-15

|OTransfer_r2y: step

Root Locus Editor for LoopTransfer_C

I
0.78

7.5

Real Axis

0.64

0.46

4l
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Example 2 - System with a Non-Minimum Phase Zero (contd,) () Y vERSITA DEGLISTUD!

Actual performance with controller obtained by Attempt 2:

Note that the gain " , Km = 288dB, forw :156 rad /sec
margin K,, is rather . H R
I | ' gpm-— 40 1O for w'— O 488 ra,d/sec

Frequency (radfsec)
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Example 2 - System with a Non-Minimum Phase Zero (contd,)
Actual performance with controller obtained by Attempt 2:

System: Closed Loop:rtoy

O rtoy

' ' Peak amplitude: 1.26 ' ' ‘ '
Overshoot (%) 25.9
Attime (sec): 344

System: Closed Loop: rtoy
fO: rtoy
Settling Time (sec): 4.94

Also, note the
rather
significant
under-shoot
(typical for non- \ :
minimum phase i
systems)

Time (sec)
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Example 3 - Unstable System

w §o ) ots) b Gre) :

A

Design specifications:

, w(t) =A-1(t), VA
e |e(oco)| =0 with { d(t) = 0, Vt
o w.>0.

® Yy > 45°

Fund. Automatic Control, G. Fenu - T. Parisini - Part 10 41
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Example 3 - Unstable System (contd,)

The simplest and frequently used approach is to consider a dual-loop
controller architecture

. .

w

+r\ e T (2 Y
"V N 5

v
S
/N
V)
N——
Y
9!
[
/N
Va
N——

4

»

.......

» Controller C4(s) is designed to stabilise the system described by
the inner closed-loop transfer function Fi(s)

« Controller Cs5(s) is designed to meet the specifications for the
whole feedback control system
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Example 3 - Unstable System (contd,)

The design of the inner controller C;(s) can be carried out as:

Ci(s) = 1w Li(s) = Ca(s) - G(s) = -

 La(s) 0
bf“ﬁ‘1+Lu@‘s—1+m

By choosing (for example): (1 = 11

1.1
b Fi(s) = 501 asymptotically stable

Fund. Automatic Control, G. Fenu - T. Parisini - Part 10 43



Example 3 - Unstable System (conta) (@) Yyuyezsma pecusruo

« Now, the design of the outer controller Cz(s) is very simple:

« To meet the specification on —20dB/dec

the static error, an
integrator on the direct path
has to be introduced.

* Hence, by choosing:

bLis) =) Fi(s)
_ 5.5

s(1+0.1s)

b All specifications are met

Fund. Automatic Control, G. Fenu - T. Parisini - Part 10
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Digital Implementation of Continuous-Time
Feedback Control Systems
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Assumptions on Discrete-time/Sampled-time Variables (@) UnuvERSITA DEGLISTUDI

s

Discrete-time variables

tk, k € 7 po L Q‘
y(tr) € R y(lk) .‘
® o
d(ty) € R Q\‘\. ceo® R .
0o o0 dltr)
- = S

In case of regular sampling: y(tx) : tx = kTs, k € Z

b ylkl,d[k],... k€ Z
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Digital Control: Typical Structure \ UNIVERSITA DEGLI STUDI

e[k], ulk] u(t)
Discrete, Discrete, { Piece-wise r
digital ﬂTdTT digital Tl JTl k constant, digital r y—L t
S U / )
A F v
/ ulk t t
wlt) o L eeya 100 s IO NN
\ /\_/
M Conuoss

From a mathematical point of view, digital control systems are hybrid systems
since continuous-time and discrete-time variables are present at the same time

* Analog variables: their values change with continuity
* Digital variables: their values are quantised
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Analog Controller vs. Digital Controller \

- The analog controller receives analog inputs in continuous-time and yields
analog outputs in continuous-time

* The digital controller is implemented on a digital computing device (micro-
controller, DSP card, PLC, etc.)

 Digital computing devices can only elaborate digital sampled-time variables, and
suitable conversion devices are needed at the interface with the controlled
system: Analog/Digital Converters (A/D) Digital/Analog Converters (D/A)

« A/D and D/A converters need to be synchronised via a clock signal with period 7’
(sampling time)

* The control unit gets the input variables from the A/D converter and yields the
output variable to the D/A converter only on the clock time-instants

» Such variables are denoted as discrete-time variables

* When there is no risk of ambiguity, we drop the sampling-time notation and only
keep the discrete-time index: t, =kT, — k

Fund. Automatic Control, G. Fenu - T. Parisini - Part 10 48



A/D Conversion

104
1

e(t)

L oe(t
RiEyvs

20
% -1

~15H N —1.5

—_9 | B -2

72_r | | | | | | | | | | | |
72.50 0‘2 0‘4 0‘6 0‘8 ‘1 1‘2 1‘4 1‘6 1‘8 ‘2 2‘2 2‘4 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4
Time s

Ideally, the A/D conversion implements the sampling mechanism

fe(t): t =kT,, k€ Z} wmmm) clk]

with sampling frequency 1
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A/D Conversion (contd.) ()

i

The A/D conversion implies:
* loss of information (continuous-time/discrete-time)
« quantisation noise and distortion (analog to digital)

e(t) mmm)y clk], kecZ mmm) ék] ek, keZ 011010,

104 104
1 T T T T T T T T T T T T 1 T T T T T T T
M\m‘dﬂze%ﬂxkez | N E[k], k€ Z
0 j MT_ S ARAEE LYY O I S ST 0
| T
-0.5 - é —0.5 |-
n Ts | | fc L ik
T
15 = —-1.5F
92 — -2
_2'50 OEQ 0‘.4 0‘46 0‘.8 1‘ 112 114 liG liS é 2‘.2 2‘.4 _2'50 OEQ 0i4 OEG 0‘.8 ‘1 1‘42 114 116 118 2‘ 2i2 2i4
Time [s] Time [s]

[In this course, we suppose élk| = elk], k € Z ]
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D/A Conversion u[ k] y (t) ) gleilEzngTéDEGu STUDI

e %
> D / A >

Zero-order hold (ZOH): u(t) = ulk], kTs <t < (k+ 1)1, k € Z

4

The D/A Al

conversion ‘ ‘ ‘ ‘ ‘ ‘
using a ZOH is 2/
a stair-wise | ul k|
delayed
approximation

of the unknown /

underlying Uut(t) ‘ \/ “[‘ / “‘ \J

signal value

continuous time |
function u“(t)

| | | | | | | | | | | | | | | | | | |
0 5.1072 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

Time [s]
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Digital Discrete-Time Controller

The controller is a discrete-time system, that is: a computational
algorithm!

e[k] ulk]
— C

ulk] = f(ulk — 1], ulk —2],...,elk],elk — 1],...)

e|k] u[‘k]

N A
Temporisation: — ] |

KTy (k+1)T;

The controller computation time should satisfy: A < T,
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A Glimpse on the Z Transform

« The Z transform of a sequence {z[k], k =0,1,...} withzlk]=0,VEk <O is
defined as:

X(z) = Z{z[k]} =) a[k]z™"

 The Z transform, analogously to the Laplace transform, maps discrete-time
sequences into functions of the complex variable =

 The Z transform is very useful to represent in a compact form difference
equations like the ones representing a control algorithm of the form:

ulk] = f(ulk — 1],ulk — 2], ..., elk],elk — 1],...) ()
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* |[n our introductory course, the Z transform will only be used:
4+ (a) to obtain in compact form the digital implementation of a continuous-time
controller and afterwards
4+ (b) to obtain the control algorithm of the form ()

* The expression of a Z transform can be equivalently represented in negative
or positive powers of z as in the following example (the expression in negative
powers of z can be immediately obtained by dividing numerator and
denominator by the highest power of 2 ):

1 — 2z 1 22— 9z

X(z) = — X(2) =
(2) 4462714822 (2) 422 + 6z + 8

 To obtain the control algorithm, the expression in negative powers of z will be

used.
54
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Main properties of the Z Transform

Linearity: Z{ciflk| + coglk]} = ciZ{[f|k]} + c2Z{g|k|}

One-step forward time-translation: Z{z[k + 1]} = z{X(2) — z[0]}

— ® = —e & ® ®
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Main properties of the Z Transform 22 DITRIESTE

One-step backward time-translation (delay): Z{z[k — 1]} = 27 ' X(2)

m-steps backward time-translation: Z{z[k — m]} = 27" X (z2)

211 I
3.. )
2[k] = z[k — 2]
—ff/,-\. — e ® i —
N 8
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Sampling and Anti-Aliasing Filtering {li) UNIVERSITA DEGLISTUDI

From basic sampling theory:

« If the continuous-time signal e(t) is band-limited with bandwidth B = [0, &],
the sampling angular frequency has to satisfy:

Y
Wg = — W
1
. ; i , , Livescripts in MS Teams: see Part 10:
according to the Nyquist Sampling Criterion [a"asing_demo “j

g

+ Since, in general, e(t) is not band-limited, to mitigate the aliasing phenomenon
an anti-aliasing lowpass filter F;,(s) is designed and used:

------------------------------------------------------------------------------------
.
o

t elp(t elk
et 1 Fip(s) () A/D i
.................................................................. T
27 B
Wy = — > 20
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Sampling and Anti-Aliasing Filtering (contd,) (§llz) UNIVERSITA DEGLI STUDI

\5\\"/* DITRIESTE
For example, a simple first-order anti-aliasing filter could be used:

| FlaB
80

60

40

20

Sl

0 ‘.

—20 —20dB/dec

—40

—60
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Choice of Sampling Frequency in Digital Control Systems ‘?:?\gﬂ\gggg;\DEGHSTUDI

Recall the frequency response behaviour of the complementary sensitivity
function from Part 9, slide 40:

. 1 if |[L(jw)>1
F(jw)| = I e
1+ L(jw)| . - -
« F(s) low-pass filter with ’ ()l [Lw)| it [Ljw)| <1
bandwidth B ~ [0, w,]
e Gain: a typical scenario
(1 it g >0 | L(jw)|aB
< - las 4 Y 4
. Y
H =0
. 1+
 Dominant poles:
1
— ifreal: ) T

— if complex: =) w, ~ w,; 5”1—00
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Choice of Sampling Frequency in Digital Control Systems (conta,) \ UNIVERSITA DEGLI STUD!

_______ 3%

(a) Choice of w,; based on the closed-loop bandwidth:
« The closed-loop bandwidth approximately is B.; = |0, w,]

 Empirical rule:

27 o T < 27
10w, T aw,

Wws @ awe < wg < 10aw,. with a € [5, 10]

(b) Choice of 15 based on number of samples in the transient:

1
* The closed-loop system has one (with 7 ~ — ts0.01 =~ 4.67) or two

dominant pol 'thw~w°§~¢—mtc~4'6
ominant poles (with w, ~w.; &~ 155, 001 = 2 )

 Empirical rule:

tS tS . o
T, : 200 7 < 22200 with a € [5, 10]
10« Q
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Digital Feedback Control Systems: (contd,

Recall the D/A conversion from slide 51: ulk]

A 4

D/A

Zero-order hold (ZOH) u( ) ulk], kT <t < k + l)TS, k c 7

The D/A
conversion
using a ZOH is
a stair-wise
delayed
approximation
of the unknown
underlying
continuous time
function v (%)

-3

ViRRRRRL

el [ R

/

o

/| M

Time [s]

( The ZOH block introduces a time-delay)

Fund. Automatic Control, G. Fenu - T. Parisini - Part 10
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Digital Feedback Control Systems: (contd,

ZOH

 The ZOH has a frequency response:

o
T

. iy in(wTs/2)
i _ ]wTS/Qsm(w s
o(Jw) = 2e »

-
o
T

Magnitude (dB)
)
(=)

The diagram of Hy(jw) is shown on the left for 7 = Isec ==] o |
» The slope of the phase is —T, /2 which corresponds to o
a delay of T, /2 :E\I\I\
* Moreover: jz R I TR T — 2

Frequency Xws (rad/s)

|Ho(jw)| ~ 0dB, for w € [0,0] with & < %
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Digital Feedback Control Systems: (contd,)

* From theory of Laplace and Z transforms under ideal fampling it follows that

2 = 515 s = —Inz
1

* If G(s) and G(z) are transfer functions, these relations should not be directly
used (for example, direct substitution would not lead to ratios of polynomials!)

* Moreover, it is of key importance to ensure that the approximate transformations
from s to z and viceversa preserve the stability properties

* In the context of constructing a digital implementation of a continuous-time
feedback control system, we are interested in the approximate transformation

from s to z

* |In the course, we consider the Backward Euler and the Tustin approximations
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Digital Feedback Control Systems: (contd,) () UIYERSITA DEGLI STUDI
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 The Backward Euler (BE) approximate transformation:
z—1
1 2

The BE approximation preserves the stability properties (asymptotically stable
poles of G(s) are mapped into asymptotically stable poles of Ggg(z) )

S =

* The Tustin (Tu) approximate transformation:
2 z—1
T, z+1
G(s) mmm) @Tu(z)
The Tu approximation preserves the stability properties (asymptotically stable
poles of G(s) are mapped into asymptotically stable poles of @Tu(z))
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Digital Implementation of C.T. Feedback Control Systems
The following operational procedure is carried out:

(1) the original control system

G(s) —O .

\ 4

| C(s)

Fund. Automatic Control, G. Fenu - T. Parisini - Part 10
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Digital Implementation of C.T. Feedback Control Systems (contd,) &% piTRIESTE

Smx k.

Remark: The addition of the block G, (s) takes into account the delay
introduced by the ZOH. This additional block does not influence the
requirements on closed-loop bandwidth and gain margin.

(2) the controller @(s) Is designed in continuous-time by loop-shaping techniques
ensuring that the original specifications are met

(3) the sampling-time 1 is selected according to the empirical rules in Slide 60

(4) the discrete-time approximation C(z) of the continuous-time controller C(s) is
computed by the BE or by the Tu transformation:

z—1 . 2 z—1
5= T, 2 T, z+1
C(s) =) Cpg(z) C(s) mmm) Cru(z)
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Digital Implementation of C.T. Feedback Control Systems (contd,)

(5) the digital control system is implemented:

-----------------------------------------------------------------------------------------------------------------
- “,

. o
g .
----------------------------------------------------------------------------------------------------------------

(6) the digital implementation is constructed via numerous
approximations. Hence, the performance of the digitally-controlled
system has to be verified a posteriori with the possible need for an
iImproved re-design
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Example - Digital Implementation of C.T. Control Systems

>

O

A

w T e

C(s)

G(s)

(1 — 2s)
" s(14 10s)(1 + 0.1s)

G(s)=0.1

Design specifications (in continuous-time): ¢,, > 60°

* The controlled system has the same pole-zero configuration of the non-
minimum phase system considered in Slide 35 and we choose the

controller considered in Attempt 2:

C(s) = p

1+ 10s

“1%0.1s

Fund. Automatic Control, G. Fenu - T. Parisini - Part 10
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L(s) = pc

0.1-(1—2s)
s(1+0.1s)?
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Example - Digital Implementation of C.T. Control System (contd,)

* The design of the controller needs to take into account suitable additional
margins so that the original specifications are met with the modified
scheme below that takes into account the digital implementation:

1

2

-------------------------------------------------------------------------------
o o,

. B
----------------------------------------------------------------------------------

* Hence, we design:

~ 1+ 10s
C = [
(S) He 1+ 0.1s

where o, is sufficiently large so that the ZOH-induced delay can be accommodated

such that ¢, > 60° + d,
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Example - Digital Implementation of C.T. Control System (contd,)

« We set: §, > 5°

 Consider:

- 0.1- (1 — 2s)
L(s) =7
(8) = oS3 01802

 For jic =2 let's compute

We - |L(jw0)|dB =0

b —20logw + 20log(2-0.1) =0 =) w. ~ 0.2rad/sec

180° n 1
ar

A S(110.1-0.2/)2

~ —114.3° mmm) ¢, ~66° mEE) J, ~ 6°

b p. = argL(jw.) = —90° — arctan(2 - 0.2) -
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Example - Digital Implementation of C.T. Control System (contd,)

* Recall the empirical rule on Slide 60:

Ws @ awe < wg < 10aw, with o € [5,10] e

« Since w, ~ 0.2 rad/sec

b f < T < 7 with a € [5,10] ===) 3 suitable choice is T = lsec
(87

2 s
e Now: wg = % = 27 ~ 6.28 rad /sec mm)p w. ~ 0.2rad/sec K % ~ 3.14rad/sec

* Hence (recall Slide 65) the effect of the ZOH can be approximated by
T S

Con(s)=c 2 =¢ 2

L W w. Ty 180° 0.2 180° .
which introduces a phase contribution of: - =T

b the phase margin becomes ¢m = ¢m —5.7° =~ 60°
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Example - Digital Implementation of C.T. Control System (contd.)

* Recall the approximate transformations for the digital controllers on Slide 66:

> —1 2 z—1
p— S =
§ T, 2 T, z+ 1
mm) Cpg(2) C(s) mmm) Cry(z)
* We obtain (recall that 1, = 1sec ):
. 1 + 10s »—10/11 1—10/112"1
pe(2) 1+ 015 |, 2 —1/11 1 —1/112-1
200
b ulk] = —ulk — 1] 4 20e|k] — He[k — 1]
G (2) 1+ 10s N 19/21 o 1—19/21271
u s p— T e e s — . — .
* 1+0.1s| 20 z+2/3 1+2/32-1
z+1

b o = —%u[k 1] + 35¢[k] — %e[zﬂ )
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Example - Digital Implementation of C.T. Control System (contd,) (i UnavemsiTa bEcu sTuD!

A posteriori performance verification:

Bode Diagram

40

[ T, = 1sec]

Magnitude (dB)

A~

C(s) : K, ~7.74dB at 1.56rad/sec; ¢, ~ 63.9° at 0.218 rad /sec

o . . J | Crr(2) + Ky ~ 5.56dB at 0.592rad /sec: ¢, ~ 51° at 0.227 rad /sec
270 “ T ' | T ‘ '
Ls

225 o Cru(z) © K ~ 6.13dB at 0.791rad/sec; ¢, ~ 57.7° at 0.218 rad /sec
6180
§m Remark: as expected, there is a performance

l deterioration. Depending on the requirements,

45 . .

# . are-design might be needed
100'2 - 16" | 1I(‘)° N 10’ - 10°

Frequency (rad/sec)
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Example - Digital Implementation of C.T. Control System (contd,) @ UNIVERSITS

Step-response simulation verification:

Step Response

1.2 T T

[ T, = 1sec]

6’(8) : K, ~ 7.74dB at 1.56 rad/sec; ¢, ~ 63.9° at 0.218 rad/sec

Crr(2) @ Ky ~ 5.56dB at 0.592rad/sec; ¢, ~ 51° at 0.227 rad /sec

Amplitude

Cra(2) @ K ~ 6.13dB at 0.791rad/sec; o, ~ 57.7° at 0.218rad/sec

1 |

"0 5 10 15 20 25 30 35
Time (sec)

74
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Example - Digital Implementation of C.T. Control System (contd, ‘= DITRIESTE
* For comparison, let us now set a smaller sampling time: 75 = 0.1sec

* Now (recall Slide 65) the effect of the ZOH can be approximated by
T

G (s) = e *9 _ ,—0.05s
wely 180°  0.02 180°

~ —0.57°
2 T 2 T

which introduces a phase contribution of: —

the phase margin becomes ¢ = ¢m — 0.57° = 65.4°

* We obtain:

~ 1+ 10s z —100/101 1 —100/101z"1
C = 2. = ... =101 = 101-

Be(2) 1+0.1s|, _2-1 z—1/2 1—1/22-1

0.1z

~ 1+ 10s z —199/201 1 —199/2012~1
Cru(2) = 2- = ... =134 = 134

(%) 1+40.1s =2 2 z—1/3 1—1/32—1
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Example - Digital Implementation of C.T. Control System (contd,) (il UN\IVERSITA DEGLISTUD!

A posteriori performance verification:

Bode Diagram

40

Magnitude (dB)
I
o)
/ "

Ls
LzBE
LzTU

=40

-60

270

180

Phase (deg)
({]
o

Ls
LzBE ~—_
of LzTU .
) | S— ‘ A R e Lo
1072 10~ 10° 10 10

Frequency (rad/sec)
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i
TeRces o/

[TS = O.lsec]

A~

C(s) : K, ~7.74dB at 1.56rad/sec; ¢, ~ 63.9° at 0.218 rad /sec

GBE(z) . K, ~7.5dB at 1.27rad/sec; ¢,, >~ 62.7° at 0.219 rad/sec

5Tu(z) . K, >~ 7.59dB at 1.39rad/sec; ¢, ~ 63.3° at 0.218 rad/sec

Remark: as expected, there is much less
performance deterioration using a smaller
sampling-time
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Example - Digital Implementation of C.T. Control System (contd,) W prTRIESTE

Step-response simulation verification:

Step Response

1
[TS = O.lsec]
0.5}
E 6’(8) : K, = 7.74dB at 1.56 rad/sec; ¢, ~ 63.9° at 0.218 rad/sec
Q.
£
< .
Cpe(2) : K, ~7.5dB at 1.27rad/sec; ¢,, ~ 62.7° at 0.219 rad/sec
0 Cra(2) @ Ko ~ 7.59dB at 1.39 rad/sec; @, ~ 63.3° at 0.218 rad/sec
_0.5 | | |
0 5 10 15 20 25
Time (sec)
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Main properties of the Z Transform Y DITRIESTE

Initial Value Theorem:

Given a sequence {zlk]};—, that admits the Z transform, if lim X(z) does

exist and is finite, then Z—>00
lim X (z) = lim x|k] = z|0]

Z—00 k—0

Final Value Theorem:

Given a sequence {z|k|};2, thatadmitsthe Z transform, if all roots of the
denominator of X (z) are located strictly inside the unit circle in the complex
plane with the possible exception of a single root located on the unit circle of

the complex plane, then klim r|k] does exist, is finite and
— 00

lim z[k] = lim [(1 — 27 ") X (2)]

k— o0 z—1
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