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What is the meaning of “Dynamic”? (@) UnuvERSITA DEGLISTUDI

e

u(t) 4

to ty t to ty t

Can y(t) be determined only through the knowledge of u(t) ?

If the answer is “no,” then the system is a dynamic one
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Example 1 &%’ DITRIESTE

o— AN —o y(t) = R - u(t)
\_/ Non dynamic

y(t)
Example 2
o—
y(t) " —C SR U(t)jz(eto[)tojtl] } =g Dynamic
© y(t),t € [to, 1]
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Dynamic
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Dynamic
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Continuous-time Dynamic Systems

Analysis and Properties
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State Variables

Variables that must be known at time ?o to determine y(t),t > to from u(t),t > tg

. Order of the system

ri(t),i=1,2,..., State variables
elt) -

x(t) = : c R" State vector
| zp(f)
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State-Space Continuous-Time Dynamic Systems

u(?) (t)
| ’
ui(t) - wi(t) ()
u(t) = : c R™ x(t) = : c R" y(t) = : c RP

U, (1) i Tn (1) 1 i yp(t) i
Input State Output
) fl[x(t)vu(t)at] |

b () = Jle®),ul®) ) e Pl u(t), f] = :

t) = glx(t), u(t),t ’ N :
{y() gla(t), u(t), t] Fole(O). () f]

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2

State equations




Basic Definitions

 Strictly proper dynamic system:

= if function g¢(-) does not explicitly depend on input
* Time-invariant (or stationary) dynamic system:

= if functions f(-), g(-) do not explicitly depend on time
 Linear dynamic system:

= if functions f(-), g(-) depend linearly on x,u
« Single Input Single Output (SISO) dynamic system:

= if m=p=1
e Multi-Input Multi-Output (MIMO) dynamic system:

= if m >1 and/or p >1

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2
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State Equations for Example 1

Non dynamic
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m==) No need to introduce state variables
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State Equations for Example 2

u(t) 12 From basic physics and
o— — electrical circuit theory:
if| Ci =i
y(t) | =(t) —C R y=x = R
U =11 + 12
O
r=R1 —R(u—i)ﬂi—u—ixﬂi—ii—i u—lgj
S : : R —c'Toc R
() =~ @+ = u= f(e.) First ord
r(t)=——zx+=u= f(x,u * First order
b RC ¢ * Linear
u T T Y |« Time-invariant
y=1x=g() / J « Strictly proper
« SISO
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State Equations for Example 2-bis

x(t) From basic physics and

® electrical circuit theory:

M —o fcimo

y=xz+ Ru

First order

Linear
Time-invariant
Non strictly proper
SISO

S
=
|
Ql
<
I
8
<

b< . [ ()
 y=z+ Ru=g(x @ :>_|
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State Equations for Example 3
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N

From elementary physics:

Az =u—kx
y = kx

First order
Linear
Time-invariant
Strictly proper
SISO

*“/?’r\% UNIVERSITA DEGLI STUDI
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7 DITRIESTE

From elementary physics:
F. = ky
F, = hy
My =u—ky— hy

Letting:

e

Lo — Y o
k h 1

b { T2=9=——T1— T2+ —u= fa(zr,u)

L ¥ =21 = g(7)

Second order
Linear
Time-invariant
Strictly proper
SISO
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Example 5

b (i1 =Y =2 = fi
< 332:?9:—79

\ y:ajlzg(a:')

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2

(z,u)

h

&

s
W= DITRIESTE

NEmK A

From elementary physics:
(T, = hd

¢ JI =u—hd — MgLsin(9)
| J=ML?

Letting:

L1 — 19 - L1
To — v, ’ T I

« Second order
1  Nonlinear

o To + 7 u= fo(z,u) |. Time-invariant

» Strictly proper
« SISO

#=% UNIVERSITA DEGLI STUDI
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Choice of the State Variables - "Engineering” Criterion \ UNIVERSITA DEGLI STUDI

e
Leimds

. Quantities associated with storage of
State Variables “ mass, energy, electrical charge, etc.

Electrical systems:

= voltage on capacitors, current in inductors

Mechanical systems:

= positions, velocities (linear, angular)

Thermal systems:
= temperature, enthalpy
Etc. ...

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2
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Choice of the State Variables - "Mathematical’ Criterion

Consider a system modelled via the generic differential equation:

Letting:

dvy _ (d"ly dy
g O\ g1 g

_ - - Tl =
= 1 .1 2
_ dy Ty = I3
T dt X2
and x:= , ‘ 4

gy - Ty, = @(x,u)
- n—1 L -

dt L Y=T

Fund. Automatic Control, G.

Fenu - T. Parisini - Part 2 17



Example

d*y d%
dt3 dt>
( 1 = I9
Lo — I3
Letting: <
T3 = 3x3 — 2x9 + x1 + 6u
\ Yy =T

3.3 UNIVERSITA DEGLI STUDI
) DITRIESTE

L

dt Livescripts in MS Teams: see Part 2:
STATE_SPACE_MODEL_EXAMPLES ‘
( L1 =Y
L1
‘ dy
§ T2 = g and z:= | o
X3
d? B -
\ 'CU3 — dt2
1'3:1.'2 ZCQZZt‘l Y =T
[ ]

Fund. Automatic Control, G. Fenu - T. Paris



Determination of State and Output Trajectories (@) UnuvERSITA DEGLISTUDI

e

, r e R"”
{ x:f((x’u’f)) u € R™
y=g9,u, y € RP state trajectory
o \ 2(t), t > tg
CIZ(to) > ‘
u(t), t >ty | y(t), t = to

Y

output trajectory
a) integration of the state equation === (1), t > to
b) substitution of z(¢), u(t) into the output equation mmm) y(t), t > to

For time-invariant systems we set ¢, = 0 without loss of generality

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2 19



Example 1
x(t)
R 7o
o— /AN
_u(t)
‘\_/

y(t)

z(0) = xg
u(t) = Acos(wt) - 1(t)

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2
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f L

[Livescripts in MS Teams: see Part 2: ‘j

STATE_OUTPUT TRAJ_CONTROL_TLBX,
STATE_OUTPUT TRAJ_LAPLACE

( 1
L y=z+ Ru

20



Example 1 (contd,
a) Integration of the state equation:
A t
r(t) =xo+ —/ cos(wT)dT
C Jo

A sin(wr)|*

C w

o + S11\ W 0
O C 9 —

b) Substitution of (%), u(t) into the output equation:

A
y(t) = xo + o sin(wt) + RA cos(wt),t >0
W

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2 21



Example 1 (contd.) %% UNIVERSITA DEGLI STUDI

¢

Y
Y%=/ DITRIESTE

The same result can be obtained using the Laplace Transform:

1 1
L{a’:}zﬁ{au} ) SX(S)—CE():EU(S)
1 1
b X(s) :ZCQE—I—EU(S)
11 Af 1, A 1
__xos /5’032+w2 O¢ T Cs2 +w?
1 A W

_ A
L 1b x(t) = 29 + msin(wt),t >0

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2 22



Linear Time-Invariant Dynamic Systems

S

u(t) »
()
u(t) = c R™ x(t) =
| um(t) _
Input
{ T = f(ajvu)
Yy = g(:c,u)

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2

371(75)

| 2a(t)

State

c R"

y1(t)

I yp.(t) _

Output

4% UNIVERSITA DEGLI STUDI
%=/ DITRIESTE

c RP

System is linear if functions f(-), g(-) depend linearly on z, u

23



Linear Time-Invariant SISO Dynamic Systems \ UNIVERSITA DEGLI STUDI

u(t) e R

Scalar input

System is linear if
functions f(-),g(")
depend linearly
onz,u

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2

_______ 3%

S S

z1(t)
c R" y(t) e R
- xn(t) Scalar Output
State
(

1 =a11r1 +aexs + -+ apx, + b1u

Ty = Ap1T1 + Qp2T2 + -+ + QppTn + bnu
| Y =c1x1 + Cx2 + -+ Cpy + du

24
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Linear Time-Invariant SISO Dynamic Systems (contd,) (il DNIERSITA

aii A1n
A_
| Qn1 Ann |
\\ ~ _J
n
C:[Cl Cn}}l
n
T = Ax + Bu TR
= Cx + Du ueR
Y y € R

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2

b1
N B = : n
bn,
i _
1
D=delR

Compact notation for
(A,B,C,D) linear systems

25



Linear Time-Invariant MIMO Dynamic Systems

Input

um(t)

u(t)

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2

| 2a(t)

State

c R"

s

y1(t)

L Yp () _
Output

5}\\ UNIVERSITA DEGLI STUDI
%=/ DITRIESTE

c RP
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Linear Time-Invariant MIMO Dynamic Systems (contd,)

ail A1n bll blm
| 4ni1 Ann | N bn1 brm
(& ~ J (& ~ _J
~ n _ ~ m
C11 Cin dll dlm
C = P D = ; ;
| Cpl Cpn B dpl dpm
n m
: x € R"
t = Ax + Bu m
{ y = C + Du ueR (A,B,C,D)

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2
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Calculation of State and Output Trajectories

First, for illustration purposes, we consider the case of scalar state:

{j::aa:—|—6u re R x(0)

ueR
= d
Y = cx + au yER

::L’O
u(t), t >0

By Laplace transformation:

LA{z(t)} = L{ax +bu} mmm) sX(s)—x9=aX(s)+bU(s)
b (s —a)X(s) =zo+bU(s) mmm) X(s)= ! b

To +
Since: L[f(t) * g(t)] = F(s)-G(s); L[eM] =

Ul(s)

s —a s —a
1
s —k

E_lb —1 at : a(t—r)
x(t) =L {X(s)} = ez —I—/O e bu(T)dr,t > 0

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2
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Calculation of State and Output Trajectories (contd,

Now, we consider the general case:
r € R"

t = Ax + Bu - x(0) = xg
u e R
{y:Caz‘—I—Du y € RP u(t), t >0
By Laplace transformation:
- z1(t) - Xi(s) |
z(t)=| | memp X(s) = Lla(t)] = I
@a(t) | Xn(s) |
LIAx(t)] = ALz ()]
i L[CEl(t)] | i SXl(S) — 5131(0) |
Lla(t)] = 5 = 2 = sX(s) — z(0)
| Llen(t)] | L sXn(s) —2n(0)

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2 29
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Calculation of State and Output Trajectories (contd,

Hence:
L{z(t)} = L{Ax + Bu} mmmd sX(s)— z(0)=AX(s)+ BU(s)
b (sI — A)X(s) = z(0) + BU(s)

[ X(s) = (sI—A)"12(0)+ (sI — A)~1BU(s)

b Y(s) = CX(s)+ DU(s)
=C(sI — A)~z(0) + [C(sI — A)"'B + D] U(s)

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2 30



Calculation of State and Output Trajectories (contd,) ‘*%3;:\ UNIVERSITA DEGLI STUD!

Therefore:
t = Ax + Bu Zjégm z(0) = xg

b z(t) =L {(sI—A) 1} x0)+ L7 {(sI — A)'BU(s)}
= ey + /t e =7) Bu(r)dr

where the matrix exponential has been introduced:

o A A242
Z t) =1+ At + 275 + ... where e =7 (sI-A)"1}
k=0

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2 31



Calculation of State and Output Trajectories (contd,

Observe that:

t
x(t) :eAta:0+/ e =7) Bu(1)dr
0

= x1(t) + 2 (t)
where:
« 1,(t) denotes the free state trajectory that only depends on zo (linearly )

« z7(t) denotes the forced state trajectory that only depends on «(t) (linearly)

t
y(t) = Celay+ / Ce =) Bu(r)dr + Du(t)
0

= () + yy(¢)
where:
« () denotes the free output trajectory that only depends on z¢ (linearly)
* yr(t) denotes the forced output trajectory that only depends on u(¢) (linearly)

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2 32
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Equilibria of Time-Invariant Dynamic Systems (alt) DNV EeTe

T = f(x,u) T e R
{ B (x’u) u € R™ u(t) = u, vt
Yy=yg Y yERp

 Equilibrium state

Constant trajectory of z(¢) for a constant input u(t) = «,Vt

« All equilibrium states can be determined selecting inputs u(t) = u € R™
« Equilibrium states = are the solutions of the algebraic equation
0= f(x,u) x
« Equilibrium outputs are obtained substituting z,u into the output equation

y = g(g@ﬂ)

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2
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Equilibrium: Example 1 (i) UnivERSITA DEGLISTUDI

u(t) 12

o—7 — 1 1
211 (t) =———2x+ = u

y) [ 2@y ==C SR kG C
Yy =2

O
_ 1 1

u(t) =u,vt mmmdp 0=—— 1+

]
I
oy
i~
1 ~J
N
I
oy
=g

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2 34



T = Py N
Equilibrium: Example 2 (ﬁ,j UNIVERSITA DEGLISTUDI

NS

_u(t) y=x+ R
\/
y(t)

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2 35
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Equilibrium: Example 3 () UnvERSITA DEGLISTUD!
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Equilibria of Linear Time-invariant Systems

xr € R"

t = Ax + Bu m
{y:Cx—l—Du u € R u(t)

y € RP

b 0 = Ax + Bu
bAa::—Bﬂ

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2
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{ﬁ@\ UNIVERSITA DEGLI STUDI

Ny

NTRO_MATLAB_SIMULINK

[Livescripts in MS Teams: see
[

4
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Equilibria of Linear Time-invariant Systems (contd,

o det(A)#A0 mmmd z=-A"'Bu One and only one equilibrium state

b y=Cz+Du=-CA'Bu+Du=(-CA'B+D)u

Static?r Gain

wt)=u__ | yt) =9

dooZ, dooy

,
\ AT, AY

o det(A) =

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2 38
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Equivalent State Equation Representations - Linear case () SR

: r € R"
{x-Aaz—kBu W e R™

y=Cx+ Du y € RP

Letting:
x=T2 TeR™" det(T)£0 mmmp =T 'z

(2 =T YAz + Bu) =T 'AT% + T 'Bu
< N\ I J ;A__/
L y=CTz+ Du A B
~~
C

r = Ax + Bu :i::zzA+Bu
{ y = Cx + Du ” { yzaA_|_Du

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2



Linearisation

Basic ldea:

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2

40



Linearisation (contd,)
Deviations from to the equilibrium:

ou(t) :==u(t) —u u(t) = du(t) + u
ox(t) :=x(t) —xr = z(t)=0x(t)+ 2
oy(t) == y(t) — g y(t) = oy(t) +
+ State:
Tt =0x = f(T+ dx,u+ du) :}@,/a) + fo(Z,u)0x + fu(ZT,u)du
=0 (equilibrium) s of -
A= fr(Z,u)= . :
60 = fo(T,0)0 + fu(T, W)U BRI -l
n :< n n :< m | g—{ﬁ o c‘%,f; ]
A B B = fu(z,u) = ; :
Ofn ... Ofn
- Ouq Oum - 7.4

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2

41



Linearisation (contd)
= at equilibrium

+ Output: / \

y(t) =5+ 0y = g(T + 0z, 0 + du) ~ W) + g2(Z,0)07 + g (T, u)0u

C Ogi 991
0x1 Oxn
C = g.(Z,u) = 5
99p 09gp
| 6:181 8$n _ 3_3,1_11
0Y = gz (T, U)0x + g (T, U)du
\ v J \ v B 8 a _
pxn pxm dur T Dun
D _ .
¢ D = g’LL(CIjv u) — X
09p 09gp
| 8’1111 ﬁum ZE,’ITL

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2 42



Linearised System

Summing up:

{izf@w)

Yy = g(x7u)

0i ~ fi(Z, )5sv+fu(:f u)ou

e
N
T <

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2

Vs
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—> I (equilibrium state)

: r e R"
x = Ax + Bu

I { B ,  uw€R™
y=Cx+ Du y € RP
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Example
Letting (see slide 27):

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2
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se=/s DITRIESTE

We pick the two "physical”
solutions:
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Example (contd,)

We get:
i afl afl 1 O 1 0
fw(a_jvﬂ) — g?; ?9% — [ MglL h ] — [ M gL
| Oz Oxa T,% J COS(xl) T T T T
i afl afl ] O 1 O
fa;(j?,’lj) — ga]% g% — [ MglL h ] — [ Mgl
| 9w Oms |~ —=ycos(z) =5 Ji. L(+7
o - O0f1 0 _ o ofr 0
=[], (4]0 wen-[§] -]}
- OJu Sz J ou i J
S — ) ) ~ ~ = 0 0
dg _ dg ~
U _7 = — p— O p— ‘Z)7 U ~7 = — p— O p— D
ou(e,1) = 5ol ou(@,0) = 5o|

Fund. Automatic Control, G. Fenu - T. Parisini - Part 2

UNIVERSITA DEGLI STUDI
DITRIESTE

45



