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Stability of Equilibrium () UNIVERSITA DEGLISTUD!

<
|
N
&
s
N
|
KH
&
S
K|

Consider a perturbation of the initial state set on the equilibrium state 7 :

(u(t) =u,t >0

< ‘ x(t) £x,t >0
x(0) =7+ ox

\

perturbed state trajectory
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Stability of Equilibrium - Definitions

* The equilibrium state z is stableif Ve > 0, 96(¢) > 0 such that:
Va(0): ||0z| < d(¢e) |lx(t) —Z|| <e, VE>0
 The equilibrium state = is asymptotically stable if:

— itis stable, thatis, if Ve >0, 3d(¢) > 0 such that:
Vz(0): |0z < d(e) |z(t) —Z|| <e, VE>0
— and
lim ||z(f) —z|| =0

t—00

* The equilibrium state z is unstable if it is not stable
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Stability of Equilibrium - Geometric Interpretation

stability

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3
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Stability of Linear Systems () UnvERSITA DEGLISTUD!

eRe:
i

NeGes

x = Ax + Bu
y=Cz+ Du

e a) In equilibrium conditions:

(u(t) =u,t >0

z(0) =2

\

t
b r(t) = ez —I—/ e Budr =z, YVt >0
0
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Stability of Linear Systems (contd,) \ U IYERSITA DEGLISTUD!
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 b) After a perturbation of the equilibrium state:

(u(t) =u,t >0

x(t) #x,t >0
< -
_ 2(0) =7+ 0% perturbed state trajectory

t
b x(t) = e (z+07)+ / e'=7) Budr
0
Z/ ~

X

= 7 + e41§
b r(t) — z = ez
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4 =
u(t) = u,t >0 deviation of the perturbed
\ o z(t) — 7 = eM5z  state trajectory from the
z(0) =z + 0z equilibrium state

\

« stability properties do not depend on the specific value taken on by 7z

stability is not a property of the equilibrium state (as in the general
case) but it is a structural property of the system as a whole

» stability properties depend on the time-behaviour of e“? :

. stability e”'* bounded Yt > 0
: A

+ asymptotic stability lim e =0

- instability e“'* unbounded

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3 7



Properties of Asymptotically Stable Linear Systems

* The system state moved from equilibrium "tends" getting back to it

+ Given a specific constant input u(t) = u,t > 0 the corresponding
equilibrium state = is unique:

asymptotic stability mms) Z unique <mm) det(A)F£0

In fact, suppose that, for a given u , two different equilibrium states z, x

would exist:
57 z contradiction with the
) T ¢ asymptotic stability
assumption!!!

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3



Properties of Asymptotically Stable Linear Systems (contd) () S\IvERSITA DEGLISTUDI
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* The perturbed state trajectory asymptotically only depends on the input

trajectory u(t) :
x(t) :}lggtt z¢(t)

For example: 0
e u(t)=0,t>0 mm) tlgl(;lo z(t) = 0; tlglc;lo y(t) =0, Vo
)
' <
. u(t):{ gny function ;)>_tf<t /\/\

- :
t ¢

b lim z(t) =0; lim y(t) =0, Vxq

t—00 t—00
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Properties of Asymptotically Stable Linear Systems (conta, (W) rvezsia e sTuo!
I u(t)
0 t<O _
u(t) =< _ u ¢
u t>0 B

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3 10



Properties of Asymptotically Stable Linear Systems (contd,

* It holds that:
u(t) bounded  mmmdp  y(¢) bounded

that is:
lu(@®)|| < K,Vt>0 mmmp FH: ||y(t)| < H,Vt>0
u(t) y(t)
D [

 This property is named Bounded Input Bounded Output (BIBO) Stability
 Asymptotic Stability == BIBO Stability but NOT viceversa

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3 1



Stability of Linear Systems: Summing Up (&) UNIVERSITA DEGLISTUD
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Stability properties depend on the asymptotic time-behaviour of the free
state trajectories or, equivalently, of the matrix exponential:

z1(t) = etz (0)

« stability S e“!* bounded V¢ > 0
. A

e asymptotic stability = <mm) tlgglo e =0

* instability — e“'* unbounded

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3
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Example: Scalar State Case () UnvERSITA DEGLISTUD!

r;(t) = e2(0), a€R

- stability ) a <0
- asymptotic stability = <¢mm) a <0
» instability <) a >0

b The stability property just depends on the sign of a € R

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3
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General Case: Analysis of e

Consider the following cases:

1. Matrix A is diagonal
2. Matrix A has real and distinct eigenvalues
3. Matrix A has complex and distinct eigenvalues
4. Matrix A has eigenvalues with multiplicity larger than 1
1. Matrix A can be transformed into a diagonal matrix

2. Matrix A cannot be transformed into a diagonal matrix

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3
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Case 1: Matrix A is Diagonal {3} UnaveRsITA DEGLISTUD!

S1 0
$1,89,...,8, € R
A= eigenvalues of A
0 Sn |
[ eS1t L. 0 | The matrix ¢! is a square 1 X N
b e At — matrix whose elements e°* are functions
O ... geSnt of time
Hence:
- stability — $;<0,1=1,...,n
- asymptotic stability <= $;<0,1=1,...,n
* instability — 14 € {1,...,n} such that s; >0

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3 15



Case 2: Matrix A has real and distinct eigenvalues

aii

A=

an1

Find matrix 7' e R™*", det(T) #0 : A=TAT !}, A=

A1n

a'nn

817827°'°78nER7 81#82#'”#871,

eigenvalues of A

b eM =T+ At+ A%+

=1+ TAT Y + L(TAT 1) (TAT 1) + - --
:T(I+A't+ %(At)ZJr---)T_l
= Tt

Hence:

 stability

« asymptotic stability

* Instability

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3

ﬁ Siﬁo,i:L...,n
ﬁ $;, <0,2=1,....n

S1

0

) =T
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— di € {1,...,n} such that s; > 0
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Example

i1 = —2x1 + 672 A2 6
iy = —2x1 + 5o | -2 5

* Eigenvalues:

= (s+2)(s—5)+ 12

pA(s):det(sI—A):det[S+2 -0 ]

2 sS—9H

—5°—35+2=(s—2)(s—1)

s1 = 1; s =2 Unstable because both eigenvalues are
positive

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3
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Example (contd,) «\;@ﬁl; UNIVERSITA DEGLI STUDI
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* Eigenvectors:

—2 0 (] o (04 —2?)1 + 6?)2 =
bIZe)[n]-r[n] = {Znrtoy
for example: 9
Av = 590 /82 v = 2v, (1) — [ 1 ]
—2 0 V1 . U1 l —2’01 -+ 61)2 = 2’01
b[_Z 5][U2]_2 [?JQ] {—21}14—5?}2:21)2

3 for example: 3
LT[

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3 18
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Exam ple (contd.) () UNIVERSITA DEGLI STUDI

« Transformation into diagonal form:

T:[v(l)‘v(Q)}ZI? ;’] —) lel—? —;]

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3 19
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« (Calculation of the matrix exponential et

06275
2 3 et 0 2 -3
12 0 e* || -1 2

- 4el — 3e?t —Get + 6e?t
_ 2et — 2e?t 3¢t + 42t

- t
eAt _ TeAtT—l T [ € 0 ] T—l

The matrix exponential contains elements (all, in this specific example) that
are asymptotically unbounded which is consistent with the previous
statement about instability based on the positive sign of the eigenvalues

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3 20



Case 3: Matrix A has complex and distinct eigenvalues (il UNIVERSITA DEGLI STUDI

ail A1n
A= : : 817827"'7Sn€C731#82#"'%871
eigenvalues of A
B an1 Ann |

For simplicity, considerthe case: n=2; s =0+ jw; Sy =0 —jw

At

b Hence, the matrix exponential e contains terms such as:

velo Wt 4 5e(0=iWt where v =a+j8; F=a—jf

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3 21



Case 3: Matrix A has complex and distinct eigenvalues (contd,)

Then:
ye("ﬂ'“)t 4 ﬁe(a—jw)t

= ve?" [cos(wt) + jsin(wt)] + Fe! [cos(wt) — j sin(wt)]

Ty +7) cos(wt) + (v — 7) sin(wt)]

e’ [2accos(wt) + j(528) sin(wt)]

2 lacos(wt) — B sin(wt)]

g

bounded

this is the term responsible for boundedness/convergence/divergence
over time

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3
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Case 3: Matrix A has complex and distinct eigenvalues (contd,)

Hence, generalising:

 stability
« asymptotic stability
* Instability

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3
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@) Re(s;)) <0,i=1,...,n
) Re(s;)) <0,2=1,...,n

)

17 € {1,...

,n} such that Re(s;)

> 0

23



Case 4: Matrix A has multiple eigenvalues \ UNIVERSITA DEGLI STUDI

e
Leimds

 Example 1:
0
A:[(g a] S1 = S9 =«

Matrix A is already in diagonal form, hence no need for resorting to an
equivalent state equation. This case is equivalent to Case 1

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3
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Case 4: Matrix A has multiple eigenvalues (contd.) (S D TeEeTE

 Example 2:

a 1
A:[O a] S1 = S9 =

In this case, there does not exist an equivalent state space transformation
bringing matrix A into a diagonal form

1
eAt:I—I—At—I—§A2t2—|—---

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3 25



Case 4: Matrix A has multiple eigenvalues (contd,) ¢33 UNIVERSITA DEGLI STUDI
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Therefore:
A:[(g@] S1 = 89 =«
1 0 a 1 a2 2o ] t?
At s
be _[o 1]*[0 a]t+[0 042]2!+
Oék kak—l tk
+- [ 0 of |mT
0 e 0 e

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3 26



Case 4: Matrix A has multiple eigenvalues (contd,) UNIVERSITA DEGLI STUD!

Hence:
- Concerning Example 1: I [ (())z 2 ] 0
« stability ) o= ] i
0 —1> l 1
» asymptotic stability 4mm) o <0 e
* instability ) a>0 o T2 T T2

- Concerning Example 2:

« asymptotic stability ¢mm) o <0
* instability )y a>0

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3 27



Case 4: Matrix A has multiple eigenvalues (contd,)

STABILITY_STATE_SPACE

[Livescripts in MS Teams: see Part 3: ‘]

In general, consider a matrix A such that:

- A has eigenvalues with multiplicity v > 1

 matrix A cannot be transformed into equivalent diagonal form

b et contains terms of the form t*e%t, k=1,2,...,v —1

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3 28



Qualitative Analysis of the generic term t*e’t, s € C, k € Z*

e Case1: seR

#E5% UNIVERSITA DEGLI STUDI
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s >0

s <0 s=20
1o e 1¢
k=20 \t: t
s t
k=1 .
t2
k=2 ~

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3
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Qualitative Analysis of the generic term t“¢*, s € C, k€ Z* (@) YRS eI sTuDI

{

i
RGeS o
e

e Case2:scC, sy =0+ jw, s9=0— jw

o <0 oc=20 o> 0

i et cos(wt + qb) Cos(wt + gb) et Cos(wt + qb)

k=20
te?" cos(wt + @)
k=1 n
[
L _ o . Ee"t cos(wt + ¢)
: V\M N W
t? vk

\ 5 cos(wt + ¢) ‘I“

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3 30



Stability of Linear Systems: Main Results (W) ovRsmaoecu sTuo

St

a’].]_ o« o . aln
A: . 817827°'-7Sn€C
| eigenvalues of A
| Unl Anpn |
Result 1:

Re(s;) <0,i=1,...,n <mm) Asymptotic Stability

Result 2:
Ji € {1,...,n} such that Re(s;) >0 mm) Instability

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3 31
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Stability of Linear Systems: Critical cases

Result 3:

[ Re(s;) <0,i=1,...,n
. m=) No Asymptotic Stability
. Jie€{1,...,n} such that Re(s3) =0

* If multiplicity of all s+ such that Re(sz) =0 is equal to 1

b Stability (Non-Asymptotic, also called Marginal)

» If 3i € {1,...,n} such that Re(sz) = 0 with multiplicity > 1

Pg
b Instability or Stability (non asymptotic anyway)

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3 32
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Stability of Linear Systems: Other Criteria/Tools (i) NIVERSITA DEGLISTUD!
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* So far, the stability analysis has been carried out by evaluating the
eigenvalues of matrix A and their location in the complex plane
» Other criteria can be devised not requiring the calculation of the
eigenvalues of matrix A but based on the:
— analysis of the elements of matrix A

— analysis of the characteristic polynomial of matrix A :

wa(s) =det(s] — A) = @os™ + 18"+ 4 Qn_15+ Op

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3 33



Criteria/Tools Based on Analysis Elements of Matrix A

e Criterion 1:

If matrix A is triangular:

b a;; <0,2=1,...,n <mm) Asymptotic Stability

e Criterion 2:

n

Letting tr(A) := Z Qi -

1=1

Asymptotic Stability =) tr(A) <0
b tr(A) >0 mm) Instability

e Criterion 3:

Asymptotic Stability =) det (A) #0

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3
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Criteria/Tools Based on Characteristic Polynomial of A (@) UnuvERSITA DEGLISTUDI

NeGes

e Criterion 4 (valid for second-order systems n = 2 ):

{©0,p1, P2}
Asymptotic Stability <4ss) Re(s;) <0,i=1,2 <mm) # 0
same sign
e Criterion 5:
{9007 R 9071}
Asymptotic Stability <sss) Re(s;) <0,i=1,2 mmp £ ()
same sign

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3 35



Examples

o(s) = s° + 3s° + 2s
p(s) =5 +25+5
p(s) = s> +55° — 25+ 4

p(s) = 5% +55° 4+ 25+ 4

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3
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R

Not Asymptotically Stable
Not Asymptotically Stable

Not Asymptotically Stable

777

In the general case, a necessary
and sufficient condition is needed

36



Routh Table ‘\;j\ UNIVERSITA DEGLI STUDI

For a given system matrix A the characteristic polynomial ¢.4(s) is:
pa(s) = pos™ + p18" T+ -+ Pn15+ n

)

n wo |2 w4 e )
n—1 Y1 |p3 @5 -

? hi| | ho ||hs| --- > maximum n + 1 rows
1 — 1 ki| | ko || k3
17— 2 ( [o) I3

2 U
1 T T 1 R 1 hy B
—— det —— det e i =——det J

@: B [[’fl kZH@ Bi [[’fl ks TR L ke Ry

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3 37



General Routh-Hurwitz Stability Criterion (i) UNIVERSITA DEGLI STUDI
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Consider a given system matrix A and its characteristic polynomial ¢a(s):

pA(s) = @os" 4+ 15"+ 4 Pp_15 + on
« |f the Routh Table cannot be completed no asymptotic stability

 |If the Routh Table can be completed (n + 1 rows)

« The number of roots of ¢ 4(s) with positive real part is equal to
the number of sign-changes in the first column

« The number of roots of ¢ 4(s) with negative real part is equal to
the number of sign-permanencies in the first column r;

 No sign-changes in the first column 7; asymptotic stability

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3
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Example 1

wa(s) = s> +55% +25+4

S = N W

(w2 o]

S O =

o O O O

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3

1
a = —— det
5)
1
b =——det
Q

ot =

#ay UNIVERSITA DEGLI STUDI
Y%=/ DITRIESTE

b No sign-changes in g

b asymptotic stability

39



Example 2

wa(s) =s*+2s° + 45> + 95+ 6

O~ N O
S » L [\Db—\]
O OO O B~
o O O O O

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3
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b Two sign-changes in 7o
b instability

#ay UNIVERSITA DEGLI STUDI
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Example 3 (important)

wa(s) =s*+6s5° 4+ 11s% + 65 @

4 1] 11 K
3 6| 6 0
2 10 K 0
1 al 0 0
0 K| 0 0

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3
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[Livescrigts in MS Teams: see Part 3: ‘j

STABILITY_ROUTH_HURWITTZ_APPLICATIONS

If K >0 and K <10

b No sign-changes in 7o
b asymptotic stability

41



Example 4

(T = @9
< Kk h _|_1
L2 = MfCl sz Mu
. Y =T
b I1 0 1 I1 0 1
S Y R B L e B SR

b ¢A(S)=det(81—A)=det[ N s_lh ] = 5% 4
M

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3
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Example 4 (contd.) ‘/%: gj\ UNIVERSITA DEGLI STUDI
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« Case 1 (both elastic and friction forces active): >0, 72 >0

b Re(s;) < 0,7=1,2 mm=) asymptotic stability

e Case 2 (only elastic force active): £ >0, h =0

k .|k
wa(s) =5+ i mm)  S12 = 1) Vi

l} Re(s;) =0,i=1,2

b stability (non asymptotic)

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3
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Exam ple 4 (contd.) % UNIVERSITA DEGLI STUDI

 Case 3 (only friction force active): k=0, h > 0

h h
Booa) =52+ 2 mmp 5105 55— -

b Re (81) = 0, Re (82) <0

T1 = T3 b stability (non asymptotic)

]
S
(-
-

|
S
\¥)
-

M ( _n 1) LM
— | e —1)—=x To0——
h 10 20 h

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3 44



Example 4 (contd,)

 Case 4 (no elastic nor friction force acting): £ =0, h =0

b wa(s) =5 mmhp s1=0; s2=0

0 1
A= m=) unstable
0 O
{ Ztl — I9
0 — 0
2 ‘ CIJQ(?f)ZCEQ(),\V/t
L10
CIZ(O) — [ o0 ] b lel(t) —51310—|—5172()t :;000

Fund. Automatic Control, G. Fenu, T. Parisini - Part 3

45



Stability of Equilibrium of a Nonlinear System via the Linearised
System

Recall from Part 2:

{ ; _ 5((;3,’5)) = 0= f(r,u) == T (equilibrium state)
0% ~ f(T,u)ox + fu (T, u)du
T T . xr € R"
b A B ‘ z = Ar + Bu U € R™
y=Cz+ Du g
0y ~ g.(Z,u)0x + g, (T, u)0u y €
C D

Stability of equilibrium is a local property (see Definitions in Part 2, slide 3).

We can take advantage of the linearised system on the specific
equilibrium state to analyse its stability

Control Systems, G. Fenu, T. Parisini - Part 3




Stability of Equilibrium of a Nonlinear System via the Linearised (i) Jzsraoecusioo

-

Sy3tem (contd.)

Main Result:
Denoting by s;, 2 =1,...,n the eigenvalues of matrix A :
(A) Re(s;) <0,i=1,...,n mmm) T asymptotically stable equilibrium state

(B) 37 such that Re(s;) > 0 mmmm)p Z unstable equilibrium state

Control Systems, G. Fenu, T. Parisini - Part 3
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Stability of Equilibrium of a Nonlinear System via the Linearised (i) JyErsimapeci stuoi

s

Sy3tem (contd.)

Critical Case:

x asymptotically stable equilibrium state

Re(s;)) <0,i=1,...,n
? wsm) T stable equilibrium state

14 such that Re(s;) =0 \

z unstable equilibrium state

In this case, no decision can be made on the stability of the equilibrium state
based on the linearised system

Control Systems, G. Fenu, T. Parisini - Part 3
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Example
Recall from Part 2, slides 45, 46:

We pick the two "physical”
solutions:

Control Systems, G. Fenu, T. Parisini - Part 3 49



Example (contd,)

The state matrices of the linearised system on the two equilibrium states are:

iz a) = gh 24 _[ 0 1] _[ 0 1]_A
z\L,U) = 5 5 = MgL = “MgL =

BTl M) -5 T -

det(s] — A) = s* + %s + g z asymptotically stable equilibrium state
£ (57 — b gL [ 0 1] :[ 0 1]:A
o il PO R e CED N B P KC o

_ 5 h MgL . —_
det(sl — A) = s° + 78T Z unstable equilibrium state

Control Systems, G. Fenu, T. Parisini - Part 3 50



