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Internal Description of Linear Time-Invariant Systems (i) UNIVERSITA DEGLI STUD!
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Up to now we have considered an internal dynamic description based
on state variables:

- S

uq (t) x1(t) y1(t)
u(t) = : c R™ x(t) = : c R"” y(t) = : c RP
| um(?) _ | () L yp(t)
Input State Output

y = Oz + Du u €R™ (AeR™"™ BeR"™™ CeRP" D e RP™)

{j::A:E—l—Bu zE€R
y € RP
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External Description of Linear Time-Invariant Systems () pryy=siaecu sTup

Recall from Part 2:

= Ax + Bu
y=Cz+ Du

b L{z(t)} = L{Az + Bu} wmmd sX(s)—x2(0)=AX(s)+ BU(s)
b (sI — A)X(s) = z(0) + BU(s)

|.> X(s) = (sI — A)'z(0) + (s — A)"'BU(s)

b Y (s)=C(sI — A)~'z(0) + [C(s] — A)"'B+ D| U(s)
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External Description of Linear Time-Invariant Systems (contd,)

Setting z(0) =0 :

L

PXN nmXn nXmpxXim
A —A——

Y(s)=[C(s] —A)"'B+ D] U(s)

- _/
V

pXm

G(s) u(t)
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Transfer Function

Fund. Automatic Control, G. Fenu - T. Parisini - Part 4




Transfer Function — General Case

CGu(s) o Gun(s)
G(s) = Gzl(s) Gim($)
 Gul(s) - Gpmls) |

L v =§;G@<s>v]<s>

Hence:

L uk(t):(), k#]
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Transfer Function — SISO Case

In the Single-Input Single-Output (SISO) case:

u(t), y(t) e R xz(0) =0

x = Ax + Bu
y=Cx+ Du

Ilxn nxn nx11x1
A A A

b Y(s)=[C(sI —A)~"'B+ D] U(s)

— 7
V

1 x1

G(s)

u(t)
Scalar Transfer
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Transfer Function from Equivalent State Equations () UNIVERSITA DEGLISTUDI
e
Recall from Slide 2-40:

x = Ax + Bu ZCERm
= Cx + Du ueR
Y y € RP
Letting:

r=Tz, TcR"™" det(T)#0 mmmdp I = T 'x

b ( & =T"YAx + Bu) = 1AT:13—|—T L Bu
\ X
\ C’T:z: + Du A

AN

C

t = Ax + Bu ' ' i = A% + Bu
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Transfer Function from Equivalent State Equations (contd,) \ UNIVERSITA DEGLI STUDI
G(s) =C(sI—A)"'B+D

= C |17 (s1 = TAT™Y) ' T| B+ D
= C |17 (sTT = TAT) ' T| B+ D

= C T (T(sI = A)TY) ' T| B+ D

— |77 (sT — A T—lT} B+D

=C (SI—A)_l}B+D

B The transfer function is unique and is not related
=G(s)  m—p to the specific internal state representation
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Example 1: Constant Gain (@) Ly uveRsma oo sTuol
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Example 2: Integrator e

S
I
S

10
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Example 3: First-Order System

T=—T+u
y = 2x

b G(s) = C [(SI—A)*} B+D=

A=-1;, B=1, C=2; D=0

s+ 1
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Example 4: Double Integrator () Yy emssi oo sTuo

T1 = T2

. 0 1 0

To = U A:[OO]’lell;C:[l 0],D:0
Yy =2

|
1
[S—
-

| I |
an|
1
S W
»n =
I |
1
— O
|
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Example 5: Mechanical System (@) unirveRsii pEcu sTupl

et f L

LU“
(Livescripts in MS Teams: see Part 4 ‘)
1
—— 1] — — To + Vi U
1 I 0
_h N B S T
M 2 M
s+ 1 ]
k

0] 1
L | T Ms2+hs+k
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Properties of Transfer Functions — SISO Case ({ll) UNIVERSITA DEGLI STUD!

From the definition:
m@:CRd—quB+D

We have:

- S —1
@ a1 —aiz - —Qip

—1 —a2q @ 22
(s — A) =

_anl . o @ a”I’L’I’L |

1
det (s] — A)

K(s)
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Properties of Transfer Functions — SISO Case (contd,)

Let’s analyse the polynomial det (sI — A) and the matrix K(s) :

e The polynomial ¢(s) = det (sl — A) has degree equal to n

« The matrix K(s) is given by:
K(s) =adj(sl — A) = |ki;(s), 4,7 =1,...,n]

where k;i(s),¢,7 =1,...,n are polynomials of degree < n
and adj(sI — A) is the transpose of the cofactor matrix

Hence: . v
Co1 =) B = gy CK 9B =
M(s)

where M (s) is a polynomial of degree < n

Fund. Automatic Control, G. Fenu - T. Parisini - Part 4
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Properties of Transfer Functions — SISO Case (contd,) (&l UNIVERSITA DEGLI STUDI
M(s)
p(s)

+D

Therefore: G(s) =C(sI—A) 'B+D=

M(s) + Dp(s)  N(s)

() p(s)
where, in the absence of common factors among N (s) and ¢(s) :

« if D=0 (strictly proper system) the polynomial N(s) has degree < n

- otherwise (non strictly proper system) the polynomial N(s) has
degree n

In the presence of common factors among N (s) and ¢(s) they "cancel
out" and the degrees of these polynomials decrease accordingly.

Hidden internal dynamics that is not represented by G(s)
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"Hidden-Dynamics": Example 1

. 1 0 10
r — 1 —1 I 1 u
n =2

\ y=1[1 1]z

booo —un[ 0 ][0

:D]]@—li&+Q[ST1 391][21

(s—=T) 1 the denominator of G(s) has

- (s+1) s+1 ‘degree1<2:n

/"
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"Hidden-Dynamics™: Example 1 (contd) () vessmaoecListup

Moreover:

/ .
1 =— I

< j32:331—332+u with 33(0):[8]
L Y =T1 T 22

Since z:(0) =0 from 41 =21, mmmdp x.(t)=0,Vt>0

b { jzgzyf—a:2+u:—a:2+u

y:%+$2:£€2

b The dynamics of x1(¢) does not show up (it is “hidden”) and this is
consistent with the fact that

Fund. Automatic Control, G. Fenu - T. Parisini - Part 4
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"Hidden-Dynamics": Example 2

Pe=lo Afeln]e
=100 1]z
RO TR N
LRI e IR | Y
_ %—ifJS/Z)—;F 1):Si1 sy the denominator of Gi(s) has

degree 1 <2 =mn
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"Hidden-Dynamics": Example 2 (conta, (4} ByeRsma e stuo!
Moreover: this dynamics does not influence the

input/output relationship

(i1 =21+ T2 +u
0 . T ’:
<[m’2:—x2+u] with ”3(0):[0] EESE=TIEE
U L K
n o

o 1 Yy = T2
. (1 (D
G(S) p— lil
S —|— ]_ Simulink |

The dynamics of z2(t) is not influenced by the time-evolution of
x1(t) (which is “hidden”) and this is consistent with the fact that
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SISO Transfer Functions — Poles and Zeros

» Poles: roots of polynomial ¢(s) x

« Zeros: roots of polynomial N(s) o

Fund. Automatic Control, G. Fenu - T. Parisini - Part 4
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Poles and Zeros — Basic Properties in the SISO case

« Poles of G(s) are also eigenvalues of system’s matrix A

* An eigenvalue of system’s matrix A might not be a pole of G(s) in case
of common factors among polynomials N(s) and ¢(s) (as shown by
the examples)

« Stability depends on the poles of G(s) :
Asymptotic Stability Re (poles) < 0

in the absence of
common factors

 The number of zeros is less or equal to the number of poles

Fund. Automatic Control, G. Fenu - T. Parisini - Part 4 22



SISO Transfer Functions — Parametric Forms

(A) Example with real zeros and poles:

45% + 125

& —
(5) st + 353 4 252

s(s+ 3)
s?(s+1)(s + 2)

=4

Fund. Automatic Control, G. Fenu - T. Parisini - Part 4

Parameters:

62:4751:1275020
044:1,043:3,042:2,041204():0

Parameters:

Q:4,21:—3
p1207p2:_17p3:_2

Parameters:

n=6T =1/3
7'1:1,7'2:1/2

23



SISO Transfer Functions — Parametric Forms (conta,) ( ) SNIYERSITA DEGLISTUD!
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(B) The parametric form in the presence of complex zeros/poles is different:

/w%:cﬂ—kaﬂ \
wpé =0

\wm/l—éﬂzw/

v

"~ Re(s)

T —jw Parameters:

wy, Natural angular frequency:

¢ = cos(«) damping ratio

Fund. Automatic Control, G. Fenu - T. Parisini - Part 4 24



SISO Transfer Functions — Parametric Forms (contd,) (e fj\ UNIVERSITA DEGLI STUD!

e

Moreover, we have:

_ 4 _ 0
Gls) = (s+0+jw)(s+o—jw) (s+0)%+ w?

_ 4 _ 0
524205+ 02 4 w? _[52 +2§wns+w%}
T

2€wn, w2
b /G . Q/W% . o \
1+ —s+ —55s 1+ —s+ —5s
W, w? Wn, Wz

0
where: p:= —
wn
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SISO Transfer Functions — Parametric Forms (conta, (i) UNIVERSITA DEGLISTUDI
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(B) Example with real & complex-conjugate zeros/poles:

Parameters:
- B 5s + 15 B1 =29, Bo =15
(S) _83—|—6S2—|—1OS—|—8 &3:1,C¥2:6,041:10,C¥Q:8
Parameters:
=5 st ~ =5 A =3
(s+4)[(s+1—-J)(s+1+J)] p1=—-4,p=-1+jp3=—-1—3
Parameters:
i 15 1
4-2(1_'_3) . _|_82
4 i 2 ’7'1—1 fzi w :\/5
47 \/57 n
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SISO Transfer Functions — Parametric Forms (contd, (i) UNIVERSITA DEGLI STUD!
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In general:

(a) Parameterisation using the coefficients of the polynomials N(s), ¢(s)

Bmsm + 6n—13m_1 + -+ 513 + 60
8™+ 18" s+ ag

G(s) =

The parameters are the coefficients o;, 1 =0,...,n; 85, 7 =0,...,m

Fund. Automatic Control, G. Fenu - T. Parisini - Part 4
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SISO Transfer Functions — Parametric Forms (contd,) (i) UNIVERSITA DEGLI STUD!
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(b) Parameterisation using poles and zeros of G(s)

(s+2z1)(s+ 22) - (s+ zm)
(s +p1)(s+p2) - (5+pn)

G(s) =0

The parameters are the transfer constant ¢ , the zeros (with opposite
sign) z;, 2 =1,...,m and the poles (with opposite sign) p;, j =1,...,n

Fund. Automatic Control, G. Fenu - T. Parisini - Part 4 28



SISO Transfer Functions — Parametric Forms (contd,) \ ) B rrigsre Don SO
(c) Parameterisation using time-constants when
2 ER,izl,...,m;pj cR,79=1,....n
G(s) =t zllstza) - (s42m)
(s +p1)(s+p2)--(s+pn)
™m S m ™m S m
zi | — + 1) 2; ( —) (14 1T;s)
1 E (Zz 1 g E < 1 };[1
=0 n - 4 n n = M n
s9 S 39 S s9
e (1) © I () 7 Toens
=1 P i=1  i=1 Pi i=1

Fund. Automatic Control, G. Fenu - T. Parisini - Part 4 29



SISO Transfer Functions — Parametric Forms (contd,) f/zz‘\ UNIVERSITA DEGLI STUDI

Hence,inthecase z; eR,1=1,... m;p; €eR, j=1,...,n:
1 1=1
G(S) T IU‘ Sg n
H (1 -+ Tz'S)
The parameters are: =1
I1-
. Gain: p=o0 + Time 1. 1
sz. constants: z; Y ’
1=1

* Type of the

system: g = (number of poles in s = 0) — (number of zeros in s = 0)
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SISO Transfer Functions — Parametric Forms (contd.)

Hence, the parameterisation using time-constants when some/all zero(s)/
pole(s) are complex, that is, when

zeR, I=1,....mp; 2z, €C, h=1,...,mc;
pieRi=1,...,ng;p; €C, k=1,...,n¢c

takes on the form:

G(s) = 1 o =L h z h Anh  Anp
T o9 S 2 1
i k i\ PR Wik Wiy

|
=
o
N
_|_

| @
~__
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SISO Transfer Functions — Parametric Forms (contd.)

Hence,inthecase z, c¢R, I=1,....mp; 2z, €C, h=1,...,mc;
pieRi=1,...,ng;p; €C, k=1,...,n¢c

2 1
H 1+ i H 1+ ﬁS -+ TSZ
o 1 l 2] 3 Onh anh
D H<1+3> H(1+&S+L52>
; Di . Wik w?zk
and the parameters are: | |
. Gain: Hzl Ha%h - Time constants: o 15 ; b T
[ h

=0 - Damping ratios: (n, &k
sz' Hw?&k
k

1

. 1r:latural a_ngl.JIar a2, w2,
requencies:
* Type of the

system: g = (number of poles in s = 0) — (number of zeros in s = 0)

Fund. Automatic Control, G. Fenu - T. Parisini - Part 4



Static Gain and SISO Transfer Functions

Recall from Part 2;

{:b:Ax—l—Bu T €R

y = Cx + Du y € R?

det(A) A0 mwmmdp z=-A"'Biu

#agsy UNIVERSITA DEGLI STUDI
%= DITRIESTE

ueR™  w(t)=u,t>0

one and only one equilibrium state

b jy=Cz+Du=—-CA™'Bu+Du=(-CA™'B+D)u

u(t) =u N y(t) =

Y

i
Static Gain

Hence, for systems of 0-type, thatis when g =0 :

[ w=(~CA'B+D)a= G(s)|_, = G(0) }

Fund. Automatic Control, G. Fenu - T. Parisini - Part 4
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Internal vs. External Representations of Linear Systems \ UNIVERSITA DEGLI STUDI

Internal — State Equations External — Transfer Functions

u(t) clo y(t)

>

“) ) aB,cp) |—40

= Ax + Bu i G(S) — [C(Sl — A)_lB —|—D}
{ | Y(s) =G(s)U(s) with z(0)=0

~

2 Realisation Problem
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Realisation Problem: from Transfer Function to State Equations
Recall from Slide 2-40:

{izAx+Bu TR

(Livescripts in MS Teams: see Part 4 ‘)

u e R™
y=Cz+ Du y € R?

Letting: 2 =T%, T € R™", det(T)#£0 mmmdp T = T 'z
b t=T"'YAz + Bu) =T 'AT&+ T~ 'Bu

AN

y = CT3 + Du A
~

AN

C

. . 5 Infinite number of equivalent
r = Ax + Bu T = Az + Bu _ _

{ — Oy 4+ D ﬁ { ) mmm)  state equations representing
d v y=0T+ Du the same dynamic system
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Realisation Problem for SISO Systems: Control Form i
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Consider the generic strictly proper transfer function

m m_l o o o
G(S) _ /BmS + Bm—ls 1 + + 618 + 60 Wlth m < n
S 4+ 1S4+ 1S+

Then: ] ) ] o ] B
( Tq 0 1 0 0 T1 0
To 0 0 1 0 T9 0
= : + u
Ln—1 0 0 0 1 Tn—1 0
| Ty | |—ag —Qap —Qo —Qp—1| | Tp | 1
< e —
L1
L2
Ln—1
\ I
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Realisation Problem for SISO Systems: Observation Form

Consider the generic strictly proper transfer function

Then:

G(s) =

Bm8™ 4+ Br_18™ 4+ -+ Bis + Bo

s+ 18"+ s+ ag

0

0

Fund. Automatic Control, G. Fenu - T. Parisini - Part 4
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Realisation Problem for SISO Systems: Remarks WY o) TRIESTE

//////

« Control and Observation Forms are perfectly equivalent in our context

* Many other solutions to the realisation problem are available

* The solution of the realisation problem in the MIMO case is more complicated and
IS not dealt with in this introductory course

* When the transfer function is not strictly proper, that is m = n , we have:

_ Bns™ + Bn—lsn_1 + -+ B1s+ Bo

G = G, G(s
(S) S”—|—Ozn_18”_1—|—"'—|—0418—|—040 5 T ( )
where
~ Yr—18" T+ Y28 T+ o+ 18 + Yo
G(s) = i
sS40 18"+ -+ s + Qo
where 70,71, ---,7n—2,Yn—1 are obtained via polynomial division. Then, the scalar D

of the state equations is given by D—3

and the realisation of CNJ(S) can be obtained as in the Control and Observation Forms
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