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Technical Lemma & Gauss' Lemma

Let o : A— M be a parametrized surface and let V' be a vector field along
o(A). If (t,s) are the usual coordinates in A C R?, then, in local

coordinates, V = Y vj(t,s)X; with X; = o and we have
j=1 '
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Technical Lemma & Gauss' Lemma

Let o : A— M be a parametrized surface and let V' be a vector field along
o(A). If (t,s) are the usual coordinates in A C R?, then, in local

coordinates, V = Y vj(t,s)X; with X; = 9 and we have
=1 e
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8t85 858t Z (81‘85 658t> J (85’ 8t>
since [92,92] = 0.

Lemma (Gauss)

Let p € M and let v € T,M be such that exp,, v is defined. Let
we T,(ToM) ~ T,M, then

<(dexp)vv, (dexp)vw) — <V7 W>
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The set-up

Let M be a Riemannian manifold, p € M.
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Let M be a Riemannian manifold, p € M.

a(t,s):expptv(s) 0<t<1l, —-e<s<e¢

where s — v(s) is a curve in T,M with v(0) = v, v/(0) = w and |v(s)|
constant.
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Let M be a Riemannian manifold, p € M.

a(t,s):expptv(s) 0<t<1l, —-e<s<e¢

where s — v(s) is a curve in T,M with v(0) = v, v/(0) = w and |v(s)|
constant.
For each s = s fixed, the curve

t 3 [0,1] = 7(t) = exp,[tv(so)]
is a geodesic in M such that v(0) = p.
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Let M be a Riemannian manifold, p € M.

a(t,s):expptv(s) 0<t<1l, —-e<s<e¢

where s — v(s) is a curve in T,M with v(0) = v, v/(0) = w and |v(s)|
constant.
For each s = s fixed, the curve

t 3 [0,1] = ~(t) = exp,[tv(so)]

is a geodesic in M such that v(0) = p.
Furthermore

do
(dexp,)yw = a(l, 0)

Fabio Vlacci MIGe Universita di Trieste Introduction to Jacobi fields Academic Year 2025-26



The problem

We want to study the field

9o

J(t) = (dexp,)w(tw) = s (t,0)

along the geodesic (t) = exp,[tv(0)] = exp,(tv), 0 < t < 1 which
inuitively is related to the spread of geodesics.
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The differential setting

Since 7(t) is a geodesic, for all t € [0,1] for a fixed s such that
—e < s < g, it turns out that

D 0o
EE—O-
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The differential setting

Since 7(t) is a geodesic, for all t € [0,1] for a fixed s such that
—e < s < g, it turns out that
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The differential setting

Since 7(t) is a geodesic, for all t € [0,1] for a fixed s such that
—e < s < g, it turns out that

D 0o
aﬁzo.
Hence
D (Dds\ DD (0o
O—as(atat)—asat(at>
and
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The differential setting

Since 9o = ~/(t), the previous (differential) condition becomes

ot
0= 230+ RO, J(BY (1) 1)

with J(t) = a5
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The differential setting

Since 9o = ~/(t), the previous (differential) condition becomes

ot

0= 230+ RO, J(BY (1) 1)

Definition

Given a geodesic v : [0, to)] — M, a vector field J along ~ is said to be a
Jacobi field if it satisfies the Jacobi equation (1) for all t € [0, to].
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The differential setting

Since 9o = ~/(t), the previous (differential) condition becomes

ot

0= 23 d+ RO, J(O)1 (1) 1)

Definition

Given a geodesic v : [0, to)] — M, a vector field J along ~ is said to be a
Jacobi field if it satisfies the Jacobi equation (1) for all t € [0, to].

t — 7/(t) and t — tv/(t) are examples of Jacobi fields along .
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The differential setting

Since 9o = ~/(t), the previous (differential) condition becomes

ot

0= 23 d+ RO, J(O)1 (1) 1)

Definition

Given a geodesic v : [0, to)] — M, a vector field J along ~ is said to be a
Jacobi field if it satisfies the Jacobi equation (1) for all t € [0, to].

t — 7/(t) and t — tv/(t) are examples of Jacobi fields along ~y. Notice,
furthermore, that the first one never vanishes and the second one vanishes
only for t = 0. For this reason, we'll often consider Jacobi fields along ~
that are orthogonal to 7'.
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Jacobi fields in local coordinates

D
A Jacobi field is determined by its initial condition J(0) and 87;‘/(0)

Fabio Vlacci MIGe Universita di Trieste Introduction to Jacobi fields Academic Year 2025-26



Jacobi fields in local coordinates

D
A Jacobi field is determined by its initial condition J(0) and 87;‘/(0)

Consider an orthonormal parallel frame (e1(t), ..., es(t)) along v and write

n

J() = vi(t)e(t) ay = (R(Y(t), &)Y (1), g(t)) ij=1,....n

j=1
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Jacobi fields in local coordinates

D
A Jacobi field is determined by its initial condition J(0) and —;L/(O)

Consider an orthonormal parallel frame (e1(t), ..., es(t)) along v and write

n

()= vi(t)ei(t) ay = (R(Y(t), &)V (1), (1)) ij=1,...,n
Jj=1
Then
J l/
a2+
8 t =
and
R(ﬁ/aj)’yl = Z<R(7/7J)7,7ej>ej = Z<R(’7 Vi€j 7 7e_] € = Z Vidjj€;
j=1 ij=1 ij=1
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Jacobi fields in local coordinates

Therefore the Jacobi equation in (this) local frame is equivalent to the
following linear system of differential equations of second order

V() + ) vi(t)a(t) =0 (2)
ij=1

which has a local solution in [0, a] given the initial conditions J(0) and
DJ

E(O)'
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Examples of Jacobi fields

Let M be a Riemannian manifold of constant sectional curvature K. Let
v : 1 — M be a geodesic parametrized by arc-length parameter.
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Examples of Jacobi fields

Let M be a Riemannian manifold of constant sectional curvature K. Let

v : 1 — M be a geodesic parametrized by arc-length parameter. In this
setting, if J is orthogonal to 7/,

R(+,J)y = KJ
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Examples of Jacobi fields

Let M be a Riemannian manifold of constant sectional curvature K. Let
v : 1 — M be a geodesic parametrized by arc-length parameter. In this
setting, if J is orthogonal to 7/,

R(+,J)y = KJ
Indeed, for any W € X (M),

<R(7/7 J)/7,7 W> = K[<7/77,> <Ja W> - <7,a W> <Ja7/>] = K<J7 W>
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Examples of Jacobi fields

Let M be a Riemannian manifold of constant sectional curvature K. Let
v : 1 — M be a geodesic parametrized by arc-length parameter. In this
setting, if J is orthogonal to 7/,

R(+,J)y = KJ
Indeed, for any W € X (M),

(RO, I, W) = K[V, ) (I, W) = (Y, W) (U, A7) = K(J, W)
Therefore, the Jacobi equation becomes

D2
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Examples of Jacobi fields

Let w(t) be a parallel vector field along ~ such that Vt € /
1) lw(t)l =1;
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Examples of Jacobi fields

Let w(t) be a parallel vector field along ~ such that Vt € /
1) lw(t)] =1;
2) (w(t),7) =0
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Examples of Jacobi fields

Let w(t) be a parallel vector field along ~ such that Vt € /

1) [w(t)] =1;
2) (w(t),~") =0 Then

J(t) =

\

sin tv K
w(t if K>0
v
tw(t) if K=0
inhtv—K
S'“\/t:Kw(t) it K<0

is a solution of the Jacobi equation (3) with initial conditions J(0) = 0,

J'(0) = w(0).
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If v:[0,a] — M is a geodesic with v(0) = p, 7/(0) = v, consider
w € T,M and a curve s = v(s) in T,M such that v(0) = av and
v/(0) = w.
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If v:[0,a] — M is a geodesic with v(0) = p, 7/(0) = v, consider
w € T,M and a curve s = v(s) in T,M such that v(0) = av and
v/(0) = w.

Then J(t) ==

B exp,(£v(s))|s=o is the Jacobi field along ~ such that

DJ
J(0) =0 and E(O) = w.
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If v:[0,a] — M is a geodesic with v(0) = p, 7/(0) = v, consider

w € T,M and a curve s = v(s) in T,M such that v(0) = av and

v/(0) = w.
0 :

Then J(t) := s exp,(£v(s))|s=o is the Jacobi field along ~ such that
DJ

J(0) =0 and E(O) = w.

Indeed, J is a Jacobi field such that J(0) = 0.
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If v:[0,a] — M is a geodesic with v(0) = p, 7/(0) = v, consider
w € T,M and a curve s = v(s) in T,M such that v(0) = av and
v/(0) = w.
0 .
Then J(t) := s exp,(£v(s))|s=o is the Jacobi field along ~ such that
DJ
J(0) =0 and E(O) = w.
Indeed, J is a Jacobi field such that J(0) = 0.Furthermore, since
D o t D D
2Py (2V(5)) [s0 = 5 [(d expy) (o) (tV/(0))] = 7 [(d exp, e (1w)] =
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If v:[0,a] — M is a geodesic with v(0) = p, 7/(0) = v, consider

w € T,M and a curve s = v(s) in T,M such that v(0) = av and

v/(0) = w.
0 .

Then J(t) := s exp,(£v(s))|s=o is the Jacobi field along ~ such that
DJ

J(0) =0 and E(O) = w.

Indeed, J is a Jacobi field such that J(0) = 0.Furthermore, since

D o t D D

2Py (2V(5)) [s0 = 5 [(d expy) (o) (tV/(0))] = 7 [(d exp, e (1w)] =

D
= a[t(d expp) W] = (dexp, ) w + t [(d exp,) e W]
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If v:[0,a] — M is a geodesic with v(0) = p, 7/(0) = v, consider
w € T,M and a curve s = v(s) in T,M such that v(0) = av and
v/(0) = w.

Then J(t) := % exp,(£v(s))|s=o is the Jacobi field along ~ such that
D

J(0) =0 and 8—:(0) = w.

Indeed, J is a Jacobi field such that J(0) = 0.Furthermore, since

D o t D , D

2Py (2V(5)) [s0 = 5 [(d expy) (o) (tV/(0))] = 7 [(d exp, e (1w)] =

D
= a[t(d expp) W] = (dexp, ) w + t [(d exp,) e W]

hence for t =0

—-(0) = (dexp,)ow = w.
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Taylor expansion

From the previous considerations, if v : [0,a] — M is a geodesic with
7(0) = p, 7/(0) = v and if w € T,M, then

J(t) = (dexp,) e (tw)

D
is the Jacobi field along « such that J(0) = 0 and 8—;(0) = w.
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Taylor expansion

From the previous considerations, if v : [0,a] — M is a geodesic with
7(0) = p, 7/(0) = v and if w € T,M, then

J(t) = (dexp,) e (tw)

D
is the Jacobi field along « such that J(0) = 0 and 8—;(0) = w. Assume
lw| = 1 and consider G(t) := (J(t), J(t)) = |J(t)|%.
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Taylor expansion

From the previous considerations, if v : [0,a] — M is a geodesic with
7(0) = p, 7/(0) = v and if w € T,M, then

J(t) = (dexp,) e (tw)

D
is the Jacobi field along « such that J(0) = 0 and 8—;(0) = w. Assume
lw| = 1 and consider G(t) := (J(t), J(t)) = |J(t)]>. Then

G(0) = [J(0)* =0
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Taylor expansion

From the previous considerations, if v : [0,a] — M is a geodesic with
7(0) = p, 7/(0) = v and if w € T,M, then

J(t) = (dexp,) e (tw)

D
is the Jacobi field along « such that J(0) = 0 and 8—;(0) = w. Assume
lw| = 1 and consider G(t) := (J(t), J(t)) = |J(t)]>. Then

G(0) = [J(0)* =0

and

G'(0) = %U(t),J(t)Hrzo = 2<%(f),J(t)>\t:o =2(w,0)=0
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Similarly,

6'(0) = 25 (32 () S(Dleo =
2
= 220, P epleo + 202 (0, 50 oo =
2

~ ow, w>+2<gtj(0) J(0)) =2
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Similarly,
d DJ

G"(0) = 2E<E(t)7~j(t)>‘f:0:
2
= 220, P epleo + 202 (0, 50 oo =
2

~ ow, w>+2<gtj(0) J(0)) =2

2
6"(0) = 29(22(1), 2 (Ohleco + 2522 6), S o
2 2
= o220, 2 eplo 22 0. D ieniot
3 2
b 270, J(1Dlemo = 6<%(o>, o+
3
+ 22 2(0), 0)) =
D?J , ,
since J(0) =0 and ——(0) = —R(+'(0), J(0))7'(0) = =R(v,0)v =0

(J
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3 2 2
6(0) = 820, 2 (e)emo+6(2 3 (1), 2 (1)) lecot

4
£ 20 (0), K)o =

= 8(2 (~RO(), SO (1), S (e =0t
4
+6(R(Y(0), () (0), R((0), J(0))/(0)) +2( 3 (0), J(0)) -

= 8 (RO, SO (1), o ()]eco +0

since J(0) =0 .
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Now, for any vector field W(t) along , we have

(R JON O W(EDlemo = (RO, SO (8), WD)

— (RGO, HON (D), - (D eso
= £ RO/, WK (). HDemo — (RO(), SO (0), () e=o
= (RGO, WEW (), S0+ (RE/(E), WO (1), o ()=

(RO, HON (1), D (1)) emo
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Hence, if W(t) = %(t) since J(0) =0, 7/(0) = v, %(0) =w

(2 RO/ SN (1), 22 (e)]eco = (RE/(0). 22 ()7 (0). 2
= (R(v

(0)) =

w)v,w) = R(v,w, v, w)
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Hence, if W(t) = %(t) since J(0) =0, 7/(0) = v, %(0) =w

D DJ DJ DJ

(5 RO/(0), )7 (2), 5 (DDlemo = (R((0), 5 (0)7'(0),

5 L (0) =

= (R(v, w)v,w) = R(v, w,v,w)

Therefore

G"(0) = —8R(v,w, v, w)
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Hence, if W(t) = %(t) since J(0) =0, 7/(0) = v, %(0) =w

> RO/ (0), JO)(0), 2 (D)o = (R (0), 22 (0))7/(0), 2 (0)) =

(e ot
= (R(v,w)v,w) = R(v,w, v, w)
Therefore
G"(0) = —8R(v,w, v, w)
. Finally, for t in a neighborhood of 0

G(t) = (B2 = 2 — %R(v, w, v, W)t + 90(t)
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If - in the above calculations -y is a geodesic in M parametrized by arc
length (hence |v| =1 and w is assumed to be orthogonal to v

((w,v) =0), then R(v,w,v,w) = Ky(S) where S is the plane spanned
by v and w.
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If - in the above calculations -y is a geodesic in M parametrized by arc
length (hence |v| =1 and w is assumed to be orthogonal to v

((w,v) =0), then R(v,w,v,w) = Ky(S) where S is the plane spanned
by v and w. Hence

HOP = 2~ K(S)t + (1)

with R(t) = o(t*)
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If - in the above calculations -y is a geodesic in M parametrized by arc
length (hence |v| =1 and w is assumed to be orthogonal to v

((w,v) =0), then R(v,w,v,w) = Ky(S) where S is the plane spanned
by v and w. Hence

HOP = 2~ K(S)t + (1)

with R(t) = o(t*) and

(0] = £ = SKAS)E + ()

. 1
with R(t) = o(t3), since V1 +x =1+ >X+ o(x).
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Conjugate points

Definition

Given a geodesic v : [0,a] — M, the point ¥(t) is said to be conjugate to
~(0) along v (with ty € (0, a]) if there exists a (not identically zero) Jacobi
field J along  such that J(0) = 0 = J(tp).

Academic Year 2025-26 18 /24
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Conjugate points

Definition

Given a geodesic v : [0,a] — M, the point ¥(t) is said to be conjugate to
~(0) along v (with ty € (0, a]) if there exists a (not identically zero) Jacobi
field J along  such that J(0) = 0 = J(tp).

The maximum number of linearly independent Jacobi fields along v such
that J(0) = 0 = J(tp) is called the multiplicity of the conjugate point
7(to)-
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Conjugate points

Definition

Given a geodesic v : [0,a] — M, the point ¥(t) is said to be conjugate to
~(0) along v (with ty € (0, a]) if there exists a (not identically zero) Jacobi
field J along  such that J(0) = 0 = J(tp).

The maximum number of linearly independent Jacobi fields along v such
that J(0) = 0 = J(tp) is called the multiplicity of the conjugate point
7(to)-

The set of (first) conjugate points to p = (0) is called the conjugate
locus of p and denoted by C(p).
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Conjugate points: a characterization

Proposition
Let v : [0,a] — M be a geodesic with v(0) = p. Then the point g = (ty)
(with ty € (0, a]) is conjugate to p = v(0) along ~ if and only if

vo := to7/(to) is a critical point of exp,,.
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Conjugate points: a characterization

Proposition
Let v : [0,a] — M be a geodesic with v(0) = p. Then the point g = (ty)
(with ty € (0, a]) is conjugate to p = v(0) along ~ if and only if

vo := to7/(to) is a critical point of exp,,.

Furthermore the multiplicity of g = ~(ty) as a conjugate point of p = ~(0)
is equal to the dimension of ker(d exp,)v,-
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Let v =+/(0) and define

for t € [0, a].

J(t) = (d exp, ) (tw)
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Let v =+/(0) and define

J(t) = (d expp)tv(tw)
for t € [0, a].

D
Then J is a Jacobi field such that J(0) =0 and w = J

E(O);
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Let v =+/(0) and define

for t € [0, a].

D
Then J is a Jacobi field such that J(0) =0 and w = 8_;(0); observe that

J(t) = (d exp, ) (tw)

J is a non-zero vector field along ~ if and only if w #£ 0.
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Let v =+/(0) and define

J(t) = (d expp)ev(tw)
for t € [0, a].
D
Then J is a Jacobi field such that J(0) =0 and w = 8_;(0); observe that

J is a non-zero vector field along ~ if and only if w #£ 0.
Hence g = 7(to) is conjugate to p = v(0) (when w # 0) if and only if

0= J(to) = (dexpp )z (tow)

or vo = to7(to) is a critical point of exp,. Ll
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Additional Lemmas on Jacobi fields

Let J be a Jacobi field along the geodesic ~y : [0,a] — M. Then, for any
t €0, a]

(J(1), (1)) = <%(0),7’(0)>t +(J(0),7'(0))
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Additional Lemmas on Jacobi fields

Let J be a Jacobi field along the geodesic v : [0,a] — M. Then, for any
te |0,

(J(1), (1)) = <%(0),7’(0)>t +(J(0),7'(0))

v

Corollary

Let J be a Jacobi field along the geodesic v : [0,a] — M. If for some
t1,t € [O,a] (tl =4 t2)

(1), 7' () = (J(t2), 7 (2))

then (J(t),~/(t)) does not depend on t. In particular if J(0) = J(a) =0,
then J(t) is orthogonal to ~'(t) for any t € [0, a] (along ).
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Additional Lemmas on Jacobi fields

Let J be a Jacobi field along the geodesic v : [0,a] — M. Then, for any
te |0,

(J(1), (1)) = <%(0),7’(0)>t +(J(0),7'(0))

v

Corollary

Let J be a Jacobi field along the geodesic v : [0,a] — M. If for some
t1,t € [O,a] (tl =4 t2)

(1), 7' () = (J(t2), 7 (2))

then (J(t),~/(t)) does not depend on t. In particular if J(0) = J(a) =0,
then J(t) is orthogonal to ~'(t) for any t € [0, a] (along ).

Fabio Vlacci MIGe Universita di Trieste Introduction to Jacobi fields Academic Year 2025-26 21/24



Additional Lemmas on Jacobi fields

Let J be a Jacobi field along the geodesic ~y : [0, a] — M such that
J(0) = 0. Then
DJ ,
(2 (0),/(0)) = 0
if and only if
(J(1),7/(t)) = 0.

In particular the space of Jacobi fields with J(0) = 0 and (J(t),~'(t)) =0
has dimension n — 1.
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Additional Lemmas on Jacobi fields

Proposition

Let v : [0,a] — M be a geodesic. Take vi € T, oyM and v» € T, (M. If
~(a) is not conjugate to y(0), then there exists a unique Jacobi field J
along ~y such that J(0) = v1 and J(a) = v».
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Jacobi

Proposition

Let v :[0,a] — M be a geodesic in a Riemannian manifold M and let
p=(0), g =~(b).

If there is no conjugate point of p along ~y, then there exists € > 0 such
that for any piecewise differentiable curve o : [0,a] — M from p to q such
that g(y(t), a(t)) < e we have L(«) > L(~y) with equality if and only if «
is a reparameterization of .
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Jacobi

Proposition

Let v :[0,a] — M be a geodesic in a Riemannian manifold M and let
p=(0), g =~(b).

If there is no conjugate point of p along ~y, then there exists € > 0 such
that for any piecewise differentiable curve o : [0,a] — M from p to q such
that g(y(t), a(t)) < e we have L(«) > L(~y) with equality if and only if «
is a reparameterization of .

If there exists ty € (0, a] such that qo = (to) is a conjugate of p, then
there is a proper variation of vy so that L(vs) < L(v) for —e < s < e.
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