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Block 4.1

Summary:

« Survival analysis definition
« Censoring
 Kaplan-Meier curve

« Cumulative hazard & hazard rate

On a long enough time line, the survival rate for
everyone will drop to zero.

-- Chuck Palahniuk, Fight Club
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Block 4.1

Survival analysis: definition

The object of the study is «timey (duration)

Initial moment Final moment
(study entry) — (event/end of the study)




Block 4.1

Study Design : population-based/cohort/RCTs
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Block 4.1 . . T
Survival analysis: definition

A cohort of patients is observed for 24 months after an episode of myocardial
infarction (AMI). The outcome is their survival.

« At the end of the observation (follow-up) each patient is identified by two
values: (c,1)

 “c” is the patient status (O=survived, 1=dead)

 “t" iIs the duration of the observation
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Survival analysis: definition

Survival time




Block 4.1 Survival analysis: definition

Examples

> time from diagnosis of a cardiovascular disease to death or a cardiovascular event
(AMI/Stroke)

> fime from commencement of a freatment to the occurrence of an adverse effect
> time from enrollment in RCT (drug vs placebo) to a change in a biomarker

> time from a transplantion procedure to the Graft-versus-host disease (GvHD)

>...




Block 4.1 . . . .
Survival analysis: definition

Entry & “Exit”

They have to be clearly stated, without ambiguity

Initial Moment Final Event/Exit

Randomization Date (RCT) Date of Death
Date of Enrolment in a clinical Date of First hospitalization
reqgistry
Diagnosis (date of a visit) Date of recurrence of symptoms
Date of commencement of @ Date of change in a biomarker
therapy

Date of a surgical procedure Date of complication



Block 4.1 . . . ey
Survival analysis: definition

Initial Moment, Final Event

To the initial moment should correspond a date for each subject :

- Randomization date

- Date of enrollment in a clinical registry.... v '\2 \3 ‘\“Wb«
To the final moment should correspond a date for each subject :
- Date of the event of interest

- Censoring date : last contact “free of event” or administrative study closure



Block 4.1 Survival analysis: data structure

Data Structure

ID Initial date Final date |fo||ow_up status | age sex LVEF
BTXVNX440331  3/30/1995 7/15/2000 63 1 50 1 32
CCRFRN400628  8/24/2001 11/1/2011 122 0 61 1 34
FFTMRN421006  3/31/1988 7/15/1996 99 1 45 0 24
GNLMRX381011  4/5/1993  11/1/2011 222 0 54 0 33
status: 0 = censoring, 1 = event
A » Event

| | - 4 |

B _ End of Study 4  FOLLOW UP= Final date-Initial date

C » Withdrew : .

. . o e )

_ D »Event - 1Independently from the initial date, |

Subjects »Lost to follow-up ' all subjects start from time 0 and are |

o o |

E + Event ' observed until they experience the i

- . : event or come out from the !

G » Event |

| | i . Observation. !

1 ] ! e T P

Time



Block 4.1 . . . .
Survival analysis: objectives

@'WC:‘ Aims of Survival Analysis

 Estimate time-to-event for a group of individuals, such as fime
until hospitalization or death for a group of patients.

 To compare time-to-event between two or more groups, such
as treated vs. placebo patients in a randomized controlled

trial.

» To assess the relationship of co-variables to time-to-event,
such as: does weight, insulin resistance, or cholesterol
influence survival fime of CV patientse



Block 4.1 Survival analysis: definition
Special features of survival data

: : : . 100- median better
Survival times are in general not symmetrically
o than mean
distributed
. . a0 -
Survival times are censored:
B0 - )
40+ |
I L] L] (] I ]
' Independent/non informative censoring*: ! o n
| o . o « e
i survival fime t of an individual does not depend on any |
| . . « . o o
i mechanism that causes that individual’s survival time to
1 o
' be censored at time c(< 1) : !
: - 0 | T T T T - 1
: T 1 C i 0 72 144 216 288 360 432 504

Follow up (months)
*If they are not independent, then specialized techniques must be invoked...



Block 4.1 . . . ..
Survival analysis: definition

Independent censoring:

This means that individuals censored at any given time 1 should not be a biased sample
of those who are still at risk at time f.

Typically, independent censoring cannot be tested from the available data - it is
a matter of discussion.

Censoring caused by being alive at the administrative closure of the study can
usually safely be taken to be independent.

However, one should be more suspicious to other kinds of loss to follow-up
before the end of the study.

It is strongly advisable (if prospective data collection) to keep track of subjects
who are lost to follow-up and to note the reasons (e.g., worsening of the
disease ¢ emigration ¢ ...).



Block 4.1 Censoring

Right-censoring

End of Study

Subjects » Withdrew
» Lost to follow-up

Time

The right-censored survival time is less than the «actualy (not observed)

True survival time >

observed survival time

Right-censored

If right censoring occurs when the observation period ends is defined as administrative
censoring.



Block 4.1 Survival analysis: objectives

@; Aims of Survival Analysis

 Estimate time-to-event for a group of individuals,
such as time unftil hospitalization or death for a
group of patients.
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Some key quantities

T positive random variable representing time to event of interest

F(t) = P(T <t) Cumulative incidence function

S)=P(T>t)=1-F(t)

Hazard function

h(t) = lim

At—0

Pt<T<t+At|IT > t)

At

f(t) = F'(t) probability density function

Survival function

t
H(t) =f h(uw)du Cumulative hazard function
0

d
h(t) = — a (InS)

S(t) = e HO

S(0) =1

f(&) = h(£)S(t)




Block 4.1
How do we estimate the survival function?

If we observe subjects all for the same period of time (and there is no censoring before the end):

# subjects survived > t
# subjects

$(t) =

# subjects died <t
# subjects

Or: S)=1-F@{)=1-P(T<t)=1-

What happens instead if we have censored observations and simply we exclude them®e

A
(o]
o

Intuitive explanation: removing pts that are censored, creates an
artificially lowered survival curve because the follow-up fime that

censored patients contribute is excluded (orange line).

Survival probability
o] 0
a9

o
N
3]

(The correct estimation of survival curve for these data is shown in

o
o)
0

24 30

o & 12 18
Months .
Number at risk blue for comparison)
165 99 44 22 [S3 (8]
228 156 65 32 13 3
24 30

o 6 12 18
Months

lgnoring censoring With censoring
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Basic methods

To take correctly info account censoring and variable observation
times, there are 3 basic methods for estimating a survival function
without resorting to parametric models*]:

(1) Kaplan-Meier : most used in clinical/epidemiological setting [only 1 possible
“absorbing event”]

(2) Nelson-Aalen : use the cumulative hazard

* parametric survival models are a more specific topic
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Follow up | # Subjects | # Censored* | # Deaths Survivors
(years) at Risk

100 3 ¢
e 3 10 ¢
e 3 15 e
e 3 20 ¢
e 3 25 e

“These conventions may be paraphrased by saying that deaths recorded as of
[time] t are treated as if they occurred slightly before t, and losses recorded as of
[time] t are treated as occurring slightly after t. In this way the fudging is kept
conceptual, systematic, and automatic.” (Kaplan & Meier, 1958)

Ooliow Up V) jeC S UIVIVOI'S
e am

100 3

92 3 10 82
* (The censoring 79 3 15 64
mechanism is considered 61 3 20 4]
a random variable)

38 3 25 13



Follow up # Subjects Survivors S(t)
(years) at Risk Censored* Deqihs KM

100 95/100=0.95

92 3 10 82 (95/100)*(82/92)=0.85

79 3 15 64 (95/100)*(82/92)*(64/79)=0.70

61 3 20 47 (95/100)*(82/92)*(64/79)*(41/61)=0.46

38 3 25 13 (95/100)*(82/92)*(64/79)*(41/61)*(13/38)=0.16

Kaplan-Meier estimate* for each tfime t is a conditional probability.

1. Follow-up is divided into intervals based on the (ordered) observed event times
2. Censored pfs in the |-interval are counted in that interval and then removed from the risk set

3. Deaths of the individuals in the sample are assumed to occur independently of one another

*non-parametric : no need to assume a specific probability distribution for survival fimes



Block 4.1 ore - Kaplan-Meier curve
Conditional Probability & Independence P

The conditional probability of an event B given A is the probability that the event will occur
given the knowledge that A has already occurred.

The probability that a patient survives after 3 days from the study entry is conditional at
having survived the first two days.

pl1 = probability to survive the first day

P2 = probability fo survive the second day
p3 = probability fo survive the third day

Cumulative survival probability will be:

P=p1*p2*p3

(assumption of independence)

P1=0.80 ; p2=0.68; p3=0.55 INNEEEEEEE)  P=0.80 * 0.68 * 0.55=0.30
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1. Follow-up is divided into intervals based on the observed event times

Kaplan-Meier curve

2. Censored pfts in the J-interval are counted in that interval and then removed from the risk set

3. Deaths of the individuals in the sample are assumed to occur independently of one another

Patients

1w

B U0

Days

O censored

O event

Time intervals # Risk # Event # Censored
0-40 10 1 0
41-69 0 1 1
70-122 7 1 1
123-163 5 1 1
164-172 3 1 0
173-240 2 0 2



Block 4.1 Kaplan-Meier curve

Events are assumed to occur independently from one another.

¥

Product-limit estimates of survival

Time Survival Cumulative We can multiply
intervals #Risk  #Event in interval Survival probabilities

0-40 10 1 9/10: 0.900 0.900 —> §(11)=9/10=0.90

41-69 9 1 ‘ 8/9: 0.890 - 0.801 —> S(t2)= 9/10 *8/9=0.90%0.89=0.80

70-122 7 1 6/7: 0857 0.684 —> S(13)=9/10*8/9*6/7=0.90*0.89*0.85=0.68
123-163 5 1 4/5: 0.800 0.547 ———> +eee
164-172 3 ! 2/3: 0.666 0364 ———> -t
173-240 2 0 2/2: 1.000 0.364
In each KM Survival Curve
interval: dj | = - ; ;

—_ ___J 10| :
SK M (t) o 1 0.9 0500
Ui 0.8 | om
t jSt !
: 0.7 ! o
n, #pfts alive at the o 06 | | T
beginning of |- (%) o
interval 0.4 | _ |
. .. 0.3 l Q - 0 364! 0384
d, #events in the J-interval 0.2 | = = | 5
0.1 |
0.0 | Days

0 40 69 122 163 172 240
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Product-limit estimated survival probabilities are widely used for analyzing survival data because they are
estimated without assumptions about the probability mechanism that produced the sample of survival
times (called nonparametric or model-free estimates).

KM Survival Curve
Graphical presentation is a series of rectangles

1.0
(height = Si-i and width = ti-ti1) placed side by 09
side to display the decreasing pattern of the 0.8 0
estimated survival probabilities over time. 07 0684

06 s

(%) | 054

It is commonly called a step function. gi

0.3 0 34 0364 |
The survival function becomes a “curve” in @ 02
large sample of distinct survival fimes where 0.1
the steps get very small. 0.0 ' Days

0 40 69 122 163 172 240



Block 4.1 Confidence Intervals

Variance (Greenwood's formula):

7 (30)) = 52 zi:t.stni(nidi— »

JV ()

Confidence intervals* can be computed
on the scale of the survival curve using the
normal approximation:

Kaplan-Meier curve

Survival Funciion

I{aplan—Meier Estimates

Precision of the survival
estimate decrease as
the number of subjects
aft risk decreases (the
variance increase)

I_I
L

T 1
Q a5

T T
1 1
Time

SH~N(S@®),V(S®)) mmp f(t)i1-96\/17(§(t))

*At each fime point t
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From 1978 to 2007, 853 IDCM patients (45 + 15 years, 72% males) were enrolled and classified as follows: Group
1, 110 patients (12.8%) enrolled during 1978-1987; Group 2, 376 patients (44.1%) enrolled during 1988-1997;
Group 3, 367 patients (43.1%) enrolled during 1998-2007.

DIHTx survival free

1.0

0.9

0.8

0.6-

0.5

0.4+

% Pts at risk

81 65 55 (Gr.1)
90 80 71 (Gr.2)
94 89 87 (Gr.3)

o

12

1 I I J 1

I I I 1 I I
24 36 45 G0 72 84 96 108 120 132 144

follow up (months)

' The aim of the study was to describe the

: impact of therapeutic approaches in the

' last 30 years on the long-term natural history
' of a large cohort of IDCM patients enrolled

| |n the clinical registry in Trieste.

Kaplan-Meier curve

KM curves with decade of
enrollment as a proxy of
changing therapies.

Long-term prognostic impact of therapeutic strategies in patients with

idiopathic dilated cardiomyopathy: changing mortality over the last

30 years. Merlo et al., Eur J Heart Fail. 2014.


https://www.ncbi.nlm.nih.gov/pubmed/24464640
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Survival

Survival function
S(t)=P(T >t)=1-F(¢)

1,00
0,95
0,90
0,85

0,80

\ At 10 years % of pts free of

h

R, event is ~75%

R
M

T

0,75
0,70
0,65
0,60
0,55
0,50

0,45

0,40

I I I T T T I I | | ] T
a 24 43 2 96 120 144 168 192 216 240 264 288

follow up (months)

Probability that survival is «beyondy t

Cumulative Incidence Function

Cumuldative Incidence

Cumulative Incidence Function
(Cumulative Event Rate):

F(t)=P(T <1)

0,50

0,45

0,40

0,35

0,30

At 10 years % of pts with an
event is ~25%

0.25

0,20—

0,15

0,10

0,05

0,00

L) L] I I
[s] 24 48 T2
follow up (Mmonths)

I L} Ll L] I I I 1
a5 120 144 163 192 216 240 264 258

Probability that survival is «less thany t
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A Events in Per-Protocol Population

100+
90 6
— SG- 5_
R .
g 70- 4 Warfarin
&
GO 504 2_‘ | Rivaroxaban
1; 40- 1
= 1- :
E 30 "
= 0 T T i | | | |
v 20 0 120 240 360 430 600 720 840
104
S —
0 — T T T T I ]
0 120 240 360 480 600 720 840
Days since Randomization
No. at Risk

Rivaroxaban 6958 6211 5786
Warfarin 7004 6327 5011

5468 4406 3407 2472 1496
5542 4461 3478 2539 1538

Cumuldative Incidence

When the event rate is low could
| ' be more informative plot the

' cumulative event rate instead of
’rhe survival function.



Block 4.1 Median survival time

The generic pih quantile of the survival time is the smallest time so that . S(tp) <1l-p

f F(t,) = p then the 100 pih percentile of survival time is t,,

What is the time by which a certain probability of dying is achieved?

The 75th percentile of survival time is 51 days. S(T>24 days) =0.5
1007 The first 3/4 of the individuals died within 51 days.
| F(T <24 days) =0.5

50th survival percentile = 24 days

0.60 Half of the individuals died within 24 days.

0.40 Half of the individuals lived longer than 24
days.

0.30

Cumulative distributio function
=
(@) |
=)
|

0.207

0.10- The 25th percentile of survival time is 14 days.
J_ The first 1/4 of the individuals of the sample died within 14 days.

0.00

T I I T T T T I
24 14 212427 33 51 60 72
Time, days
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Rates

What is the change of the survival probability over time?

Rate = change in the survival function S(t) for a change in time
It is related to the derivative of the survival function with respect to fime.

For example, what is the change in survival probability during the first 2 days of observation 2

S(t=0 days) =1 ‘ ) AN e _ Between 0 and 2 days, the
S(t=2 days) = 0.9 RS2 = 012 =008 survival function decreases by

0.05% (of the initial survival) per
day.
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Hazard rate

What is the instantaneous rate of death at some point in time t relative to the survival probability at t 2

d
o acs ()
The hazard at time tis obtained by:  h(t) = —=——  h(t) = ——(logS$)
S(t) dt
1.00
. . 0.90
The instantaneous relative rate hit) _
is usually called a hazard rate in 0-807
human populations and a failure 5 0.70-
rate in other confexts. 2 0.604
The same rate is sometimes called Ela
the force of mortality or an 2 0.40-
instantaneous rate of death. 0.304
0.20
0.10+
o 1 2 3 4 5 6 1 8 9

Follow-up time, vears
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Hazard & Cumulative Hazard Rate

The probability that if you survive to t, you will
succumb to the event in the next instant.

Expected number of events up to time t
(like if they were repeatable..)

Cumulative Hazard Function
(Cumulative Hazard Rate)

P(t<T<t+At|IT >t
h(t) = lim ( | )
At=0 At

Hazard Function

0001 0002 0003 0004

0.000

instantaneous event rate

At 10 years the chance of dying in
the following month is 0.24%

N

T T T T T T T T T T T
] 24 48 72 96 120 144 168 192 216 240 264 288

Follow up {months)

Cumulative Hazard

At 10 years the risk of death
~29% (if you survived until
then)

t
2 H(t) = j h(w)du
0

Ll I L] I U L] 1 Ll I I I 1
o 24 45 T2 =153 120 144 168 192 2116 240 254 288

follow up (months)
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Supplementary materials
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Left-censoring Censoring
Event — A
Event —+ B
Time before - Start of End of
Study - - Study - Study

The actual survival time [nhon fatal event] is less* than that observed.

Outcome: time to recurrence of cancer after a surgical intervention.
Start of the study: 3 months after operation patients are examined to determine recurrence.

Some of them may be found to have recurrence.

*If left censoring occurs in a study, right censoring may also occur, and the lifetimes are considered doubly censored
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Interval-censoring Censoring
A . — Event
B —— Event
a ? b
Time

Subjects are known to have experienced an event within an interval of time.

Ovutcome: time to recurrence of cancer after a surgical intervention.
Start of the study: 3 months after operation patients are examined to determine recurrence.

A patient is free from recurrence at 3 months and then is found to have recurrence at 6 months.



Block 4.1 Censoring

Observations from most studies with a nonlethal outcome are interval censored since we
usually cannot monitor subjects continuously.

The issue is whether we should analyze the data as inferval censored or point censored.

For instance, if the median survival time is 5 years and the intervals are between 3 and 6 months
wide, then we have no reason to complicate the analysis by considering interval censoring.

On the other hand, if the intervals are about 1 year or longer, then we should account
for such uncertainty in the analysis...

CENSORING ISSUES IN SURVIVAL
‘ ANALYSIS Leung KM, Elashoff RM, Afifi AA

Anmnu. Rev. Public Health 1907, 18:83—-104



https://www.ncbi.nlm.nih.gov/pubmed/?term=Leung%20KM%5bAuthor%5d&cauthor=true&cauthor_uid=9143713
https://www.ncbi.nlm.nih.gov/pubmed/?term=Elashoff%20RM%5bAuthor%5d&cauthor=true&cauthor_uid=9143713
https://www.ncbi.nlm.nih.gov/pubmed/?term=Afifi%20AA%5bAuthor%5d&cauthor=true&cauthor_uid=9143713

Block 4.1
«Meany survival time

The average length of time from the start of observation that patients are still alive.

Mean survival fime is estimated as the area under the survival curve. The estimator is based upon the
entire range of data. Rarely used in clinical studies.

2t

n

For “complete” survival data (no censoring): I =

n

For censored data is the area under the estimated survival function*: [ = ZS,;_l * (t; — tj_q1)
=1

The sum of the n rectangles’ area is the total area enclosed by the estimated product-limit survival
function.

Samples of survival times are frequently highly skewed, therefore, in survival analysis, the median is
generally a better measure of central location than the mean.

* A large sample method is used to estimate the variance of the
mean survival time and thus fo construct a confidence interval



Block 4.1 Cumulative Hazard function

How do we estimate the cumvulative hazard function?

H(t) =j h(wdu mmp S(t) =e "W
0

The most common estimate of the cumulative hazard is the Nelson-Aalen estimate

Just as we did for the KM, we divide follow-up in intervals corresponding to event times, in this way H(t)
can be approximated by a sum:

H(t) ~ 2 hj * Aj fzj : hazard in the j-th interval and 4; is the interval width
tist
J

= d o
h; = A; is the conditional probability of the event in the interval, estimated by n—] . number of
J

eventsin the interval over the set of subjects at risk af the beginning of the interval

UNITA DI BIOSTATISTICA

Dipartimente Universitario Clinico di
Scienze Mediche Chirurgiche e della Salute




Block 4.1 Cumulative Hazard function

The Nelson-Aalen estimate of the cumulative hazard is:

H t) _ dJ Hy 4(t), like the KM, changes only af the observed event times.
NA —

1y

tht

Once we have Hy,(t), we can obtain the Fleming-Harrington estimator of S(t): SA'FH(t) = e_HNA(t)

In general, the FH estimator of the survival function is very close to the Kaplan-Meier estimator.

: ol . d; :
The two estimators are similar when the increments =2 are small, that is, when there are

g
many subjects still at risk.

Generally, the Fleming-Harrington estimator is slightly higher than the KM at every time point,
but with larger datasets the two will typically be much closer.

'i‘ UNITA DI BIOSTATISTICA
A 6a N
-

()

Dipartimente Universitario Clinico di
Scienze Mediche Chirurgiche e della Salute
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Survival curve
02 04 06 0.8

I I I I
50 100 150 200

Follow up

UNITA DI BIOSTATISTICA

Dipartimente Universitario Clinico di
- Scienze Mediche Chirurgiche e della Salute




