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• Comparing survival curves

• Cox Regression
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Survival analysis: objectives

• Estimate time-to-event for a group of individuals, such as time 
until hospitalization or death for a group of patients.

• To compare time-to-event between two or more 
groups, such as treated vs. placebo patients in 
a randomized controlled trial.

• To assess the relationship of co-variables to time-to-event, 
such as: does weight, insulin resistance, or cholesterol 
influence survival time of CV patients?

Aims of Survival Analysis 
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Survival function: 𝑆 𝑡 = 𝑃 𝑇 > 𝑡
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Comparison of two groups of survival data

The logrank test is the most widely used 

method of comparing two or more 

survival curves 

We have to perform an hypothesis test

H0: There is no difference in survival among groups.

The aim is to compare survival times of two (or more) groups of patients: one

exposed to a certain treatment/risk factor another not exposed.
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Comparing survival curves

Do we have any 

reason to claim that 

group 1 (treatment) 

has a significant
better survival 

prognosis than 

group 2 (placebo)?
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We look at 2 groups [→ extension to several groups is possible]

When are two KM curves statistically equivalent?

→ we need a testing procedure to compare the two curves

→ when we have evidence that the true survival curves are different?

Null hypothesis (H0):  no difference between (true) survival curves 

Goal: To find an expression (depending on the data) from which we know the 

distribution (or at least approximately) under the null hypothesis

Log-rank test

Assumption : Proportional Hazards over time (see later) !
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Example:  remission times (weeks) for two groups 

of leukemia patients
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We expect no differences

between expected and 
observed events under H0

𝑒1𝑗 =
𝑛1𝑗

𝑛1𝑗 + 𝑛2𝑗
∗ 𝑚1𝑗 +𝑚2𝑗

Expected cell counts: 

𝑒2𝑗 =
𝑛2𝑗

𝑛1𝑗 + 𝑛2𝑗
∗ 𝑚1𝑗 +𝑚2𝑗
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Remark: Group 1 or 2 are equivalent, we 

would get the same statistic

The sum is taken over the ordered time intervals defined by the events

𝑂𝑖 − 𝐸𝑖 = ෍

𝑗=1

#𝑓𝑎𝑖𝑙𝑢𝑟𝑒 𝑡𝑖𝑚𝑒𝑠

𝑚𝑖𝑗 − 𝑒𝑖𝑗

𝐿𝑜𝑔 − 𝑟𝑎𝑛𝑘 =
𝑂𝑖 − 𝐸𝑖

2

𝑉𝑎𝑟 𝑂𝑖 − 𝐸𝑖

𝐿𝑜𝑔 − 𝑟𝑎𝑛𝑘~𝜒1
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Call:

survdiff(formula = Surv(time, status) ~ treatment)

N Observed Expected (O-E)^2/E (O-E)^2/V

treatment=1 21 9 19.3 5.46 16.8

treatment=2 21 21 10.7 9.77 16.8

Chisq= 16.8 on 1 degrees of freedom, p= 4e-05

What does this tell us?

Very low probability of obtaining a value of the test at least as extreme as the one that was 
actually observed, under H0.

We can therefore conclude that the treatment and placebo groups have significantly different survival
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• Estimate time-to-event for a group of individuals, such as time 
until hospitalization or death for a group of patients.

• To compare time-to-event between two or more groups, such 
as treated vs. placebo patients in a randomized controlled 
trial.

• To assess the relationship of co-variables to 
time-to-event, such as: does weight, insulin 
resistance, or cholesterol influence survival time 
of CV patients?

Aims of Survival Analysis 
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David Cox

(among the top five most cited papers for the entire field of science)

Semi-parametric regression

approach that estimates the effect

of covariates on the hazard function
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Logistic regression [binary outcome]:

• ignores information about the time to the event

Linear regression [continuous outcome]:

• not suitable for non-symmetric [>0] distributions
[like follow up times] 

• does not take into account censoring

Poisson regression [event counts/rates ]: 

• #events/RR in a given interval (≠ time to the event) 

Why don’t we use others regression methods ?
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At 10 years the chance of dying in the 

following month is 0.24% 

instantaneous event rate

The dependent variable of the Cox model

The probability that if you survive to t, you will succumb to the event in the next instant.

ℎ 𝑡 = lim
∆𝑡→0

𝑃 𝑡 ≤ 𝑇 < 𝑡 + ∆𝑡|𝑇 ≥ 𝑡

∆𝑡

ℎ 𝑡 = −

𝑑
𝑑𝑡
𝑆 𝑡

𝑆 𝑡

ℎ 𝑡 = −
𝑑

𝑑𝑡
𝑙𝑜𝑔𝑆
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Cox Regression Model

The scale on which linearity is assumed is the log-hazard scale: 

• ℎ0 𝑡 is the baseline hazard function 

• the exponential function represents the effect of the linear combination of 
the covariates X on the hazard 

The aim is to determine the joint effect of the covariates on the hazard or to 
focus on a specific effect.

ℎ 𝑡|𝑋 = ℎ0 𝑡 𝑒𝑥𝑝 𝑋1𝛽1 + 𝑋2𝛽2 + 𝑋3𝛽3 +⋯+ 𝑋𝑝𝛽𝑝

𝑙𝑜𝑔
ℎ 𝑡|𝑋

ℎ0 𝑡
= 𝑋1𝛽1 + 𝑋2𝛽2 + 𝑋3𝛽3 +⋯+ 𝑋𝑝𝛽𝑝
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The dependent variable of the Cox model is the hazard function.

Remind of censored data:  

someone who is followed for 18 months is a part of the computations until the interval that 

contains the censoring time (risk set) and not thereafter (partial likelihood).  

Why exp(linear predictor)?  To avoid negative hazard rates.

• Implies that factors are multiplicative, e.g., treatment reduces the hazard by X %.

• Two covariates multiply in effect

• For biological phenomena it seems to fit well

The model assumes that the risk at time t for subject i is: ℎ𝑖 𝑡|𝑋𝑖 = ℎ0 𝑡 𝑒𝑥𝑝 𝑋𝑖𝛽

The baseline hazard in Cox is estimated non-parametrically: 

• estimated on the specific dataset

• does not extrapolate….
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• To estimate b Cox proposed a partial likelihood (PL) procedure based on 
conditional probability:  

• Maximizing the PL function we obtain:

1. Estimates of b

2. Standard errors for b

3. p values for b

(the non-parametric estimate of cumulative baseline hazard could be obtained after b estimation)

𝑡 1 , … , 𝑡 𝑛 ordered event times

𝑅𝑗

𝐿 𝛽 =ෑ

𝑗=1

𝑛
𝑒𝑥𝑝 𝑋 𝑡 𝑗 𝛽

σ𝑖∈𝑅𝑗
e𝑥p(𝑋𝑖 𝑡 𝑗 𝛽)

Risk set at time 𝑡 j

𝑋 𝑡 𝑗
covariates for the individual who fails
at time 𝑡 j

In the Cox model the statistical independence between censoring and survival time is 

assumed conditional to the covariates !!
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Interpretation of parameter estimates

Let us consider two subjects i e i’: 
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linear part of the Cox model

Suppose to have a single continuous variable X:     )exp( ii xthth b
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If HR ~1 (95% CI contains 1)  : there is not a significant impact of 

the covariate X on the hazard of event

If HR >1 (95% CI > 1)     : presence or increasing values of X 

increase the hazard of event (=decrease survival)

If HR <1 (95% CI < 1) : presence or increasing values of X decrease

the hazard of event (=increase survival) 

Exp(b)=HAZARD RATIO (HR)
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Impact of gender (M=0,F=1) and level of education (school yrs) with respect to 

time to the first marriage: 

Cox model 

results b se(b)

exp(b)

HR

lower

95% CI 

upper

95% CI 

Gender (F vs M) 0,48 0,20 1,61 1,09 2,40

School years -0,07 0,02 0,93 0,51 0,98

At a given instant in time, the hazard of marriage for women is 1.61 times higher than men (at the same

level of education)

For people (men or women) with an additional +1yr school the hazard of marriage, at a given instant in 

time,  is 0.93 times than for those without…

For each extra yr of school the hazard of marriage (men or women) at a given instant in time is 7% less. 

At a given instant in time, the hazard of marriage for women is 61% higher than for men (at the same

level of education)
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Proportional hazards (PH) 

The hazard at any given time for an individual in one group is proportional to the hazard at any given

time for an individual in the other group. If the hazard functions are proportional -> survival functions do 

not cross one another… 
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Cox model assumes proportional hazards (PH). Covariates X have always the 

same relative effect along time:

The function exp(Xb) does not depend on t

         Xβexp...exp 022110 thXXXthXth pp  bbb

Hazard Ratio between two subjects, with covariates X and X* does not depend on t:

   
   

  β*XX
β*X

Xβ
 exp

exp

exp

0

0

th

th

If PH assumption does not hold, standard Cox model could be no longer valid

[we could check for this]  [there are extensions] 
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• 𝛽𝑘 is the difference in the log-hazard function comparing two subpopulations differing in 𝑥𝑘
by “1-unit” and  that are similar with respect to all other covariates in the model 

• the effect expressed by 𝛽𝑘 is adjusted for all other covariates in the model, so it has the 
interpretation of a log-relative hazard associated with a change in 𝑥𝑘, holding other 

covariates constant at some fixed value 

• is it possible to compare hypothetical patients with different covariates values and check 
how their estimated survival curves appear; [remind: the baseline hazard depends on the 

study cohort…]

• the Cox PH model is a model for the hazard more than a model for survival time, although 
they are related one-to-one if no competing risks exists 

ℎ𝑖 𝑡|𝑋𝑖 = ℎ0 𝑡 𝑒𝑥𝑝 𝑋𝑖𝛽



Block 4.2

Survival function derived from the Cox regression model 
(no competing risks, no time-dependent variables)

Once the 𝛽 are estimated, we can obtain the corresponding survival function:

)𝑆 𝑡|𝑥 = 𝑆0 𝑡 exp(𝛽𝑥

The estimate of 𝑆0 𝑡 and a fixed set of values for the explanatory variables produce an 

estimate of the survival function for a specific person or group.

The expression for 𝑆 𝑡|𝑥 shows that proportional hazard functions dictate that the estimated 

survival functions do not intersect.

𝑺𝟎 𝒕 is derived from an estimate of the cumulative baseline hazard

(a derivation in the non-parametric form, similar to the Nelson-Aalen formulation)
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Outcome: Death or CV hosp

Example of application (I)

Treatment of interest

Independent covariates

Confounder

Independent covariate
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Estimated survival curves from the Cox 

model. 

The curves are estimated for patients

having the median ejection fraction

(56%) of the population. 

CABG : coronary artery bypass graft

CRF: chronic renal failure

Diab: diabetes

EZE: ezetimibe

Rehab: cardiac rehabilitation.

This study demonstrated the

positive effects of CR program in the 

real world showing a decreased risk of 

CV hospitalizations and mortality 

during a long-term follow-up.
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Example of application (II)
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The SCORE2 (OP) algorithms are used to estimate 10-year cardiovascular risk in individuals aged 40-69 

and 70+, respectively. These algorithms, developed by the European Society of Cardiology (ESC), are 

designed for use across various regions in Europe, including those with low, moderate, high, and very 

high risk profiles (different baseline hazard). 

Countries were grouped into 

four risk regions according to 

their most recently reported 

WHO age- and sex-

standardized overall CVD 

mortality rates per 100,000 

population 

• low risk (<100 CVD deaths 

per 100,000)

• moderate risk (100 to <150 

CVD deaths per 100,000)

• high risk (150 to <300 CVD 

deaths per 100,000)

• very high risk (≥300 CVD 

deaths per 100,000)
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Supplementary materials
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Power/Sample size for the log-rank test 

The power of the logrank test depends on the number of observed failures rather than the sample sizes

Hazard functions
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Let: 

exp 𝛽 = 𝐻𝑅 =
)ℎ1(𝑡

)ℎ2(𝑡
Hazard Ratio 

𝐸 ∶ 𝑡𝑜𝑡𝑎𝑙 (𝑒𝑥𝑝𝑒𝑐𝑡𝑒𝑑) 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑒𝑣𝑒𝑛𝑡𝑠

∆= 𝑯𝑹 (effect size)

𝛼 ∶ 𝑠𝑖𝑔𝑛𝑖𝑓𝑖𝑐𝑎𝑛𝑐𝑒 𝑙𝑒𝑣𝑒𝑙

𝑝𝑤: 𝑝𝑜𝑤𝑒𝑟

𝑝0, 𝑝1 𝑝𝑟𝑜𝑝𝑜𝑟𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑠𝑢𝑏𝑗𝑒𝑐𝑡𝑠 𝑖𝑛 𝑔𝑟𝑜𝑢𝑝𝑠

𝐸 =
𝑧1−𝛼/2 + 𝑧𝑝𝑤

ln(∆)

2

∗
1

𝑝0 ∗ 𝑝1

Once the expected number of events is

calculated, then the total number of subjects is

derived under some assumptions… 

A new treatment is expected to increase the survival 

rate at five years from 0.41, the  value under the 

standard treatment, to 0.60.

10.51

0.572
∗ 4 = 133

Assuming 𝛼 = 0.05 and power =0.90, equal numbers in 

the two groups,  we obtain : 
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Stratified Log-rank test

Variation of log rank test: 

• Allows controlling for additional

(stratified:categorical) variable 

[confounder]

• Split data into strata, based on 

values of confounder

• Calculate 𝑂−𝐸 within strata

• Sum 𝑂−𝐸 across strata

useful when the distribution of the stratum 
variable in the two groups is not the same, 
but the impact of the exposure in each 
stratum is the same (same “direction”).
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Stratified log rank test – Example: 

• Remission data

• Stratified variable: 3-level variable (LWBC3) indicating low, medium, or high log white blood 

cell count (coded 1, 2, and 3, respectively)

Treated Group: rx=0 Placebo Group: rx=1

Recap: Non-stratified test : 𝜒2-value of 16.79

and corresponding p-value rounded to 0.0000

Call:

survdiff(formula = Surv(time, status) ~ treatment)

N Observed Expected (O-E)^2/E (O-E)^2/V

treatment=1 21 9 19.3 5.46 16.8

treatment=2 21 21 10.7 9.77 16.8

Chisq= 16.8 on 1 degrees of freedom, p= 4e-05
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fit <- survdiff(Surv(data$V1,data$V2)~data$V5+strata(lwbc3))

fit

Call:

survdiff(formula = Surv(data$V1, data$V2) ~ data$V5 + strata(lwbc3))

N Observed Expected (O-E)^2/E (O-E)^2/V

data$V5=0 21 9 16.4 3.33 10.1

data$V5=1 21 21 13.6 4.00 10.1

Chisq= 10.1 on 1 degrees of freedom, p= 0.001

Always significant, 

same direction of 

the effect,  but

magnitude of the 

effect varies across

strata (varying

sample size..)
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Stratified vs. unstratified approach

Limitations: 

• Sample size may be small within strata

• Categorical stratifying variable and exposure

• Interactions ? 

*At the denominator there is always an estimate of the variance-covariance matrix

* *
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LG test for Several Groups

𝐻0: All survival curves are the same

Molecular classification of multiple myeloma

7 groups based on 

gene expression 

profiling

• Log-rank statistic for > 2 groups involves 

computing variances and covariances of 𝑂𝑖−𝐸𝑖

• 𝐺 (≥2) groups: log-rank statistic ~𝜒2 with 𝐺−1 df
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Cyclin D-1 Cyclin D-2 Hyperdiploid Low bone disease MAF   MMSET

Cyclin D-2 0.723 - - - - -

Hyperdiploid 0.943 0.723 - - - -

Low bone disease 0.723 0.988 0.644 - - -

MAF              0.644 0.447 0.523 0.485 - -

MMSET            0.328 0.103 0.103 0.103 0.723 -

Proliferation 0.103 0.038 0.038 0.062 0.485 0.527

p value adjustment method: BH 

Various choices for the adjustment method

Pairwise comparisons between group 

levels with corrections for multiple 

testing issue [alpha inflation…]

R function: pairwise_survdiff {survminer}
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The Cox model assumes that the hazards are proportional (PH), which means that the hazard ratio is 

constant over time with different predictor or covariate levels.

This PH assumption in any covariate is quite a strong assumption. Considering the complexity of biological 

and physiological responses and associations, this assumption has rarely a solid justification.

The two most common ways to assess the PH assumption are:

• Visual assessment by means of the log-cumulative hazard plot

• Testing of scaled Schoenfeld residuals

If PH doesn’t exactly hold for a particular covariate but we fit the PH model anyway, then what we are 

getting is sort of an average HR, averaged over the event times. 

Eventually, if the non-PH variable is a categorical one, it could make sense using a stratified approach
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ℎ𝑖 𝑡|𝑋𝑖 = ℎ0 𝑡 𝑒𝑥𝑝 𝑋𝑖𝛽

න
0

𝑡

ℎ𝑖 𝑢 𝑑𝑢 = 𝑒𝑥𝑝 𝑋𝑖𝛽 න
0

𝑡

ℎ0 𝑢 𝑑𝑢

𝐻𝑖 𝑡|𝑋𝑖 = 𝑒𝑥𝑝 𝑋𝑖𝛽 𝐻0 𝑡

Cumulative hazard functions

𝑙𝑜𝑔 𝐻𝑖 𝑡|𝑋𝑖 = 𝑋𝑖𝛽 + 𝑙𝑜𝑔 𝐻0 𝑡

If the estimated log-cumulative hazards for individuals with 

different values of X (categorical) are plotted against time, the 

curves will be parallel if the  PH assumption is valid. 

• Values of X need to be categorical/grouped

• Just a visual appreciation
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Just a note about Schoenfeld residuals

Time-varying residuals from the model are added to the corresponding time-invariant coefficient 

estimate b and smoothed. The result is a plot of an estimate of the regression coefficient for the 

covariate over time. If the plot is reasonably flat (there is here a formal test), the PH assumption holds.

The Schoenfeld residuals are the differences 

between that individual's covariate values at 

the event time k and the corresponding risk-

weighted average of covariate values among 

all those at risk at that time. 

The word "residual" thus makes sense, as it's the 

difference between an observed covariate 

value and what you might have expected 

based on all those at risk at that time.

𝑠𝑘,𝑗

Schoenfeld residual for covariate Xj at time tk

𝐸 𝑠𝑘,𝑗 + ෡𝛽𝑗 ≈ 𝛽𝑗 𝑡𝑘
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The Stratified Cox Model

Suppose a confounder C has k levels on which we would like to stratify when 

comparing h(t|E) and h(t|not E) where E is an indicator of “exposure”. 

1. A [non-parametric] baseline hazard is estimated within each stratum (solve ev. non PH 

hazard)

     

ki

EthEth ii

,..,1

exp0



 b

2. If the confounder is controlled using stratification, there is no way to estimate an hazard 

ratio comparing two levels of the confounder. 

3. Stratification generally requires more data to obtain the same precision in coefficient 

estimates


