Chapter 6

Covering Spaces

6.1 Local Homeomorphisms and Liftings

Consider two topological spaces X, Y. A map f: X — Y is called a local
homeomorphism if each point z € X is contained in an open set U such
that V = f(U) is open in Y and the restriction f|U is a homeomorphism
from U onto V.

Every (global) homeomorphism is, evidently, a local homeomorphism.
A local homeomorphism f: X — Y is a continuous and open map. In
particular, the image f(X) is an open set in Y. It follows that if X is
compact and Y is a connected Hausdorff space, every local homeomorphism
f: X = Y issurjective. When we have a local homeomorphism f: X — Y,
the space X inherits all of the local topological properties from Y such
as, for example, local connectivity, local compactness, and so on. If f
is surjective, then Y also inherits the local topological properties of X.
Given a local homeomorphism f: X — Y and an open subset A C X,
the restriction f|A is also a local homeomorphism from A onto f(A). A
surjective local homeomorphism f: X — Y is a quotient map; that is,
g: Y — Z is continuous if, and only if, go f: X — Z is continuous.

If f: X = Y is a local homeomorphism, then f is locally injective; that
is, every point € X has a neighborhood U such that f|U is injective. But
a continuous locally injective map, even when it is surjective, may not be
a local homeomorphism. An example is given in Figure 6.1, where X is a
segment, Y is a loop, and f is the obvious map from X onto Y. In this case,
f is locally injective, we have f(zg) = f(x1) = yo, but no neighborhood
of g (or of ;) is transformed homeomorphically by f onto a
neighborhood of yg.
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Figure 6.1. A locally injective map that is not a local homeomorphism.

Another example is given by f: [0,27) — S, f(t) = (cost,sint). Here,
f is (globally) injective but it does not map any neighborhood of 0 (in the
space [0,27)) onto a neighborhood of f(0) in S

A continuous locally injective map is a local homeomorphism if, and
only if, it is open.

Example 6.1. The following maps are local homeomorphisms:
a. £ R — S £(t) = e = (cost, sint)
b. ¢(:R* 5 T = 8" x S ((s,t) = (e, e™)

c. f1R?2 5 R% f(x,y) = (e cosy, e” siny) or, using complex notation,

fl) = o
d. m: 8™ = P" w(z) = {z, —x}
e. f: 8% —=80(3), f(x)(w) = z-w -z~ ' (See Chapter 4, Section 1.)

With the exception of Case c, in all of the items above, the local home-
omorphism is surjective. In Case ¢, we have f(R*) = R? — {0}.

A more geometric version of Case a above can be obtained by consider-
ing an infinite spiral, say X = {(1 + ¢")e"*; ¢ € R}, which turns around the
unit circle S! (see Figure 6.2), and by defining f: X — S! as the radial
projection from the origin; that is, f(z) = z/|z|, or, f((1 + €")e't) = €. «

In Case c, each vertical line passing through the point (z,0) is trans-
formed by f onto a circle with center at the origin and radius e*. The
horizontal line through the point (0, y) is transformed by f homeomorphi-
cally onto an open ray that starts at the origin and makes an angle of y
radians with the positive z-axis. The inverse image f~'(b) of each point
b € R? — {0} is a countable set of points, all contained in the same vertical
line, each one of them at a distance of 27 from the two other closest points.
Every open horizontal strip with width 27 is transformed by f homeomor-
phically onto the complement of a ray ¢ which starts at the origin 0 = (0,0).
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Figure 6.2. A local homeomorphism.

The inverse image f~!(R% — /) is the countably infinite disjoint union of
open horizontal strips of width 27. Each one of these strips is transformed
homeomorphically by f onto R? — £.

Example 6.2. Let U < R™ be an open set and f: UV — R™ he a map of
class C'' whose derivative, f'(z): R™ — R™, is an isomorphism at each
point z € U. The Inverse Function theorem guarantees that f is a local
homeomorphism. Most examples of local homeomorphisms arise in this
context, or in its global version, which can be stated as follows: Let M™,
N™ C R™ be two differentiable manifolds, and f a map of class C' whose
derivative f'(x): T,M — Ty,)N is an isomorphism at each point x € M.
Then [ is a local homeomorphism. The five items in Example 6.1 are
special cases of this situation. <

Proposition 6.1. If the map f: X — Y is continuous and locally injective
(in particular, a local homeomorphism), then the inverse image f~1(y) of
each point y €Y is a discrete subset of X.

Proof. Each point z € f~1(y) has a neighborhood U, where z is the only
point in U such that f(z) = y. Then U N f~(y) = {z}. So, every point
x € f~1(y) is isolated in f~1(y). O

Corollary 6.1. Let X be a compact space, Y a Hausdorff space, and f: X —
Y a continuous locally injective map. Then f~1(y) is finite for cachy € Y.

Remark. Even if f~!(y) is finite for each y € Y, the continuous map
f: X — Y may not be locally injective. For example, the closed curve X,
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Figure 6.3.

sketched in Figure 6.3, projects radially onto the circle S* in such a way
that the inverse image of each point of S* contains exactly two elements,
but the radial projection of X onto S* is not locally injective.

Let f: X =+ Y, g: Z =Y be two continuous maps. A lifting of g (with
respect to f) is a continuous map g: Z — X such that fog = g. This is
illustrated in the diagram below.

X

9

z Y

One of the basic problems that we study in this chapter is the existence
and uniqueness of the lifting, in terms of the properties of the map f. We
show now that if f is locally injective then the lifting of g, if it exists, is
unique, provided that Z is connected, X is Hausdorff and we fix a value
g(z0). Note that not every continuous map g has a lifting, even when f is
a local homeomorphism. (See Proposition 3.5.)

Proposition 6.2. Let X be a Hausdorff space and f: X — Y be a continuous
and locally injective map. If Z is connected and g: Z — Y is continuous,
then two liftings g, §: £ — X of g, which coincide at one point z € Z, are
equal.

Proof. The set A = {z € Z,g(z) = §(z)} is not empty, because zp € A.
Since X is a Hausdorff space, A is closed in Z. In order to conclude that
g = g, we just have to prove that A is open in Z. For this, let a € A. There
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exists a neighborhood V of §(a) = g(a) such that f|V is injective. By the
continuity of § and §, there exists a neighborhood U of e with g(U) c V
and g(U) C V. Hence, for all z € U we have fg(z) = g(z) = fg§(z) and,
from the injectivity of f in V, §(z) = §(z). Therefore U C A. D

Let f: X — Y be a continuous map. A section of f is a continuous
map o: Y — X such that f oo = idy. In order to provide a section o we
must choose continuously, for each y € Y, a point o(y) belonging to the
inverse image (or fiber) f~*(y). This is not always possible. First of all, f
must be surjective but this necessary condition is far from being sufficient,
as we will see in what follows.

If 0: Y — X is a section of f then the restriction of f to o(Y) is a
homeomorphism onto Y.

The following corollaries show some consequences of Proposition 6.2
with respect to the sections of a locally injective map.

Corollary 6.2. Let X be a connected Hausdorff space. A continuous locally
injective map f: X — Y that admits a section o: Y — X is a homeomor-
phism and its inverse is o.

In fact, in this case the maps o o f, idx: X — X are liftings of f
(relatively to f), as illustrated by the diagram below.

Since o o f coincides with idy in the set o(Y"), from Proposition 6.2 we
conclude that ¢ o f = idx, hence o = f~ 1.

It follows from Corollary 6.2 that a continuous, locally injective and
non-injective map, whose domain is Hausdorff connected, does not admit
a section. An example of such a map is f: §* = S*, f(z) = 2%

Corollary 6.3. Let X be a Hausdorff space, Y connected and f: X — Y a
continuous, locally injective map. If oY — X is a section of f then o(Y')
is a connected component of X .

In fact, let C be a connected component of X which contains the con-
nected set o(Y’). By Corollary 6.2, f|C is a homeomorphism from C onto
Y. Since f|a(Y) is already a homeomorphism onto Y, we have o(Y) = C.
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Corollary 6.4. Let A, B be open and connected subsets in the Hausdorff space
X=AUB and f: X =Y a continuous map such that f|A and f|B are
homeomorphisms onto Y. Then ANB =& or A =B,

In fact, f is locally injective, ¥ = f(A) is connected and (f|4)~1: Y —
X is asection. By Corollary 6.3, A = (f|A)~1(Y) is a connected component
of X. In a similar way we show that B is also a connected component. It
follows that A =B or ANB = @.

Remark. Corollary 6.4 would be false without the hypothesis that A and
B are open sets. This is shown by the function f: S' — [~1,1], defined
by f(z,y) = z, and the sets A = {(z,y) € St;y > 0}, B = {(x,y) € §Y
y <0}

6.2 Covering Maps

The Inverse Function Theorem is usually employed to prove that a certain
map f: X — Y is a local homeomorphism, but a natural question remains
open: Is f a (global) homeomorphism from X onto f(X)? Since f is
already an open map, this is equivalent to ask if the map f is injective.
This is a global question, of topological nature, whose answer cannot be
given by Differential Calculus theorems, which are essentially local. We
will discuss this problem here.

A local homeomorphism f: X — Y can be interpreted from the fol-
lowing viewpoint: given a € X and b = f(a) € Y, the equation f(z) =y
has, for each y sufficiently close to b, a unique solution z, close to a, which
depends continuously on y. It remains to be known the conditions under
which this locally unique solution is globally unique in X.

The classical (and the most adequate) instrument to investigate if a
given local homeomorphism is global and, more generally, to obtain re-
gions where the homeomorphism is injective, is the method of analytic con-
tinuation, which we briefly describe now. Given a local homeomorphism
f: X =Y letye f(X). For each x € X with f(z) = y, there exist neigh-
borhoods IV’ 2 z and V' = y such that f: U — V is a homeomorphism;
g = (fIU)"': V = U is a local inverse of f, known classically as a “branch
of f~1.7 The problem consists of extending this branch g to a region larger
than V. Given another point 3y’ € f(X), we connect ¥’ to y by a path a
and we try to extend g along this path. This is possible provided that the
path a has a lifting; that is, there exists a path @ in X, with initial point
x, such that f(a(s)) = a(s) for all s € I. Then, since y' = a(1), we define
g(y’) = a(l). The existence of the lifting @ cannot be guaranteed, as the
example below shows. The concept of covering, which we introduce below,
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provides additional conditions that will enable the use of the method of
analytical continuation.

Example 6.3. Let f: (0,37) — S! be the surjective local homeomorphism
defined by f(t) = (cost,sint). It is easy to obtain, in the circle S, paths
that cannot be lifted relatively to f. We just have to take, for example,
a closed path in S* whose degree is > 2. For another example, consider
the set X = {(1 +t)e’/*;0 < t < +oc} and define g: X — S* as the
radial projection, g(z) = z/|z|. By taking ¢ = 2/7, we see that the point
(0,1+ 2) belongs to X. Let a: I — S* be a path with origin (0,1),
which describes homeomorphically the semicircle > 0, and ends at the
point (0, 1) (see Figure 6.4). There is no path a: I — X with a(0) =
([], 1+ %) € X such that goa = a, even though we have ¢g(a(0)) = a(0). «

A map p: X —» X is called a covering map (or, simply, a covering)
when each point z € X belongs to an open set V' < X such that

P_l (V) = U Ua

is a union of pairwise disjoint open sets U, such that, for each a, the
restriction p|U,: U, — V' is a homeomorphism. The open set V' satisfying
the above condition is called a distinguished neighborhood. The space X
is called a covering space of X and, for each z € X, the set p~!(x) is called
a fiber over x. Sometimes, X is called the base of the covering. _

A covering map p: X — X is a local homeomorphism from X onto X.
Example 6.4 shows that not every local homeomorphism is a covering map.
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The local homeomorphisms in Example 6.1 are covering maps. When the
space Y is discrete, the projection p: X x Y — X is a covering map.

Every open subset of a distinguished neighborhood is itself a distin-
guished neighborhood. Thus, when X is locally connected, locally com-
pact, etc., we may choose the distinguished neighborhoods in such a way
to be connected, with compact support, and so on.

If X is a locally connected and locally Hausdorff space, each distin-
guished neighborhood V' can be chosen to be connected and Hausdorff.
Thus we do not need to suppose that, in the decomposition

_p—l(v) - U'Ua.‘

where p|U, is, for each a, a homeomorphism onto V| the open sets U, be
pairwise disjoint. (See Corollary 6.4.) In this case, the sets U, are the
connected components of the inverse image p~* (V).

When p: X > Xisa covering, the condition that X be a Hausdorff
space can be omitted from Proposition 6.2. We have the following propo-
sition.

Proposition 6.3. Let p: X+ Xbea covering map and Z a connected space.
Ifg, §: Z — X satisfypog = po g = g, then either g(z) # g(2) for all
zEZL org=4g.

Proof. Since p is locally injective, we use the proof of Proposition 6.2 in
order to see that the set A = {z € Z;4(z) = g(2)} is open. In order to
show that A is closed, without using that X is a Hausdorff space, choose
z € Z such that g(z) # §(z). The image of these two points by the map
p is the same point g(z) € X. Let V be a distinguished neighborhood of
g(z). Then

'p_l(vj = UUG:.‘

the disjoint union of open set which are mapped homeomorphically by p
onto V. Therefore, there exists o # 3 such that g(z) € U, and §(z) € Us.
By taking an open neighborhood W 3 z in Z such that g(W) C U, and
g(W) C Us, we see that g{w) # g(w) for all w € W. Hence, 2 ¢ A = z €
W with W N A= @. Thus, A is closed. ]

Proposition 6.4. If the base X of a covering p: X — X is connected, then
each fiber p~Y(z) x € X, has the same cardinal number, which is called the
number of leaves of the covering.
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Proof. For every point x of a distinguished neighborhood V', the cardinal
number of the fiber p~!(z) is the same. Hence, the set of the points z € X
such that p~1(z) has a prescribed cardinal number is open. This determines
a decomposition of X as the union of disjoint open sets, where in each of
them the cardinal number of p~!(z) is constant. Since X is connected, this
family of disjoint open sets has only one set. O

Remarks. 1. By Corollary 6.1, when X is compact and X is a connected
Hausdorff space, every covering map p: X — X has a finite number of
leaves. In this case, X = p(X) is necessarily compact.

2. A covering map p: X —» X whose base X is connected is a locally
trivial fibration whose typical fiber F' is discrete (and whose cardinality is

equal to the number of leaves of p).

Example 6.4. Let f: X — Y be a local homeomorphism, where Y is con-
nected and each inverse image f~!(y), y € Y, is finite. Given any x € X,
the restriction fy = f|(X — {x}) is still a local homeomorphism. But at
least one of the maps, f or fp, is not a covering map. In fact, either the
number of elements of f~!(y) is not constant or the number of elements of
fo ' (y) is not constant. q

It is important to recognize when a local homeomorphism f: X — ¥
is a covering map. Now we characterize the coverings with a finite number
of leaves. Other sufficient conditions will be studied later on.

A map f: X — Y is called closed when the image f(F') of every closed
subset F' C X is a closed subset of Y.

In order that a map f: X — Y be closed, it is necessary and sufficient
that, for every y € Y and every open set U = f~!(y) in X, there exists
an open set V' 3 y in Y such that f=%(V) C U. (See the Appendix at
the end of the book.) Note that this condition suggests something like the
continuity of the correspondence y +—+ f~1(y), which is not a function.

A continuous map f: X — Y is called proper when it is closed and, for
every y € Y, the inverse image f~!(y) is compact. In the Appendix, we
prove some basic properties of proper maps.

Proposition 6.5. Let X be a Hausdorff space and f: X — Y a local homeo-
morphism. Each of the following statemenits implies the next one:

1. There exists n € N such that each inverse image f~*(y), y € Y, has
n elements.

2. f is proper and surjective.
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3. f is a covering map whose fibers f~1(y) are finite.

If Y is connected, then the three statements are equivalent.

Proof. 1 = 2. We just need to prove that f is closed. Let y € Y and
A D f7Yy) be an open set. Since f~1(y) = {zy,...,z,} is finite and X
is Hausdorff, there exist pairwise disjoint open sets Wy 3 z1,..., W, 2 x,,
such that Wy U ... UW,, C A. Hence,

V= ﬁ F(W3)

=1

is an open neighborhood of y. For each i = 1,....n, U; = W, N f~1(V) is
open and, by setting U = UU;, we have f~1(V) > U. We claim that we
must have f~}(V) = U. In fact, if w € f~}(V)—that is, f(w) =v eV =
N f(W;)—then there exist wy € W1,...,w, € W, such that f(w;) = v for
every i. Since f~!(v) has n elements and the sets W; are pairwise disjoint,
we must have w = w; for some i, thus w € U; = f~1(V) N W, that is,
w € U. Hence, f~1(V) = U C UW; C A, which proves that f is closed,
because of the criterion about closed maps mentioned above and proved in
the Appendix.

2 = 3. Given an arbitrary point y € Y, its inverse image is a com-
pact discrete set, therefore, it is finite: f='(y) = {z1,...,z,}. Let W} 3
x1,... W, 2 z, be pairwise disjoint open sets in X, which are mapped
homeomorphically by f onto open sets of Y. Then f(Wy)n...nN f(W,)
is an open neighborhood of ¥ and, since f is closed, we can obtain an
open set V with y € V' Nf(W;) and such that f~1(V) € UW;. For every

so.,m, we take U; = f~HV)NW;. Then f~1(V) = (UW)NFHV) =

U(fH(V)NW;) = UU; and, since V C f(W;), f maps each one of the open
sets U/; homeomorphically onto V.

Finally, when Y is connected, 3 = 1 by Proposition 6.4. ]

Corollary 6.5. If X is a Hausdorff compact space and Y is Hausdorff, then
cvery surjective local homeomorphism f: X — Y is a covering.

In fact, f is proper.

Corollary 6.6. Let X, Y be Hausdorff spaces. If A C X has compact closure
and the local homeomorphism f: A — Y extends continuously to a map
f: A = Y such that f(OA) C 8f(A) (that is. f maps the boundary of
A into the boundary of f(A)), then the restriction flA: A — f(A) is a

CcOoveTing.

In fact, under these conditions, f is a proper map from A onto f(A).
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Remarks. 1. Let f: X — Y be a covering map. If YV is a Hausdorff
compact space and each fiber f~!(y) is finite, then X is compact. The
proof is easy (even in the general case where f is a locally trivial fibration,
with compact base and fiber). By supposing that X is Hausdorff and Y is
connected, it follows as a corollary of Proposition 6.5, because f is proper
and X = f~H(Y).

2. In order to prove that 1 = 2 we used only the fact that f is open and
continuous. Therefore, we can state that if f: X — Y is a continuous open
map, and there exists n € N such that all of the inverse images f~!(y),
y € Y have n elements, then f is a covering map. About the necessity that
f be an open map, see Figure 6.3.

3. In the Appendix, Proposition A.4, we show that if X and ¥V are
metric spaces without isolated points, a local homeomorphism f: X — Y
which is also a closed map is necessarily a proper map.

Example 6.5. The maps in the items a), b), and ¢) in Example 6.1 are not
proper maps; the maps in items d) and e) are proper. The map f: S! — S!,
defined by f(z) = z", is a local homeomorphism (by the Inverse Function
theorem). Since S! is a Hausdorff compact space and f is surjective, we
see that it is a covering map with n leaves. <

Example 6.6. Let p: C — C be a non constant complex polynomial and
I C the finite set whose elements are the roots of p'(z). By setting X =
C—p Y (p(F))and Y = C — p(F), we see that the restriction p|X: X — YV
is a local homeomorphism and a proper map; p|X is surjective because Y
is connected. Hence, p|X is a covering with n leaves, where n is the degree
of p. In particular, the map p: C— {0} — C— {0}, p(z) = =", is a covering,.

<

6.3 Properly Discontinuous Groups

Important examples of covering maps are obtained when we consider prop-
erly discontinuous groups of homeomorphisms, which we study now.

The set of homeomorphisms of a topological space X is a group with
the operation of composition. A subgroup G of this group is called a group
of homeomorphisms of X. Therefore, we must have:

1. idx € G;

2. g, heG=ghedG,

3. g7teq.

(Here, gh is the composition of g with h.)
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For the sake of simplicity in the notation, the image of the point x by
the homeomorphism ¢g: X — X is denoted by gz.

The orbit of a point = € X relative to a group of homeomorphisms G
is the set G-z = {gz; g € G}. The relation “there exists g € G such that
gxr =y’ is an equivalence relation on the set X. The equivalence class of
a point z € X according to this relation is the orbit of the point G - z.
Therefore, given x, y € X, either G2 =G -yor G-xNG-y = &.

A group G of homeomorphisms of a space X is said to be properly
discontinuous when every point x € X has a neighborhood V' such that, for
every g € G different from the identity, we have g- VNV = @. Equivalently:
Ifg+# hin G, then g- VN h-V = @. We say that V is a convenient
neighborhood of the point .

If (¢ is a properly discontinuous group of homeomorphisms of a topo-
logical space X, then for every ¢ # idy in GG and every z € X, we have
gz # x. That is, with the exception of the identity, the homeomorphisms
that belong to G do not have fixed points. This is equivalent to stating
that g # h in G = gz # hx for all x € X. We also say, in this case, that
(G operates freely in X.

Given a properly discontinuous group G of homeomorphisms of a space
X, the orbit G-z of each point of X is a discrete set. In fact, if V' is a
convenient neighborhood of the point x then each set ¢ -V, g € G is a
neighhorhood of gx which contains only this point of the orbit G - x.

A neighborhood V' is convenient with respect to a properly discontinu-
ous group G if, and only if, it contains at most one element of any orbit of
. In fact, let V' be a convenient neighborhood. If there exist y, gy € V
then gy € V N gV hence, g = idy and from this, gy = y. Conversely, if V/
does not contain two distinct elements of any orbit of G then, for all y € V'
and ¢ # idx in G, we have gy ¢ V; that is, VNg-V = @.

If the points of the space X are closed sets (for example, if X is a
Hausdorff, or locally Hausdorff, space), then the orbits G-z relative to a
properly discontinuous group G of homeomorphisms of X are closed subsets
of X. In fact, if y ¢ G-z, then a convenient neighborhood of y contains, at
most, one point gz of the orbit G - x. Since {gz} is a closed set, a smaller
neighborhood of y will be disjoint of G-x.

In particular, when X is a compact Hausdorff space, every properly
discontinuous group ¢ of homeomorphisms of X is finite. In fact, by fixing
xp € X, the map g — gxg is a bijection from G onto the orbit GG -z which,
being a discrete and closed subset of the compact space X, is finite.

The condition that the points of X he closed is essential in order that
the orbits of a properly discontinuous group of homeomorphisms of X be
closed. This can be easily seen by considering the group G = {idx}.
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Example 6.7. For each m € Z, let T;,,: B — R be the translation T}, (z) =
z + m. The set G = {T},,;m € Z} is a properly discontinuous group
of homeomorphisms of B. More generally, let Z™ C R™ be the additive
subgroup that consists of the vectors whose coordinates are integers. For
each v € Z", let T,,: R™ — R™ be the translation T),(z) = = + v. The set
G = {T,;v € Z"} is a properly discontinuous group of homeomorphisms of
K™, Any neighborhood whose diameter is smaller than 1 is a convenient
neighborhood for this group. <

Example 6.8. Let ar: S™ — S™ be the antipodal map. The set G = {id, ar}
is a group of homeomorphisms of S™ since v o @ = id. G is properly
discontinuous because if V' is an open set contained in a hemisphere, then
a-VnV =2 <

Example 6.9. Let G he a finite group of homeomorphisms of a Hausdorff
space X such that, with the exception of the identity, no element g € G
has fixed points. Then G is properly discontinuous. In fact, given z € X, if
g # hin GG, we have gz # hz. By Hausdorff axiom it is possible to obtain,
for each g € GG, an open set V, containing gz, such that g # h implies that
VoV, = @. By the continuity of the homeomorphisms ¢ € GG and the fact
that (& is finite, we can take a neighborhood V = V,; of x so small that
g-V CV, for every g € G. Then g- VNV = & for every g € GG. Note that
Example 6.8 is a particular case of this one. <

Example 6.10. Let G be a topological group. For each subgroup H C G
we may consider the group £(H) of homeomorphisms of G, whose elements
are the left translations {,: G — G, £p(x) = h - x, defined by elements
h € H. (See Example 6.7 where G = R™ e H = Z".) The group of
homeomorphisms f£(H) is properly discontinuous if, and only if, H is a
discrete subgroup of G. One part of the statement is obvious: if £(H) is
properly discontinuous, the orbit of each element of GG is a discrete set.
In particular, H is discrete because it is the orbit of the neutral element
of . Conversely, suppose that H C ( is discrete. Then there exists a
neighborhood U of the neutral element ¢ € G such that U N H = {e}.
Since the map (z,y) + zy~ !, of G x G into G, is continuous, there exists
a neighborhood V' 3 e such that =, y € V = zy~! € U. We assert that,
for every h € H, with h # e, we have (¢, - V)NV = @. In fact, if there
existed z € (£,-V)NV then there would exist y € V with = = hy and from
this h = zy~' € U N H, hence h = e. Note that the orbits of the group of
homeomorphisms ¢(H) are the cosets H -z, determined by the subgroup
H C G. Example 6.7 is a particular case of this situation. 4
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Figure 6.5.

Example 6.11. Let X = R? — {0}. The homeomorphism f: X — X, defined
by f(z,y) = (ax,a”'y), where a > 1 is a constant, generates a group G of
homeomorphisms of X, whose elements are the powers f", n € Z, where
fr=fofo---of (ntimes)ifn >0, f*= flto...of"! (|n]) times) if
n < 0 and f° = idx. The group G is properly discontinuous. In fact, for
every n € Z, we have f*(z,y) = (a™-z,a™™ -y). If G were not properly
discontinuous, there would exist a point z = (x,y) € X, a sequence of
points z, = (z,,y,) € X and a sequence of integers k, # 0 such that
lim z, = z and lim f*+(2,) = 2. In order to fix ideas, suppose that z # 0.

Then, from the hypothesis lim(z,,,y,) = (z,y) = lim(a*" -z, a *-y,), it
would result that lim a*» = 1, which contradicts k,, € Z — {0}.
il

Figure 6.5 shows the orbit of a point z = (0, y), whose elements are the
points z, = (0,a™"-y), and the sets f*V, n € Z, where V is a disk with
center z. <

Given a group G of homeomorphisms of X, we denote by X/G the
quotient space of X by the equivalence relation whose equivalence classes
are the orbits Ga, € X. The canonical projection p: X — X /G associates
to each point x € X its orbit p(x) = G-z. The open sets of the topology
of X/G are the sets A C X/G such that p~*(A) is open in X. Thus, the
open sets of X/G are the images p(U) where U C X is an open set which
is a union of orbits.
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The continuous map p: X — X/G is open because if V C X is open,
then p~H(p(V)) = |J ¢-V is open in X.

geG

Proposition 6.6. Let G be a group of homeomorphisms freely operating in
the space X. The following statements are equivalent:

1. G is properly discontinuous.
2. The canonical projection p: X — X/G is a covering map.

3. p: X — X/G is locally injective.

Proof. 1 = 2: Let y = p(z) be an arbitrary point in X/G. Take a
convenient neighborhood U 3 z. Since p is an open map, V = p(U) is an
open neighborhood of y. We have that

P v)y=gU

geEG

is the union of pairwise disjoint open sets (because U is a convenient neigh-
borhood), and the restriction of the continuous map p to each of these open
sets is injective; therefore, it is a homeomorphism onto p(g-U) = p(U) = V.
Hence 1 implies 2.

2 = 3: Obvious.

3 = 1: From 3, we conclude that each point x € X belongs to an open
set [ in which there are no two points in the same orbit. Then U is a
convenient neighborhood of = and this proves that 3 = 1. O

Corollary 6.7. Let f: G — H be a surjective continuous homomorphism
between two topological groups. In order that f be a covering map, it is
necessary and sufficient that it be a local homeomorphism or, equivalently,
that f be continuous, open, and its kernel be a discrete subgroup.

In fact, under these conditions, denoting by K = f~!(e) the kernel
of f, the group ¢(K) of left translations by elements of K operates in a
properly discontinuous mode in G (see Example 6.10). Hence, the quotient
map 7: G — G/K is a covering. By passing to the quotient, there exists a
homeomorphism f: G/K — H such that for = f. Hence, f is a covering,
The converse is obvious.

The quotient space X /G of a Hausdorff space X by a properly discontin-
nous group of homeomorphisms G is locally Hausdorff because it is locally
homeomorphic to X. But, globally, X/G may or may not be a Hausdorff
space. Since p: X — X/G is open, the necessary and sufficient condition
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in order that X/G be Hausdorff is that the set I' = {(z,gz);z € X, g € G},
graph of the equivalence relation determined by G, be closed in X x X,
When G is finite, then I' is the union of a finite number of closed subsets of
X x X (the graphs of the homeomorphisms ¢g € G). Hence, X/G is Haus-
dorff. In particular, when the Hausdorff space X is compact, the quotient
space X/G of X by a properly discontinuous group of homeomorphisms is
Hausdorff because G is necessarily finite.

In Example 6.11 above, the quotient space X/G is not Hausdorff. In
fact, the points w = (0,1) and z = (1,0) do not belong to the same orbit.
Nevertheless, for any disks I/ 3 w and V' 3 z, we have that f*U is, for
large values of n > 0, a long flattened oval, close to the z-axis. (On the
other hand, for large n < 0, f™U is a long vertical oval, close to the y-axis.)
This forces f*UNV # @ for n > 0 sufficiently large. From this, it follows
that the points G-w and G -z in X/G do not have disjoint neighborhoods.

Another way to verify that X/G is not a Hausdorff space is to consider
the sequences w, = (a™",1) and z, = (1,a™"). For each n € N, w,, and z,
belong to the same orbit because z, = f"w,. But limw, = (0,1) = w and
limz, = (1,0) = z belong to distinct orbits of G. This says that, in the
quotient space X/G, the sequence p(w,) = p(z,) has two distinct limits
p(w) and p(z). Hence, X/G is not Hausdorff. The reader may imagine the
quotient space X/G as the union of four cylinders and four circles in R?,
with a topology different from the usual.

In Example 6.7, the quotient space R" /G = R™/Z" is the n-dimensional
torus. For n = 1, we obtain the circle S! and, in general, R"/Z"is home-
omorphic to the Cartesian product S x ... x S* of n copies of the circle.
Thus, even with G being infinite, the quotient space is Hausdorff.

In Example 6.8, the quotient space S™/G is the n-dimensional projective
space.

6.4 Path Lifting and Homotopies

A continuous and surjective map f: X — Y is said to have the path lifting
property when, for any arbitrary path a: J — Y, with J = [sq,s;], and
each point € X such that f(z) = a(sp), there exists a path a: J — X
such that a(sp) = z and foa = a.

We know that not every local homeomorphism f: X — Y has the path
lifting property but, when X is a Hausdorff space, the lifting a: J — X
of a path a: J — Y is completely determined by a and the initial point
r = a.'(S(]).

When f is surjective and, for any arbitrary path a: J — Y and any
point z € X with f(x) = a(sp), there exists a unique path @: J — X such
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that fod = a and a(sg) = z, we say that f: X — ¥ has the unique path
lifting property. _ _

Even when X is not Hausdorfl, a covering p: X — X has the unique
path lifting property. This is the content of the proposition below, accord-
ing to which the analytic continuation of the local inverse of p along a path
is always possible when the local homeomorphism p is a covering map. The
reader should not forget that the unique path lifting property requires, first
of all, that f be surjective, by definition.

Proposition 6.7. Let p: X - X be a covering map. Given a patha: J — X,
J = [sg,s1] and a point T € X such that p(Z) = a(sg), there exists a unique
path @: J — X with a(sg) =T and poa = a. (In other words: p has the
unique path lifting property. )

Proof. Assume initially that a(J) C V, where V' is a distinguished neigh-
borhood. Then, since T € p~1(V), there exists an open set U/ 3 ¥ which
is mapped homeomorphically by p onto V. Let f = (p|U)~: V — U, and
set @ = foa. Next, consider the case where .J = J; U J5 is the union of two
compact intervals with an endpoint s, in common, in such a way that the
proposition holds for the restrictions a; = a|J; and ay = a|.JJo. We choose
ay: J1 — X in such a way that @;(sp) = T and pod; = a;. After this,
we obtain @y: Jo — X such that poas = az and as(s.) = @1(s.), which is
possible because p(@; (s.)) = ay(s.) = az(s.). Then we define @: J — X by
a|J; = a; and @|Js = a@z. The existence of @ in the general case reduces to
the two particular cases considered because, by the continuity of a: J — X
and the compactness of .J, there exists a decomposition J = J; U... U J,
of J as the union of consecutive intervals, in such a way that a(J;) C V;,
a distinguished neighborhood, for ¢ = 1,2,...,n. The uniqueness results
from Proposition 6.3. O

Now we prove that if a local homeomorphism has the unique path lifting
property then the lifting @ depends continuously of a and the initial point
z = a(0). For this purpose, we present an appropriate description of the
compact-open topology for paths.

Let X be a topological space and C(I; X) be the set of paths a: I — X.
Given the open sets Uy, ..., U, in X and a partition 0 = t5 < £; < ... <
t, = 1, we use the notation

Alto,tr, - s Us, -, Us)

to represent the set of all paths a: I — X such that a([t;—1,¢;]) € U; for
i = 1,...,n. These sets constitute the basis for a topology. From now
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on, the symbol C(I; X) means the topological space obtained by taking
this topology in the set of paths a: I — X. We remark (but we will not
use this fact) that if the topology of X comes from a metric d then the
topology that we have just defined in C(I; X) is induced by the metric
d(a,b) = supg< <, d(als), b(s)).

The following remark can be easily verified: If B is a basis of open
sets in X then the open sets A(tg, t1,...,t,;Ur, ..., U,), comprised only of
open sets U; belonging to the basis B, also constitute a basis for C(I; X).
This fact is used in the proof of the proposition below.

Proposition 6.8. Let f: X — Y be a local homeomorphism with the unique
path lifting property. Given a path a: I — Y and a point x € X with
f(x) = a(0), there exists a unique path @: I — X such that a(0) = = and
foa=a. The lifted path a depends continuously on a and the initial point
x. More precisely: let @ C C(I;Y) x X be the subspace whose elements
are the pairs (a,z) such that a(0) = f(z). Then the map L: Q@ — C(I; X),

given by L(a,z) = @, is continuous.

Proof. Consider in X the basis B whose elements are the open sets U
which are homeomorphically mapped by f onto open sets V C Y. Let
A= A(to,t1,...,tn;Ur,...,Us) be an open set of the corresponding basis
in C'(I; X), containing the path @, and set V; = f(U;) and ¢; = (f|U:) 7 .
Then the set A(tg,t1,...,tn; V1,..., V) is a neighborhood of the path a =
f oa. We state that if the path b: I — Y belongs to this neighborhood
and if 2’ € U, then b = L(b,z") belongs to A. In fact, for i = 1,2,...,n,
we have b([t;_1,¢]) = @:b([ti_1,t:]) C U;, by the uniqueness of the lifting
of the restriction b|[t;_1,t;] from the initial point E(tg_l). This concludes
the proof. ]

We will obtain the homotopy lifting property as a consequence of Propo-
sition 6.8. In Chapter 1, we interpreted a homotopy H: Z x I -+ Y asa
path in the space C'(Z;Y). Now we use a dual interpretation. To each
homotopy H: Z x I — Y we associate a map h: Z — C(I;Y) which asso-
ciates to each point z € Z the path h.: I — Y, defined by h.(t) = H(z,1).
Imagining Z x I as a cylinder, union of vertical line segments, the path h.
is the restriction of H to the vertical segment z x 1.

Proposition 6.9. H: ZxI — Y is continuous if, and only if, h: Z — C(I,Y)
15 continuous.

Proof. Suppose that A is continuous. Given (zp,tg) € Z x I, let V be
a neighborhood of H(zp,tp) in Y. We must obtain a neighborhood U of
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zg in Z and in interval J C I, containing t; as an interior point (in /),
such that H(U x J) C V. B} the continuity of the path h,,, there exists
a closed interval J C I, containing ¢y as an interior point (in I), such that
H(zp,t) = hy,(t) € V for all t € J. Let A the set of all paths a € C(1;Y)
such that a(J) < V. It is obvious that A is a neighborhood of h,, in
C(1;Y). By the continuity of h, there exists a neighborhood U of z5 in Z
such that h. € A for every z € U; that is, H(z,¢) € V for all z € U and
teld

Conversely, let H be continuous. To prove the continuity of b, let z; € Z
and consider the basic neighborhood

A(tu,...,tn;Vl,...,Vn)

of h,,. We must find a neighborhood U of z; in such a way that z € U
and t;_; <t < t; imply H(z,t) € Vi(1 <4 < n). Now, HY(V;) is a
neighborhood of zg x [t;—1,%] in Z x I. Since [t;—1,t;] is compact, there
exists an open set I; C Z, containing 2, such that U; x [t;_1,t;] € H=1(V;).
We set U = Uy n...NU,. This concludes the proof. ]

Proposition 6.10. Let o: X — Y be a local homeomorphism with the unique
path lifting property. Given a homotopy H: Z x1 —'Y between two contin-
uous maps f,g: Z =Y, if f has a lifting f: Z — X, then g also admits a
lifting g: £ — X, which is homotopic to f. More prcczsca’y the homotopy
H admits a unique lifting H: Z x I — X such that H(z,0) = f(z) for
every z € Z; § is then defined by §(z) = H(z,1).

Proof. Let h: Z — C(I; Y) be obtained from H as in the previous proposi-
tion. Foreach z € Z, let h. = L{h-, f(z)) be the unique path lifting A with
origin at the pomt f ( ). Since L is continuous, we see that z h, defines a
continuous map h:Z = C ({; X') and therefore a homotop} H:ZxI X,
satisfying H(z,0) = h.(0) = f(z) and oH(z,t) = ph.(t) = h.(t) = H(z,1).
This concludes the proof. O

Proposition 6.11. Let f: X — Y be a local homeomorphism with the unique
path lifting property. If the paths a,b: I — Y, with the same endpoinits
Yo, Y1, are homotopic then their liftings E,Fbw: I — X, starting at the same
point xg, end at the same point r; and, moreover, they are homotopic.

Proof. Let H: I xI — Y be a homotopy between a and b and H:IxI—
X be the lifting of H such that ff(s,()) = a(s) for every s € I. Since
FH(0,1)) = H(0,t) = yo and f(H(1,t)) = H(1,t) = y do not depend on
t, it follows that H(0,t) = zo and H(1,t) = z; also do not depend on t
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because the fibers f~1(yo) and f~1(y1) are discrete. The path s +—» H(s, 1)
in X is a lifting of b starting at z. It follows from the unique path lifting
property that H(s,1) = b(s) for all s € I. Thus, we have H: @ = b. O

Corollary 6.8. Let f: X — Y be a local homeomorphism with unique path
lifting property. If the closed path a: I — Y is homotopic to a constant,
any lifting a: I — X s closed and homotopic to a constant.

Note that in Proposition 6.11, nothing prevents the paths a and b from
being closed. Also note that the fact that @ is closed does not imply that
¢ is homotopic to a constant. (See Proposition 7.2.)

Example 6.12. Now we use Proposition 6.11 to exhibit an example of a space
whose fundamental group is not abelian. Our space X is the union of two
circles with a point zg in common. It is convenient to think of X as the
union of the great parallel of the torus and a meridian of the same torus,
which cuts the parallel at the point zy5. We denote by a a closed path that
covers the parallel homeomorphically with the exception, of course, of the
endpoints that are mapped onto zg; b denotes an_analogous path defined
over the meridian. We introduce a covering space X, which is the subset of
the plane sketched in Figure 6.6. To obtain X we take on the rectangular
axis, starting from the origin, four segments of length 1. From the free
endpoint of each of the four segments, we take three segments of length
1/2, parallel to the axis. From the free endpoint of each of these twelve
segments, we take three segments of length 1/4, and so on. The covering
space X is the union of the segments (an infinite number) thus constructed.
The covering map p: X —+ X sends each horizontal segment onto a and
each vertical segment onto b in such a way that the increasing order of

X
a
——
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Figure 6.6.
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Figure 6.7.

the coordinate that varies in each one of these segments agrees with the
orientations of the paths a and b respectively and that the endpoints are
mapped onto xo. <

Now we show that the closed paths ab and ba, with bases at the point x,
are not honlotOPlc in X. For this, we just have to consider their respective
liftings @b and ba in X, with origin at the point 0. The final point of ab is
(1,1/2), while ba ends at the point (1/2,1). If ab and ba were homotopic
in X, their liftings from the point O would end at the same point of X,
because of Proposition 6.11.

The space X above is known as the figure § space because it is homeo-
morphic to the graphical sign of the digit eight. Now we can exhibit other
spaces with non-abelian fundamental group. For example, the union of a
list (finite or infinite) of circles, each one of them with a point in common
only with the previous and the following circles in the list. If the number
of circles is > 2, such an space has the figure eight as a retract, hence its
fundamental group is not abelian. (See Proposition 2.10.) Also, a compact
non-orientable surface of genus g > 2 has a non abelian fundamental group
because it admits as a retract a union of g circles with ¢ — 1 points of
tangency. (In Figure 6.7, g = 3.)

We should also mention the complement of a set of two points in R2.
This space has the same homotopy type of the figure eight space, so its
fundamental group is nonabelian.

Example 6.13. The fundamental group of the figure eight space is generated
by the homotopy classes o = [a] and 3 = [b]. This follows from Propo-
sition 2.11. In fact, by denoting the figure eight space by X, we have
X = X1U X5, where X7 and X» are circles with a point zp in common. We
cannot directly apply the mentioned proposition because neither X; nor
Xs are open sets in X. But, if we take the points ©; € X; and x5 € X5,
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both different from zg, and set U = X — {a1}, V = X — {22}, we see that
the inclusions Xo — U/ and X; — V are homotopy equivalences. From this,
it follows that the homotopy class of a is a generator of the infinite cyclic
group 71 (V) and the class of b generates the infinite eyclic group m (U).
The same proposition, applied to X = U UV, states that 7 (X, zq) is gen-
erated by a and 3. In fact, we may state a sharper result: The generators
« and 3 are free; that is, no monomial of the type a™3"a® ..., product of
a finite number of alternating powers of a and 3, can be reduced to the
neutral element of 7 (X, zg) except when the exponents m, n,p,... € Z are
all null. This fact will be proved in the next chapter. <

Example 6.14. It follows from Example 6.12 that a compact orientable
surface of genus > 1 does not admit a topological group structure. In fact,
from Proposition 2.12, the fundamental group of a topological group is
abelian. It remains to consider the compact orientable surfaces of genus 0
and 1. The torus T = S! x S! = R?/Z? has genus 1, and it is obviously
a topological group; the sphere S2 has genus 0, and it does not admit a
structure of topological group, but for a completely different reason, which
can be explained as follows: Suppose that S? is a topological group, with
neutral element e. By fixing a point a € S2, close to ¢ but satisfying
a # e, we would have a -z # —x and a -2 # z for all x € §2. Then, by
defining v: S? — R? by setting v(z) = (z,a - z)xz —a-x, the map would be
continuous, with v(z) # 0 and {x,v(z)) = 0 for all € 52, in contradiction
with Proposition 4.4. Thus, we conclude that the torus is the only compact
orientable surface that admits a topological group structure. In Example
7.18, we show that no compact surface (orientable or not), except the torus,
can be a topological group. |

Proposition 6.12. Let f: X — Y a local homeomorphism with the unique
path lifting property. If X is pathwise connected and Y is simply connected,
then f is a homeomorphism.

Proof. We just have to prove that f (which is already continuous, open,
and surjective) is also injective. Consider xzg,z; € X such that f(zg) =
f(x1). Now take a path @: I — X whose initial point is zg and final point
is #;. The path @ = f o @ is closed in Y, therefore it is homotopic to a
constant. By Corollary 6.8, its lifting @ is closed; hence, zy = 2. O

Corollary 6.9. Let f: X — Y be a local homeomorphism with the unique path
lifting property. If Y is simply connected and locally pathwise connected,
then f maps each connected component of X homeomorphically onto Y.
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Since the space X is locally homeomorphic to Y, it is locally pathwise
connected. Thus, every connected component ¢' C X is pathwise connected
and open. Hence, p|C is a local homeomorphism and, as can be easily
proved, p|C: C — Y has the unique path lifting property. It follows from
Proposition 6.12 that p|C is a homeomorphism from € onto Y.

It follows from Proposition 6.12 that every pathwise connected covering
of a simply connected space is a homeomorphism.

For example, let U C R™ be an open connected and bounded set. Given
a class C! map f: U — R", suppose that f'(z): R® — R" is, for all
z € U, an isomorphism. By the Inverse Function theorem, f is a local
homeomorphism. It may happen that f is not a covering of the open set
V = f(U). But if f is such that z;, = = € 9U = f(zp) — y € V, then f
extends to a continuous map f: U — V such that f(@U) < dV. The map
f is, in this case, proper, and therefore, it is a covering f: U — V. If we
know that V' is simply connected (for example, V' convex), then we may
conclude that f is injective and therefore, it is a C'! diffeomorphism from
U onto V.

Analogously, let f: M™ — N™ be a class C'' map where M™ and N™
are differentiable surfaces (without boundary) of dimension m. Suppose
that the derivative f'(z): To M — T, )N is an isomorphism at each point
xz € M. If M is compact and connected and NV is simply connected, then
f is bijective and therefore, it is a diffeomorphism from M onto N. The
case where M is not compact will be covered in Section 5.

Example 6.15. A local homeomorphism from a connected space onto a sim-
ply connected space may not be injective (if it is not a covering map).
For example: Let X = C— {1,—-1}, ¥ = C and define f: X — Y by
f(z) = 2% — 3z. Since f'(z) # 0 for all z € X, we see that f is a local
homeomorphism (Inverse Function theorem), that it is surjective because
the values 2 and —2, of the polynomial z* — 3z at the points 1 and —1,
are also attained at the points 2 and —2, which belong to X. But f is not
injective, even though its image Y = C(= R?) is simply connected. In fact,
£(0) = f(+/3) = f(—/3) = 0. Therefore, f: X — C is a non-injective local
homeomorphism onto a simply connected space. <

Corollary 6.10. Let f: X — Y be a local homeomorphism with the unique
path lifting property and V. C Y an open connected and pathwise locally
connected set, such that every closed path contained in V' is homotopic to a
constant in Y. Then each connected component of U = f~Y(V) is mapped
homeomorphically by f onto V',

If V' were simply connected, we would have a particular case of Corol-
lary 6.9. In the general case, we just have to observe that, with the assumed
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hypothesis on V, the lifting of every closed path contained in V is a closed
path. This is enough to assure that f|U is injective in each connected
component of U = f~1(V) and the proof of Corollary 6.9 applies, word by
word.

Corollary 6.10 says that in every set V' to the above type we can de-
fine several “branches” of the inverse of f, one branch for each connected
component of f~1(V). For example, if we take f: B2 — R? — {0} given by
f(z) = €*, we reobtain the well known fact that in each simply connected
region V' < R? — {0} it is possible to define an infinite number of branches
of the logarithm.

Corollary 6.11. Let p: X — X be a covering map. If an open set V C X
is connected and locally pathwise connected and, moreover, every closed
path in V' is homotopic to a constant in X, then V is a distinguished
neighborhood.

A topological space X is called semi-locally simply connected when every
point # € X has a neighborhood V such that every closed path in V is
homotopic to a constant in X.

Important cases of semi-locally simply connected spaces are the topo-
logical manifolds and the polyhedra. In fact, in these spaces, every point
has a simply connected neighborhood, so these spaces are actually locally
simply connected.

Example 6.16. We give now an example of a space Y that is semi-locally
simply connected, but contains a point that does not have any simply
connected neighborhood.

We start with a space X, pathwise connected, which is not semi-locally
simply connected: For each n € N, let X, be the circle of center (0,1/n)
and radius 1/n, in the plane. (X, is tangent to the z-axis at the origin.)

Figure 6.8.
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We take X = |JX,,. The space Y is obtained by taking the cone with base

T
X and identifying the vertex of this cone with the origin (, the tangency
point of the circles X, (see Figure 6.8). q

Proposition 6.13. Let X be a locally pathwise connected and semi-locally
simply connected space. A map p: X — X is a covering if, and only if, it
is a local homeomorphism with the unique path lifting property.

Proof. The “If” part is the Corollary 6.10 above. The “Ounly if” part is
Proposition 6.7. O

Corollary 6.12. Let X be a locally pathwise connected and semi-locally simply
connected space. If p: X — X and g: X = X are covering maps, the
composite map p o q: X - X is also a covering map.

In fact, it is obvious that if the maps p and ¢ have the unique path
lifting property, then the composite map p o ¢ also has the property.

Remark. If p has a finite number of leaves then, as we can see from the
definition, its composite map p o ¢, with another covering map g, is still a
covering map, even without imposing to one of the spaces (and therefore
to all of them) the condition of being semi-locally simply connected.

6.4.1 An Application

Let G, H be topological groups. A local homomorphism from G to H is
a continuous map f: U — H, defined in a neighborhood U of the neutral
element e € G, such that if z, y,x -y € U, then f(x-y) = f(z)- f(y). As
an application of Proposition 6.12, we prove the following.

If the group G is simply connected and locally pathwise connected, then
every local homomorphism f: U — H, from G into a topological group H,
extends to a continuous homomorphism f: G — H.

In fact, restricting f, if necessary, we may suppose that its domain U
is pathwise connected. Let A C G x H be the subgroup of the product
G x H generated by the graph of f. We define on A the topological group
topology according to which a fundamental system of neighborhoods of the
neutral element is given by the sets V = {(z, f(z));z € V}, where V C U
is a neighborhood of the neutral element. Let p: A — G be the restriction
of the projection mg: G x H — (. The continuous homomorphism p maps
the graph U of f homeomorphically onto /. Since G is connected, and
therefore generated by U, p is surjective (and a local homeomorphism).
By Corollary 6.10, p: A — G is a covering. Now, G is simply connected
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and A is connected, because it is generated by the connected neighborhood
U = graph of f. Hence, p is a homeomorphism from A onto . The
inverse homeomorphism p~': G — A is given by p~!(z) = (z, f(z)). The
continuous homomorphism f: G — H, thus defined, is the extension of f
that we have been searching for.

6.5 Differentiable Coverings

First, we examine what happens when a surjective local homeomorphism
f:+ X — Y does not have the path lifting property.

This means that there exist x € X and a path a: I — Y such that
a(0) = f(z) but a cannot be lifted to a path in X starting at the point
x. We suppose that X is Hausdorff, which gives us the uniqueness of the
liftings that might there exist.

Since f is a local homeomorphism, for € > 0 sufficiently small the
restriction a|[0, ] has a lifting starting at the point x. Therefore, there
exists a number r, 0 < r < 1, such that, for all v with 0 < v < r, the
path a|[0, 7] has a lifting starting at the point = but a|[0, r] does not have.
This means (because of the uniqueness of the lifting) that a|[0,r) has a
lifting a@: [0,7) — X but, when s — r, @(s) does not have an adherence
value (hence no limit) in X. (In fact, if 2’ € X were an adherence value of
@(s) when s — r, the continuity of f would imply that f(z') would be the
adherence value for a(s) when s — r and therefore f(z') = a(r). Then,
by taking a neighborhood of z' mapped homeomorphically by f onto a
neighborhood of a(r), we would conclude that a|[0, 7] would have a lifting.)
The non-existence of an adherence value of a(s) in X when s — r, results,
in particular, that the set {a(s);0 < s<r} is closed in X, while its image
by f, that is, {a(s);0 < s < r}, is not closed in Y. Hence we can state the

Proposition 6.14. Let X be a Hausdorff space. If a surjective local home-
omorphism f: X — Y is a closed map then f has the unique path lifting
property. In particular if, moreover, Y is locally pathwise connected and
semi-locally simply connected, then f is a covering map.

Remark. Under very general conditions, if a local homeomorphism f: X —
Y is a closed map, then f is proper; that is, f~*(y) is a finite set, for all
y € Y. (See Proposition A.6 in the Appendix.)

We provide now a sufficient condition in order that a map be a covering
within the scope of the differential calculus.

Proposition 6.15. Let f: R™ — R™ be a map of class C, whose values
are contained in a open connected set Y C R™. Suppose that there exists
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a covering of ¥ by open sets V', and to each of these sets is associated a
number ey > 0, in such a way that f(z) € V implies |f'(z) - u| = ey - |u
for allu e R™. Then f(R™) =Y and f: R™ — Y is a covering map.

Proof. First we show that if a: [0,1] —+ Y is a path of class C'! in ¥V and

b: [0,1) — R™ is such that f(b(s)) = a(s), 0 < s < 1, then b is of class C*

and there exists lin} b(s) in R™. The fact that b € C" follows easily from
s—+

the fact that f is a local diffeomorphism of class Ct. Next, let y; = a(1)
and consider V' 3 y;, ey > 0 as in the statement of the proposition. There
exists d > 0 such that 1 — d < s < 1 = f(b(s)) = a(s) € V and therefore
|f'(b(s))-b'(s)] = ey - |b'(s)]. On the other hand, f'(b(s))-¥'(s) = a'(s),
hence [b'(s)| < |a'(s)|/ev when 1 —§ < s < 1. Since the interval [0,1] is
compact and a if of class C'!, there exists A > 0 such that [a/(s)| < A -y
for all s € [0,1]. Therefore, if 1 — § < 51, s < 1, we have:

s2
1b(s3) — b(s1)| = |/ ¥ (s)ds| < |3 — 51|-A.

By the Cauchy criterion in the complete metric space R™, it follows that
the limit 12& b(s) exists.

Now we prove that every rectilinear path contained in Y, starting at
an arbitrary point yo € f(R™), can be lifted from any point zo € f~1(yp).
In fact, it this were not true, there would exist a rectilinear path a(s) =
(1 — s)yo + sy in Y such that the restriction al[0,1) would have a lifting
b: [0,1) — R™, with b(0) = zp, and such that the limit sll_r)l} a(s) would not

exist. But this contradicts what we have proved above.

Now we verify that f(R™) is a closed subset of the open set Y. In
fact, every y; that belongs to the closure of f(R™), relatively to ¥, can
be connected to a point yo € f(R™) by a rectilinear path contained in Y,
which can be lifted to R™, in such a way that y; € f(R™). Since Y is
connected and f(R™) is obviously open, it follows that f(R™) =Y.

Therefore, every rectilinear path in Y can he lifted, and the proposition
follows from Lemma 6.1 below. O

Lemma 6.1. Let Y < R™ be an open set. In order to verify the path
lifting property relative to a local homeomorphism f: X — Y, it suffices to
consider the rectilinear paths in 'Y, that is, the paths a: I —'Y defined by
a(s) = (1 - s)yo + sy1.

Proof. Suppose initially that Y is convex. If every rectilinear path a in
Y has a lifting @ in X, starting at an arbitrary point = in f~1(a(0)) then,
naturally, @ is unique and depends continuously on a. (See Propositions 6.2
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and 6.8.) Therefore,ifa: [ —+ Y isany pathin ¥ leta,;: I - YV, 0<¢t <1,
the rectilinear path that connects a(0) to a(t); that is, a:(s) = (1—s)a(0)+
sa(t), 0 < s < 1. Given x € f~(a(0)), let @; be the lifting of a; that starts
at the point . We define a path @: I — X by setting @(t) = @;(1). Then
a is a lifting of @ starting at the point .

In the general case, ¥ can be covered by open balls and the above
argument shows that every path contained in one of these balls can be
lifted to X. Now we observe that any path in Y can be decomposed in a
finite sequence of smaller paths, such that each one of them is contained in
an open ball and therefore, it can be lifted. It follows that the whole path
can be lifted, which proves the lemma. |

Corollary 6.13. Let f: R™ — R™ a map of class C. If there exists a > 0
such that |f'(z) - v| > a|v| for all z and every v in R™, then [ is a bijection
and therefore, it is a diffeomorphism from R™ onto itself.

In fact, take ¥ = V = R™ and ey = « in the proposition. Then
f is a covering of R™. Since R™ is simply connected, it follows from
Proposition 6.12 that f is a bijection and therefore it is a diffeomorphism.

Corollary 6.14. Let f: R™ — R™ be a map of class C' such that
|f'(x)-v|] = |v| for all z and every v in R™. Then f is an isometry;
that is, |f(z) — f(y)| = |z — y| for any z,y € R™. (As we know from lin-
car algebra, this implies that there exist a linear orthogonal transformation
T: R™ — R™ and a vector ¢ € R™ such that f(z) = T - x + ¢ for every
zeR™.)

In fact, by Corollary 6.13, f is a diffeomorphism. The Mean Value
theorem applied to f gives us |f(z) — f(y)| < |z — y| for any x,y € R™.
The same theorem applied to f~1 gives us |z — y| < |f(z) — f(y)|. Hence,
f is an isometry.

Proposition 6.15 can be stated in a global scope, by considering Rie-
mannian manifolds instead of open sets in Euclidean space. The proof
follows precisely the same argument, substituting the rectilinear paths by
geadesics and the convex subsets of R™ by geodesically convex sets. Corol-
lary 6.13 is valid only for complete, simply connected manifolds (same
proof) and Corollary 6.14 is false (see £: B — S, £(t) = e™). The state-
ment of the global version of Proposition 6.15 follows:

Proposition 6.16. Let M™, N™ be Riemannian manifolds of the same di-
mension m, with M™ complete and N™ connected. Suppose that there
exists a map f: M — N, of class C', and a covering of N by open sets
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V. and to each of these open sets it is associated a number ey > 0 such
that v € M, f(z) € V = |f'(z)-u] = ev-|u| for every w € T, M. Then
fi M — N is a covering map.

This proposition, with the same proof, is still valid for Banach mani-
folds, by omitting the sentence “of the same dimension m” and by requiring
that the derivative f'(z): ToM — TyN, y = f(z), be an isomorphism, for
every x € M.

6.6 Exercises

1. Give the following examples:
a) A continuous bijection which is not a local homeomorphism;

b) A continuous surjective map f: R — R such that f~1(y) is discrete
for every y € R but f is not locally injective;

¢) A counter-example to Proposition 6.2 with Z disconnected.

2. Ifp: X — X and q: Y — Y are coverings, then the map pxgq: X xY -
X x Y, defined by (p x q)(z,y) = (p(z),q(y)), is also a covering.

3. Consider the covering map p: X: — X, and let Y © X be an arbitrary
subset. Set Y = p~!(Y) and ¢ = p|Y. Show that ¢: ¥ — Y is a covering.

4. Let p: X > X bea covering where the base X is connected and locally
connected. For every connected component C' C X, we have p(C) = X.
Conclude that p|C: C — X is a covering.

5. Contrary to the function f: §* — 5, f(z) = 2*, there does not exist
a continuous map ¢: R — R such that ¢~ *(y) has exactly two points, for
every y € R.

6. Given the polynomial p(z) = 22% — 922 + 12z + 1, obtain two finite
subsets F} C C e Iy C T such that p: C— F} — C — F is a covering with
three leaves.

7. Let X be a connected space and G a properly discontinuous group of
homeomorphisms of X. Suppose that a continuous map f: X — X has
the following property: For every x € X, there exists ¢ € G such that
f(x) = gz. Prove that f is a homeomorphism.

8. Let F be an equivalence relation in the Hausdorff space X, such that
the quotient map p: X — X/E is open. Prove that X/E is a Hausdorff
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space if, and only if, the graph T = {(z,y) € X x X;xzEy} is a closed set
in X x X.

9. Let G be any homeomorphism group of the space X. Consider in G
the discrete topology and show that the map ¢: G x X — X, ¢(g,2) = gz,
is a covering.

10. Let f: X — Y be a local homeomorphism with the unique path
lifting property. Suppose that ¥ is simply connected and locally pathwise
connected. Show that, for every zo € X with f(zg) = yo, there exists a
section o: Y — X such that o(ys) = zo. Derive from this again Proposi-
tion 6.12.

11.  Consider the neighborhood U = {e'; =7 < t < 7} of the neutral
element of S', and define the local homomorphism f: U — S*, f(e') =
¢'*/?. Show that f does not extend to a continuous homomorphism f: S —
St

12. Let p: X — X be a covering and a, b: I — X be freely homotopic
closed paths. If b, has a closed lifting b, then a also has a closed lifting a,
which is freely homotopic to b.

13.  Let & be a simply connected and locally pathwise connected topo-
logical group. If a connected topological group K is locally isomorphic
to &, then K is isomorphic to a quotient of ¢ by a discrete subgroup H
(necessarily contained in the center of G).

14. A compact and connected hypersurface M™ € R™**! of class O™ whose
Gaussian curvature is different from zero at every point is diffeomorphic
to the sphere S™. (The Gaussian curvature is the Jacobian determinant of
the normal map M™ — S™.)

15. Given the covering p: X — X and the continuous map f: Z — X, let
Z ={(2,7) € Zx X; f(z) = p(Z)}. Prove that the map ¢q: Z — Z, defined
by ¢(z,%) = z is a covering. Prove also that f admits a continuous lifting
g: Z — X if, and only if, there exists a continuous section ¢: 2 — Z
for q.

16. Show that Exercise 3 follows from Exercise 15.

17. Let U be the set of quaternions w = t + zi + yj + zk where £ > 0
and X the set of real quaternions < 0. By setting V = R* — X, prove
that the map f: U — V, defined by f(w) = w?, is a surjective proper local
diffeomorphism, and conclude that f is a diffeomorphism (global) from U
onto V.

18. Let H he a locally pathwise connected, closed subgroup of the con-
nected group G. If G/H is simply connected, prove that H is connected.
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(Suggestion: Consider Hy, a connected component of the neutral element.
Observe that Hy is the normal subgroup of H, H/H, is a discrete subgroup
of G/Hjy, and the natural projection from G/ Hy onto its quotient by H/H,
induces a covering G/Hy — G/H; hence, H = Hy.)

19. Let p: X 5 X bea covering with X connected and p~1(z) finite, for
every z € X. If there exists a continuous map f: X — R, injective in each
fiber p~!(z), then p is a homeomorphism.







Chapter 7

Covering Maps and
Fundamental Groups

7.1 The Conjugate Class of a Covering Map

Given a covering map p: X - X, take z € X and set z = p(T). We use the
notation H(x) to represent the image of the homomorphism py: m; (f ,T) —
71(X, ), induced by the covering projection p.

The subgroup H(Z) C m1(X, z) is, as we show in this chapter, the most
important algebraic tool to characterize the covering p: X 5 X.

If X is simply connected, then H(z) = {0} for all & € X. The converse
is also true and follows from Proposition 1 below.

First we should recall that, by fixing an element g in a group G, the
map x — g-x-g~ ' is an automorphism of G, called conjugation by g. If
H is a subgroup of &, its image by this automorphism is the subgroup
g-H-g7' = {g-z-g” "z € H}, isomorphic to H, called a conjugate subgroup
of H. The conjugate class of H in G is the set of all subgroups ¢g-H-g™!,
conjugate of H, obtained when we vary g in G. The subgroup H is said to
be normal when g-H-g~! = H for every g € G; that is, when its conjugate
class has only one element, namely, the group H itself. This happens, for
example, when G is abelian.

Proposition 7.1. Let p: X 5 X bea covering. For any zqg € X, Ty €
p~Y(xp), the induced homomorphism py: 771{55,-3?0) » (X, zg) is injec-
tive. Ifi’ is pathwise connected, then, when T varies in the fiber p=(z0),
the image H(T) = p;,r?.'l{)?,ﬁ?) describes all conjugate classes of the sub-
group H(Zp).

151
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Proof. By Corollary 6.8, the induced homomorphism py: m; ()FE Tp) —
71(X, o) is injective. Given any other point z € p_l(:m) there exists in
X a path ¢, with origin = and final point z5. Then ¢ = po ¢ is a closed
path in X, with base at the point xz,. By Proposition 2.5, every element
a € m(X,Z) has the form o = [chc~!], where [b] € "rl(X Zp). Hence,
pu() = ypy([b)y~!, where v = [¢]. From this, H(Z) = v-H(Zo) - v .
Conversely, let H = v-H (Zg) -y~ ! be any conjugate subgroup of H(Zp)
in w1 (X, zy), and set v = [c]. By lifting the closed path ¢~! from the point
Zp, we obtain a path ¢! in X , Whose final point we denote by . Then
T € p~!(z) and the path ¢, in )Ff, begins at T and ends at Ty, with pee = c.
From what we just saw, this gives us H(Z) = v-H(Zy)-7~! and therefore
H = H(Z). O

Proposition 7.2. Consider a covering p: X —+ X. Let a,b: I — X be paths
that start at the same point x and end at the same point y, and a, bl X
their liftings from a point T € X. In order that a(1) = b(1), it is necessary
and sufficient that [ab~'] € H(Z).

Proof.  Assume that [ab~'] € H(¥). Then the lifting ¢ of the path ab™"
from the point 7 is closed. The paths @, b: I — X, defined by a(s) = ¢(s/2)
and b(s) = &(1 — s/2), start at the point #, end at the same point c(1/2)
and are, respectively, liftings of a and b. The converse is obvious.

The following corollary will be important later on.

Corollary 7.1. Let p: X X bea covering. Given a closed path a: I — X,
with base at the point z, its lifting a: I — X, from a point T € p~(z), is
closed if, and only if, [a] € H(T).

This follows from Proposition 7.2 by taking b = e,.

Corollary 7.2. Let p: X +Xbea covering, with X simply connected. A
closed path a: I — X is homotopic to a constant if, and only if. some of
its lifting a: I — X is closed. (And then all of its liftings are closed.)

More generally: Still supposing that X is stmply connected, consider the
paths a, b: I — X with the same endpoints xg, 1. Let @, b: I — X be
their liftings from the point Zo € p “Yzp). We have a = b if, and only if, a
and b end at the same point X.

Corollary 7.3. Let p: X 5>Xbea covering, with X pathwise connected. By
fizing a point xo € X, the following statements are equivalent:
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1. For some Ty € p~Yxp), the subgroup H(Zy) C m1(X, o) is normal;

2. The subgroups H(Z) C m (X, z0), when T varies in p~1(xg), are nor-
mal and they are all the same;

3. Given a closed path a: I — X, with base at xy, either all of the
liftings of a from the points T € p~'(xy) are closed or none of them
is closed.

In fact, by Proposition 7.2, Condition 3 above is equivalent to stating
that [a] € H(Z,) < [a] € H(z) for all T € p~!(zp). This means that all of
the groups H(Z) are equal, when T varies in the fiber p~!(zg). But these
groups constitute a conjugate class; hence, they are equal if, and only if,
one of them is normal, and therefore all of them are normal.

When X is pathwise connected and one of the conditions in the above
corollary is satisfied (and therefore, all of the conditions are satisfied), we

say that p: X Xisa reqular covering.
Remark. When X and X are pathwise connected, the reader can easily
prove that the regularity of the covering p: X — X does not depend on

the point zg € X fixed above.

When the covering p: X — X is regular, we may use H(xg), instead of
H(Z,), in order to identify the image pym (X, ), Ty € p~* (o).

Example 7.1. If the fundamental group of X is abelian, then every covering
p: X = X, with X pathwise connected, is regular. <

Figure 7.1.
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Example 7.2. Let’s consider now the two coverings of the figure eight space
shown in Figure 7.1. Each one of them is a covering with three leaves.
(We will see in what follows that every covering with two leaves is regular;
therefore, this example is the simplest possible.) <

In each of these examples, the space X is a union of circles. In the
example on the left, the circles on the extremities are applied homeomor-
phically onto the two circles that form the figure eight space, in the manner
indicated by the letters and arrows, while each one of the circles in the mid-
dle covers twice the corresponding circle of the base. In the example on
the right, the central circle of the space ¥ covers three times the circle b
of the base, while each one of the three outside circles is mapped homeo-
morphically onto the other circle of the hase. The covering p: X — X on
the left is not regular. In fact, the lifting of the closed path «a is open if it
starts at the point Z; and it is closed if its initial point is Zp. On the other
hand, the covering g: ¥ — Y on the right is regular. In fact, the liftings of
a are always closed and the liftings of b are always open. Since m (Y, yo) is
generated by [a] and [b], Condition 3 of Corollary 7.3 holds.

Example 7.3. Let G be a properly discontinuous group of homeomorphisms
of the pathwise connected topological space X. (See Section 6.3.) The
quotient map 7w: X — X/G is aregular covering. In fact, choose zg, 21 € X
such that w(zg) = n(x1). Then x; = gxy, g € G. By the uniqueness of
the lifting, the paths @, a: I — X, with a(0) = xq, @(0) = z,, are liftings
of the same path in X/G if, and only if, a(s) = g(da(s)) for every s € I.
Hence, @ is closed if, and only if, @ is closed. |

Before stating the next proposition, we recall some concepts
from algebra.

Let S be an arbitrary set and G a group. A right action of the group
G on the set S is a map S x G — S, which maps each pair (z,g) € S x G
to an element zg € S, in such a way that the following conditions hold:

1. z(gh) = (xg)h;
2. x-e = x, for any x € S; e = neutral element of (.

In this case, we say that the group G operates on acts on the right in
the set S. A left action is defined in a similar way.

If G acts on the right in the set S, the orbit of an element x € S is
the set G = {zg;9 € G}. The group G is said to operate transitively in
S when the orbit of an element of S (and therefore of all elements of S) is
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the set S itself. This means that, given any two elements z, y € .9, there
exists g € G such that y = zg.

When G acts on the right in S, given an element = € S, the set H(z) =
{g € G;zg = z} is a subgroup of G, called isotropy group (or stabilizer)
of the point z. If y = zh then yg = y < x(hgh™') = x; that is, H(z) =
h-H(y)-h~!. In sum: If two elements x, y € S belong to the same orbit of
(G then their isotropy groups are conjugate.

Suppose that G acts transitively on the right in the set 5. By fixing a
point 2y € S, the map ¢: G — S, given by ¢(g) = zgg is surjective and
satisfies p(g) = @(h) < hg~' € H(xo), where H(x) is the isotropy group
of xzg. Therefore, by passing to the quotient, ¢ induces a bijection

B G/H(zp) — S.

In particular, the cardinal number of S is equal to the index [G: H(zo)] of
the subgroup H(zg) in G; that is, the cardinal number of the set G/H (xg)
of the cosets H(zp) g, g € G.

Proposition 7.3. Let p: X 5 X bea covering, with X pathwise connected.
For each x € X, the fundamental group m,(X,z) acts transitively on the
right in the fiber p~'(z). The isotropy group of each point T € p~'(z) is
Proof. Given a € m(X,z) and T € p~!(z), we define Ta € p~ () as
follows: we choose a € a, lift the path a from the initial point z, take the
final point ¥ of this lifting and set zav = y. It is easy to verify that this
procedure defines (without ambiguities) an operation of 71(X,z) on the
right in the fiber p~!(z). We have Za = 7 if, and only if, the lifting of
the path a, from z, is closed. By Corollary 7.1, this oceurs if, and only
if, @ € H(Z). The transitivity results from the fact that X is pathwise
connected: Given 7, y € p~1(z), let @ be a path in X starting at =z and
ending at y. Then a = poa is a closed path in X with base at the point x.
Let a = [a]. It is obvious that ¥ = Za. 0

Corollary 7.4. Iff is pathwise connected then, for any T € X. andzx = p(T),
the number of leaves of p is equal to the index of the subgroup H(Z) C
T (X, z).

Corollary 7.5. Ifjf is pathwise connected, every covering p: X — X with
two leaves is reqular.

In fact, every subgroup of index two is normal.
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Corollary 7.6. Let X be pathwise connected. The covering projection p: X -
X is a homeomorphism if, and only if, the induced homeomorphism py is
an tsomorphism.

In fact, this is the condition we should have in order that the number
of leaves be one.

Corollary 7.7. If)? is simply connected, then the number of leaves of the
covering is equal to the number of elements of m (X, x). When these two
numbers are finite, the equality between them implies that X is simply con-
nected.

Remark. The permutations of the fiber p~!(z) of the form 7 ++ 7 o, where
a € m(X,z), form a group M (z), called the monodromy group of the
covering p: X — X at the point @. For all z € X, M(z) is a homomorphic
image of 71 (X, z). More precisely, we have

M(z) = m(X,z)/Hy,

where

Hy= () H@).

p(E)=z

If the covering is regular, we have Hy = H(Z) for all 7 € p~*(x).

7.2 The Fundamental Lifting Theorem

In this section, we show how the fundamental group allows us to give an
algebraic answer to the topological problem of knowing whether a contin-
uous map f: Z — X, taking values at the base of a covering, admits a
lifting f: Z — X. It is convenient here to use pairs (X, z(); that is, spaces
with a base point.

Proposition 7.4. Let p: X 5 Xbea covering, of the pathwise connected
space X. Let Z be a connected and locally pathwise connected space (hence
pathwise connected) and f: (Z,zy) — (X,z0) a continuous map. Given
To € p~Y(xo), in order that f have a lifting f: (Z,20) — (f,-’.fn), it is
necessary and sufficient that fym (Z, zo) C H(Zo).

Proof. If there exists f: (Z,z0) — (X, z0) continuous such that po f=f,
then, considering the homomorphisms induced by f, p and f, we see that
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the diagram below is commutative:

TTl(XsX(})

fu Py

m1(Z, Zy) &" (X, Xo)

From fy = py o f#, it follows that the image of fy is contained in
the image of pg, which is H(Zp). Hence the inclusion is necessary for the
existence of f

Conversely, suppose that f,m(Z, z) C H(Zy). We define f:Z X,
by setting f(zu) = Ty and, for an arbitrary z € Z, we take a patha: I — Z,
from zp to z, we denote by a: I — X the lifting of foa: I — X from the
point Zo and we set f(z) = @(1). Now let us show that f is well defined.
In fact, if b: I — Z is another path from 2y to z, then ba™! is a closed path
with base zg. From this, (fob)(foa)™! = fo(ab™!) is a closed path, with
base zp, whose homotopy class belongs to the image of fy and therefore
(because of the hypothesis) to H(Zy). From this it results that the paths @
e E, liftings of foa and f ob, respectively, from Zg, end at the same point.
(See Proposition 7.2.) Evidently, we have po f = f. It remains to prove
only that fis continuous at an arbitrary point z € Z. Here we use the fact
that Z is locally pathwise connected. Let V' be a neighborhood of f(z) in
X. We may suppose that p|V is a homeomorphism onto a neighborhood
U of f(z) in X. Let W be a pathwise connected neighborhood of z in
Z such that f(W) C U. We claim that f(W) < V. This will prove the
continuity of f at the point z. We know that f ( ) is the final point of a
path @ in X that starts at Zp, with poa = foa, where ¢ is a path in
Z, starting at zp and ending at z. Given w € W, we take a path b in W,
starting at z and ending at w. Since p|V is a homeomorphism onto U,
there exists a path bin V, starting at f( ) and endmg at a certain point
v eV, with p ob= fob. Then abis a path in X, that starts at Zg, such
that po (ab) = (poa)(pob) = (foa)(fob) = [ o(ab). Since ab connects
2o to w in Z, it follows from the definition of f that f(w) = (ab)(1) = v;
therefore, f(w) € V. 0

Second Proof of Proposition 7.4. The experienced topologist, faced with
an argument where, in order to define a map, he has to make arbitrary
choices that turn out to be irrelevant, always suspects that such map might
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somehow be obtained by passing to the quotient. In the present case, the
suspicion is true, as we show now.

Let C(Z;zy) € C(I;Z) be the subspace (in the compact-open topol-
ogy) whose elements are the paths with origin at the point z;. A similar
interpretation is given to the notations C'(X;xp) and (1()? Zo). The follow-
ing three maps are continuous: f.: C(Z;z) — C(X;zo), L: C(X; :1:0)
C(X?Ig), and v: C(XTI‘U) - X, given by f.(a) = foa, Lic) = € =
lifting of ¢ from ¥, and v(a) = a(l). Therefore the composite map
f =wvolLo f.: C(Z;z) — X is also continuous. On the other hand,
the surjection u: C(Z;zy) — Z, defined by u(a) = a(1), is continuous and,
moreover, it is open (which follows from the fact that Z is pathwise locally
connected). Hence u is a quotient map. Now we observe that the hypoth-
esis on the image of f, gives us: u(a) = u(a’) = fla) = f(a'). Thus, f is
compatible with the equivalence relation defined by u. By passing to the
quotient, there exists therefore a unique continuous map f Z — X such
that fou = f The map f is the lifting of f we have been locking for. O

Corollary 7.8. Let X be pathwise connected and Z be simply connected and
locally pathwise connected. Every continuous map f: (Z,z0) — (X, )
admits a lifting f: (Z,20) — ()? Ty), where Ty € p~(zp) is chosen arbi-
trarily.

The above corollary explains why it is always possible to lift a path: 1
is simply connected.

As an application, we use Proposition 7.4 to establish the conditions
under which a continuous complex function has a continuous logarithm.

Example 7.4. (Logarithm of a function) Let /' € C be an open connected
set and f: U — C — {0} a continuous map. In order that there exists
g: U — C continuous such that f(z) = €93} for all z € U, it is necessary
and sufficient that, for every closed path a: I — U, the number or turns
of the closed path foa: I — C — {0} around the point 0 be equal to
zero. When f is holomorphic, the function g is necessarily holomorphic.
In fact, the condition on the number of turns of the path f o a means
that the induced homomorphism fg: m (U, ug) — 71 (C — {0}) is null.
Considering the covering map p: C — C — {0}, given by p(z) = e*, we see
that the induced homomorphism py : 71 (C) — m1(C — {0}) is null because
m1(C) = {0}. Thus, f has a lifting relatively to p if, and only if, fy = 0.
Now, the fact that g is a lifting of f relatively to p means that f(z) = e9?)
for all z € U. Since g is continuous, and p, f are holomorphic, with
p'(z) # 0, it follows from the Inverse Function Theorem that f(z) = p(g(z))
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for every z implies that g is holomorphic. Note, in particular, that when
U is simply connected, fy is always null; hence, every continuous function
(respectively holomorphie) that is non-null in a simply connected domain
always admits a continuous logal ithm. (It is usual to call every continuous
function g such that f(z) = e¢9*) a “branch of log f(z)".) 4

In an analogous way, we study the existence of the k-th root of a map
in the example below.

Example 7.5. Considering the covering map p: C—{0} — C—{0}, p(z) = 2*,
k € N, (Example 6.6), we show that, given a continuous function f: U —
C — {0}, defined in an open, connected set U C C, there exists g: U —
C — {0} continuous (called a “branch of /f(z)”) such that f(z) = g(2)*
for every z € U if, and only if, every closed path a: I — U is mapped by
fin a path foa: I — C — {0}, whose number of turns around the origin
0 is a multiple of k. (Again, if f is holomorphic, g is also holomorphic.)
We just have to observe that, for the covering p(z) = z*, the image of
the homomorphism pyg is the subgroup of 7 (C — {0}) = Z formed by the
multiples of k. The condition on the number of turns of the path fca
means that the image of the homomorphism fy: 71 (U, ug) — 71 (C — {0})
is contained in the image of py. Hence, such a condition is necessary
and sufficient in order that f have a lifting relative to p. Now, g is such
a lifting if, and only if, f(z) = g(z)* for all k € U. Again, we remark
that, in particular, if IV is simply connected, for every continuous function
f: U — C— {0}, there always exists a branch of +/f(z) defined on U. <«

The following proposition, which is also a direct application of Proposi-
tion 7.4, expresses, grosso modo, that every covering of a topological group
is still a topological group.

Proposition 7.5. Let G be a locally pathwise connected topological group, with
neutral element e. Given a covering p: G — G, with G connected, and a
point € € p~l(e), there exists a unique topological group structure in G,
such that € is the neutral element and p is a homomorphism.

Proof. Let p-p: (G x G, (¢,€)) — (G, e) be the continuous map defined
by (p-p)(z,y) = p(Z)-p(y). The essential point consists in proving that
p-p has a lifting m: (G x G, (¢,¢)) — (G,€). The image of the induced
homomorphism (p - p)4 is the set of homotopy classes of all paths in G
of the form a-b, where [a] and [b] belong to the image of py. Thus, the
lifting m: G x G- G, with m(&,&) = & and p(m z,¥)) = p(Z)-p(y), exists.
For the sake of simplicity, we write m(z,y) = Z-y. Therefore, we have a
continuous multiplication in G, which turns p into an homomorphism. It
remains to verify that it turns GG into a group, in which € is the neutral
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element. First, the continuous maps & + Z-¢ and T +— Z, of G into G,
are liftings of the same map p, which have the same value at the point
¢. Hence, they coincide; that is, we have 2-¢ = Z for all 7 € G. In
an analogous way, we see that ¢ -7 = I, therefore, € is neutral element
for the multiplication of . The associativity is proved by observing that
the maps (£,74,2) — (Z-7)-Z and (Z,9,Z) ~ Z-(§ - Z) are liftings of the
map (Z,7,2) + p(T)-p(y) -p(Z), which coincide at the point (€, ¢, €). By
virtue of Proposition 2.12, the map T ++ p(z)~! has a lifting i: G > G,
such that i(€) = € and p(i(z)) = p(z )_1, so p(i(T)-T) = e, and from this
i(%)-Z € p~Ye) for all T € G. Since G is connected and the fiber p~1(e)
is discrete, the product i(#)-Z is constant when Z varies in G. Now we
observe that i(¢)-€ = €. Hence, i(T)-7 = €, which gives us i(Z) =z"'. O

Let p: G — Gbea homomorphic covering; that is, a covering map that
is also a homomorphism between the topological groups G and G.

When G (and therefore, G) is pathwise connected, the covering p: G —
G is regular, because 7, (G) is abelian. Moreover, the following proposition

holds.
Proposition 7.6. Let K = p~!(e) be the kernel of the homomorphic cov-

ering p: G - G, where G is pathwise connected. There exists a natural
isomorphism 71 (G)/m(G) = K

Proof. Above, we are identifying (5) with its image H(€) using the
induced homomorphism py. In order to obtain the isomorphism, we define
w: m(G) = K by setting ¢(«) = a(l), where @ is the lifting, from €, of a
path @ € a. (In the notation of Proposition 7.3, ¢(a) = €-a.) We claim
that ¢ is a homomorphism. In order to verify this, we consider operation
of the group m;(G) as being « - 3. (See Proposition 2.12.) If @ and b are
liftings, from €, of the paths a € a and b € 3 respectnel} the fact that
pisa homomorphlsm gives us a-b = a-b. Hence ola - B) = (@-b)(1) =

a(l)-b(1) = ¢(a)e(F). The homomorphism g is suljectwe_, because m, (G)
acts transitively in the fiber p~!(e) = K. The kernel of ¢ is the set of
elements & = [a] € m;(G) such that a is closed. By Proposition 7.2, this
kernel is ?Tl(é). By passing to the quotient, we obtain an isomorphism

7 m(G)/m(G) — K. O

Corollary 7.9. Let p: G — G bea homomorphic covering. If G is sim-
ply connected, then m (G) is isomorphic to the kernel K = p~'(e) of the
homomorphism p.

Example 7.6. The covering map p: B — S, given by p(z) = 2™ is a
homomorphism of the (additive) group R over the (multiplicative) group
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S, with kernel Z. Since R is simply connected, we reobtain the fact that
71(S1) = Z. Analogously, we may consider the homomorphic covering
p: R - Tm = S§tx- - xS p(ay, ..., x,) = (2™ ... 2™ ) whose ker-
nel is Z™, and find that the fundamental group of the n-dimensional torus
T™ is isomorphic to Z". Finally, the homomorphism ¢: S* — SO(3), de-
fined in Section 1 of Chapter 4, has kernel {—1,1} = Z, and it is surjective.
Therefore, it is a homomorphic covering. Since S* is simply connected, it
follows that m1(SO(3)) = Za. q

Example 7.7. We can compute again 71 (SO(4)) by taking a homomorphic
covering whose base is SO(4) and whose domain is simply connected. For
this, we define p: §* x §% — SO(4) by associating to each pair (z,y) €
5% 53 the linear transformation p,. ,,: R* — R?*, given by p, ,(w) = zwy~!
(quaternion multiplication). Since |x| = |y| = 1, the linear transformation
Pz,y Preserves norms; since x and y may be connected to 1 by paths in
S3 pg.y can be connected to the identity transformation by a path formed
by linear transformations that preserve norms. Hence p,, € SO(4). It is
obvious that p: % xS% — SO(4), thus defined, is an infinitely differentiable
homomorphism. If (z,y) belongs to the kernel of p, then z-w-y ™! = w
for all w € R*. In particular, 2 - 1-y7! = 1, so 2 = y. It follows that
z-w-z~! = w for all w € R*. As in Section 4.1, we conclude that = = +1.
Thus, the kernel of the homomorphism p: §% x §% — SO(4) consists of two
elements (1,1) and (—1, —1). Finally, since dim(S® x §%) = dim SO(4) = 6
and the kernel of p is discrete, the rank theorem, from analysis in Euclidean
space, tells us that p has rank 6 and therefore, it is an open map. Since
S3 x §% is compact and SO(4) is Hausdorff connected, this implies that
p is surjective. The surjective homomorphism p is a covering because it
has a discrete kernel. Its domain, §% x $ is simply connected. Hence,
71(SO(4)) has two elements and therefore, it is isomorphic to Zz. q

7.3 Homomorphisms of Covering Spaces

Let py: )?1 — X and ps: Xz — X be two coverings with the same base
space X. A homomorphism between them is a continuous map f: X; — X5
such that ps o f = p;. This means that the following diagram is commuta-
tive.

% f . %,

P D2
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_ If ps: f;; —» X is another covering with base space X and g: )?2 —
X3 is a homomorphism, the composite map go f: X; — X3 is still a
homomorphism. We say that f: X; — Xy is an isomorphism when f is
a homeomorphism such that p; o f = p1. Then f~': X5 — X, is also an
isomorphism. In this case, the coverings p; and ps are said to be isomorphic.

An endomorphism is an homomorphism of a covering into itself. Given
a covering p: X — X, an endomorphism is, therefore, a continuous map
f: X — X such that po f = p.

When the endomorphism f is a homeomorphism of X onto itself, we
say that f is an automorphism. The set G()? |X) of the covering automor-
phisms p: X 3 Xisa group under the operation of map composition.
Sometimes automorphisms are called covering transformations or covering
translations.

The condition ps o f = p; means that f maps each fiber -pl_1 (z) into the
fiber -p;l(.'r). In particular, an endomorphism f: X 5 X maps each fiber
p~Y(z) into itself. An isomorphism f induces, for each z € X, a bijection
of the fiber p;'(z) onto the fiber p; '(z). An automorphism, therefore,
determines a permutation of each fiber p l(a:).

Note that a homomorphism f: X: > Xsisa lifting of the continuous
map p;: X, — X with respect to the covering ps: X, = X. Thus, when
X, is connected, two homomorphisms that coincide at a point z; € X, are
equal.

Example 7.8. Consider the covering maps p; : B2 — T2, from the plane onto
the torus and py: S' x R — T2, from the cylinder onto the torus, given by
pi(s,t) = (¥ ™) and py(z,t) = (z,e*™*). The map f: R? — S! x R,
from the plane onto the cylinder, given by f(s,t) = (e*™*,t), satisfies the
condition ps o f = p1; hence, it is a covering homomorphism. Note that
the subgroup Hi = {0} C m1(T?) is associated to the covering pi, and the
subgroup Hy = Z & {0} of m(T?) = Z® Z is associated to the covering ps.
We have H; C Hs. It is this inclusion that makes it possible the existence
of f. <

Example 7.9. Let G be a properly discontinuous group of homeomorphisms
of the connected topological space X. We claim that the group of covering
automorphisms of the covering p: X — X/G is precisely the group G. In
fact, if g € G then, for all x € X, we have p(gz) = G-gr = G-z = p(x),
hence pog = p and from this ¢ € G(X|X/G). Conversely, given an
automorphism f: X — X, we fix xp E X and take 1 = f(zg). Then z;
belongs to the same fiber that zg, hence there exists ¢ € G with gzo =
x1. Therefore f and g are liftings of p that coincide at the point xg.
Since X is connected, we have f = g, so f € . Thus, for example, the
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automorphisms of the covering p: B2 — T2, of the torus by the plane,
pls,t) = (e2™=,¢?™1), are translations (s, t) + (s +m,t +n) where m, n €
Z. Another example, that generalizes this one of the torus, is the following:
let p: G — G a homomorphic covering of the connected topological group
G onto G. The kernel K = p~1(e), being a normal and discrete subgroup
of the connected group G, is central, that is, their elements commute with
every other element in G. The automorphisms of the covering p: G — G
are translations fr.: G — G, fr(z) = k-z = -k, k € K. In fact, the
set of the translations fr, & € K, is a properly discontinuous group of
homeomorphisms of G, isomorphic to K, and the quotient space G/K is
homeomorphic to G. <

Proposition 7.7. Let pli,jzl — X and po: X, —» X be coverings with the
same base space X. If Xy is connected and locally pathwise connected, every
homomorphism f: X1 — Xo is a covering. In particular, f is surjective.

Proof. Take 7, € X;. Let 7 = f(z1). Ifa: I — X, is any path starting at
T, we set ag = pooa and consider a: I — )?1_, the lifting of ag with respect
to the covering p;, starting at the point z;. Then foa: I — X, is a lifting
of ap with respect to ps, starting at the point . If follows that foa = a.
In particular, f(a(1)) = a(l). Since X, is pathwise connected, any one
of its points is of the form a(l), for some path a starting at Z,. Hence f
is surjective. The same argument also shows that f has the unique path
lifting property. Since the relation p; o f = p; implies that the continuous
map f is a local homeomorphism, the proposition is already proved in the
case where one of the spaces X, X5, X is semi-locally simply connected
(and the same happens with the other two).

In the general case, let 75 € jg be an arbitrary point. Take a connected
neighborhood U of the point zy = ps(Fs2), which is dlstlngmshed with
respect to the coverings p; and p;. (Observe that the spaces X1, Xo, and
X are locally homeomorphic; hence, they are locally connected.) Let V' be
the connected component of p_l(U) that contains the point ;. We claim
that V' is a distinguished neighborhood of Z5, relative to f. We have

-
A

a union of disjoint open sets where, for each A, pﬂﬁk is a homeomorphism
onto U. If, for some A, we have f{( fj ANV # @&, then, since the connected set
f(U») is contained in the set p; *(I), of which V' is a connected component,
it follows that f(Uy) C V and from this, f|Uy = (p2|V) ™o (p1|Ua); hence,
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[ is a homeomorphism from U, onto V. Therefore, by setting
Lo = {\f(U)NV # 2},

we see that Ly # @ (because f is surjective), that

- U

AELy

and that f |f:r » i8 a homeomorphism onto V, for all A € Ly, thus concluding
the proof. m]

Corollary 7.10. Let p;: X —+ X and pa: Xo = X be coverings over the
same base space X, with X1 and Xy connected and locally pathwise con-
nected. A homomorphism f: X1 — Xo is an isomorphism if, and only
if, fu: m(X1, 1) = m1(Xa, f(Z1)) @s surjective (and therefore an isomor-
phism between the fundamental groups).

In fact, this results from Corollary 7.6, by taking into account Proposi-
tion 7.7.

In the following proposition, we have the coverings p; : X, - X P2t X, —
X. Given the points T; € X; and 5 € X, with p; (%) = p2(%2) = zg, we
denote by H; (%) and Hs(Zs), respectively, the subgroups of w1(X, zq)
which are images of the induced homomorphisms (p;)y: m ()Fi; 1,21) —
m1(X, xo) and (pa)y: m(Xoe, o) — (X, zg).

Proposition 7.8. Let X1, X, be connected and  locally pathwise connected. In
order that there exists a homomorphism f: X1 — X with f(z,) = T it is
necessary and sufficient that Hy(T1) C Ha(Zs).

Proof. This follows from Proposition 7.4, because a homomorphism f is a
lifting of p; relatively to the covering ps. |

Example 7.10. Consider the coverings p;: S' — S! and py: S* — 81,
given by pi(z) = z'? and ps(z) = 2®. The corresponding subgroups are
H, = 127 and Hy = 3Z. (Since the fundamental groups are abelian,
we write H instead of H(Z).) Evidently, we have H; C H,. Hence, by
taking any z1, z2 € S* with p1(z1) = p2(22), there exists a homomorphism
f: St — 5! such that f(z1) = zo. We choose z; = z9 = 1. Then f(z) = z*

is the homomorphism hetween the given coverings. This is illustrated by
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the commutative diagram below.

st ! st

YUl P2
ql
<]

Corollary 7.11. Let p: X 5 X bea covering whose domain X is simply
connected and locally pathwise connected. For every covering q: Y + X
with ¥ connected, there exists a covering f: X =Y such that qof =p.
This is illustrated by the commutative diagram below.

X

X

In fact, for any Z € X and § € Y with p(z) = q(y) we have {0} =
pumi(X, ) C qupm (Y, 7). N B
Because of the above corollary, a covering p: X — X with X simply

connected and locally pathwise connected is called a universal covering,
since X covers any other covering Y of the space X .

Corollary 7.12. Under the hyphotesis of Proposition 7.8, the homomorphism
[ Xy — Xo, with f(T1) = Tz, is an isomorphism if, and only if, H1(T,) =
Hs(Zs).

The “Only if” part is obvious. We just have to prove the “if” part.

In fact, in this case, Proposition 7.8 guarantees the existence of a ho-
momorphism g: Xo — X; with g(73) = Z;. Thengo f: X; — X; is an
endomorphism such that Z; is a fixed point, so it coincides with the identity
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map of X1. In a similar way we prove that fog: X — X, is the identity,
hence f is a homeomorphism.

Corollary 7.13. Two simply connected coverings of o locally pathwise con-
nected path are isomorphic.

The above propositions can be summarized as follows:

A. Let X be a connected and locally pathwise connected space and
xp € X. To each covering p: X — X, with connected domain X there
corresponds a conjugate class H(zg), of subgroups of m1 (X, xq), that con-
sists of the subgroups H(%) = pymi(X,%), ¥ € p~*(x). Two coverings,
p1: X; — X and Ppa: X, =+ X , with connected and locally pathwise con-
nected domains, are isomorphic if, and only if, the corresponding conjugate
classes H1(zo) and Ha(xo) are equal.

_ B. Under the same conditions, there exists a homomorphism f: X1
X, if, and only if, every subgroup H; € Hi(zg) is contained in some
subgroup Hs € Ha(xg).

These two results show how the coverings can be classified by means
of the subgroups of the fundamental group of the base space. It remains
to establish an important complement, according to which, if X is semi-
locally simply connected, every conjugate class of subgroups in (X, zg)
is the class of some covering p: X —+ X. This will be proved later.

Example 7.11. What are all the coverings p: X — S, of the circle S, with
X connected? If we identify the fundamental group of S! with Z, their
subgroups take the form nZ, n = 0,1,2,.... The coverings p,: S* — S!,
pn(z) = 2" determine the subgroups nZ with n > 0, while pg: R — S,
po(t) = €2™ determine the subgroup {0}. Any other covering p: X — S!,
with X connected, is isomorphic to one of these. Analogously, we prove
that a covering of the real projective space P™, with connected domain,
must be a homeomorphism or is isomorphic to the covering of two leaves
p: S™ — P", since the fundamental group 7;(P™) = Zs has only two
subgroups. <

7.4 Covering Automorphisms

The discussion of the previous section will now be restricted to the case of
only one covering p: X — X.

We assume, in all of this section, that X is connected and locally path-
wise connected.
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Let Zg LT.r'l Em-p_l(;rg). As we proved above, there exists an endomor-
phism f: X — X such that f(Z,) = z, if, and only if, H(Zy) C H(Z,). We
also know that H(Z,) = a 'H(Zy)a, where a € 7(X, zy) is the homotopy

class of @ = poa and @ is a path in X that starts at T and ends at ;.

Example 7.12. Consider the nonregular covering p: X 5 X presented in
Example 7.2, and the points zp, ¥1 used in the same example. There does
not exist an endomorphism f: X — X such that f(To) = T1. In fact, if f
existed, by letting @ be the lifting of the path a from the point Zy, f oa
would be the lifting of a from the point ;. Now, we observe that, since a
is closed, f oa also would be closed, but we saw in that example that the
lifting of a starting at r; is open. <

It also follows from the previous discussion that the endomorphism
f: X — X, with f(Zy) = T1, is an automorphism if, and only if, H(Zg) =
H(Z,). Again, H(Z,) = a 'H(Zy)a, a € m1(X,xp) being the homotopy
class of a path a = p o @, where the path a starts at Ty and ends at 7, in
the space X. N

If the covering p: X — X is regular, it follows that, given any two points
Tp, 11 € X belongmg to the same fiber p~*(z0), there exists an endomor-
phism f: X — X such that f(To) = T,. Besides this, every endomorphism
of a regular covering is an automorphism. (See Corollary 7.12.)

In order to express the fact that, given any two points of the same
fiber of a regular covering p: X — X, there exists an automorphism that
maps one onto the other, we say that the automorphism group G(X|X) of
a regular covering acts transitively in the fibers. This transitivity, besides
being necessary, is also sufficient in order that p: X — X be regular because
it implies that if @ is a lifting of the closed path a, the other liftings of a
have the form f oa, with f € F(X|X) therefore, thev are all open or all
closed, according whether @ is open or closed.

Another case where every endomorphism is an automorphism is the
one of a covering p: X — X, with a finite number m of leaves. In fact,
by Proposition 7.7, every endomorphism f: X — X is a covering, with a
number n of leaves, necessarily finite. The equality p o f = p implies that
p~Yx) = f~Yp~!(z)) for all x € X, which gives us m = nm; hence, n = 1
and f is an automorphism.

Example 7.20 shows the existence of an endomorphism that is not an
automorphism.

The normalizer of the subgroup H in a group G is the set N(H) of
all elements g € G such that g 'Hg = H. The normalizer N(H) is the
largest subgroup of GG that contains H as a normal subgroup. # is a normal
subgroup of the group G if, and only if, N(H) = G
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In Proposition 7.13, it was established that, given the covering p: X -
X, the fundamental group 7, (X, zg) acts transitively on the right in the
fiber p~!(xg), the isotropy group of 7 € p~!(zy) being equal to H(Z). The
action of an element o € m1(X,z0) on T € p~Y(zp) is denoted by 7-a. We
recall that Z-a = a(1) where @: I — X is the lifting, starting from Z, of a
path a: I — X such that a = [a].

In terms of these notions, the existence of an endomorphism f: X=X
with f(Zp) = 71, where T = ZFg-a, is equivalent to the statement that
H(Ty) € o 'H(Fp)a. Moreover, f is an automorphism if, and only if,
H(Ty) = a= H(Zy)a; that is, if, and only if, o« € N(H(Zg)).

In particular, for each o« € N(H(Zp)), there exists a unique automor-
phism f: X — X such that f(Zg) =3 - a.

This is the crucial remark in order to prove the following proposition,
which establishes an isomorphism between the group G(X|X) of the cover-
ing antomorphisms p: X — X and the quotient group N (H (%o))/H (Zo).
In order to prove it, it is convenient to start with the following lemma.

Lemma 7.1. Let f: X — X be an endomorphism of the covering p: X X.
For any T € X and o € m (X, p(Z)), we have f(T-a) = f(Z) - a.

Proof. Let a = [a] and @ be a lifting of a starting at the point . Then
T-a=al(l),so f(Z-a)= f(a(l)). On the other hand, f oa is a lifting of
a that starts at the point f(Z). Hence

(@) - a=(fea)l) = f(a(l)) = f(z-a),

which proves the lemma. |

Proposition 7.9. Let p: X > Xbea covering, with X connected and locally
pathwise connected. For each Ty € X, there exists a group isomorphism
G(X|X) = N(H(Zo))/H(Zo)-

Proof. We define a map ¢: N(H(%,)) — G(X|X) by setting, for each
o € N(H(Z)), ¢(a) = f, where f: X — X is the automorphism such
that f(Zg) = Zo-a. If pla) = f e ¢(3) = g, we have Tg - o = f(Tg) and
To - B = g(zg). By the above lemma,

(fog)(@o) = flg(To)) = f(zo-B) = f(xo) - B = x0- 3.

Therefore, f o g = ¢(af3) and ¢ is a group homomorphism. We have
w(a) = idg; that is, Tg - a = Ty, if, and only if, o € H(Zg). Thus, H(zp) is
the kernel of . We claim that ¢ is surjective. In fact, given f € G()?|X),
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let f(Zo) = Z1. Since (X, zp) acts transitively on p~!(xp), there exists
a € m(X,z) such that Z; = Ty - . Since f is an automorphism, we
have o« € N(H(Zp)). Since f(Zo) = Zp - «, it follows that f = @(a).
The isomorphism theorem for groups yields, by passing to the quotient an
isomorphism §: N(H(Zy))/H(Zo) = G(X|X). O

Corollary 7.14. Iff is connected, locally pathwise connected, and the cov-
ering is regular, we have an isomorphism G(X|X) = m1(X,zy)/H(Zy) for
each Tp € p~*(zg).

Corollary 7.15. If )z is simply connected, and locally pathwise connected
then the group G(X|X) of automorphisms of the covering p: X — X is
isomorphic to the fundemental group m (X, zq).

The isomorphism 7 (X, 25) — G(X|X) mentioned in Corollary 7.15 is
defined by choosing a point &g € X. It maps the element o € 71 (X, z¢) into
the automorphism f: j(. - X , thus described: Given = € X , we connect T
to Zp by apath bin X. Let b=pob, a € a and = = p(z). Then bab™! is
a closed path with base at the point z. The lifting of bab™! from the point
7 ends at a point y € p~1(z). We set f(Z) =y.

Example 7.13. (Klein bottle) Let (¢ be the group generated by the homeomor-
phisms f, g: R? — R2, where f(z,y) = (z,y+1) and g(x,y) = (z+1,1—y).
Since gf = f~lg, we can write the elements of G in the form f™-g",
where m, n € Z. Now, fmg"(z,y) = (z + n,y + m) if n is even and
fmg™(z,y) = (x+n,1 —y+m) if nis odd. G is a properly discontinuous
group of homeomorphisms of R?. In fact, given z = (x,y), let V be the open
square with center z, with sides of length 1, parallel to the axes. Then, for
every h # id in G, we have V N hV # @. The quotient space K = R2/G is
called the Klein bottle. The quotient map p: B2 — K exhibits the plane as
a universal covering of the Klein bottle; therefore, the fundamental group
of K is isomorphic to the group G of the automorphisms of this covering,.
Thus, the fundamental group of K has two generators, f, g, that satisfy
the relation gf = f~'g. (For other descriptions of the Klein bottle, see
Examples 8.10 and 8.11, and Section 7 in this chapter.) 4

Example 7.14. Now we give an example of a space whose fundamental group
is Z, (integers mod n). For this, we just have to consider a Hausdorff
simply connected space Y which is also locally pathwise connected, and
a group G de homeomorphisms of ¥, isomorphic to Z,, such that none
of them, with the exception of idy, has fixed points. (Being finite, G is
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properly discontinuous.) The quotient space Y /G will have fundamental
group isomorphic to Z,. Let D = {z € R?%|z| < 1} be the unit disk
of the plane and X = {(z,i);z € D,i = 1,2,...,n} be the union of the n
horizontal disjoint disks D x {1},...,D x{n}. Y is the quotient space of X
by the equivalence relation that identifies the points (z,4) and (z, j) when
|z| = 1. If n = 3, Y is homeomorphic to the union of the sphere $? with its
equatorial disk. For n > 3, we need n — 2 curved “equatorial disks,” all of
them having in common the circle §*. If n = 2, Y is homeomorphic to the
sphere §2. The space Y is simply connected, as we can see by induction,
using Corollary 2.9. In order to define the homeomorphism ¢: ¥ — VY, we
denote by [z,i] € Y the equivalence class of (z,i) € X. Let u = ¢>™/™. Set
wlz,i] = [u-z,i 4+ 1] if ¢ < n and @[z,n] = [u-z,1]. Note that ¢ does not
have fixed points and the group generated by ¢ is G' = {idy,¢,...,¢" 1},
isomorphic to Z,. Therefore, the quotient space ¥Y/G has fundamental
group isomorphic to Z,. When n = 2, ¢ is the antipodal map and Y/G is
the real projective plane. <

Now we give an example, simpler than the previous one, of a space with
fundamental group Z,, in dimension 3.

Example 7.15. Again, let u = ¢?™/™. The s%here S§? is the set of pairs
(z, w) of complex numbers such that |z|2 + |w|” = 1. The homeomorphism
p: 8% — 5% defined by ¢(z,w) = (u-z,u- w), generates the group G =
{id, 0, %, ..., " !} of homeomorphisms without fixed points in S3. G is
a properly discontinuous group, isomorphic to Z,, so the quotient space
X = S§?/G has fundamental group isomorphic to Z,. When n = 2, X is
the real projective space P3. For any n € N, X is known as the lens space
L‘n.,l- <]

Example 7.16. Let X be the figure eight space, that is the union of two
circles with a point in common. In Example 6.12 we showed a covering
p: X — X. In that example, X is a tree; that is, a graph without cycles.
We know that every tree is a contractible space. In particular, X is simply
connected. Therefore, the fundamental group of X is isomorphic to the
group of automorphisms G()? |X') of the covering p: X — X. Now, by tak-
ing the origin g as base point, an automorphism f: X - Xis completely
determined by the image Z; = f(%p), which must be one of the “crossing
points” of 55! and it can be any one of them. (Such points form the fiber
over the point xg € X, intersection of the two circles.) Now, the crossing
points in X arein1—1 correspondence with the words a™b™a? . .., because
there exists a unique way to go from Zp to any other crossing point, along
the segments of X, without moving along the same segment twice. We
conclude from this that the fundamental group of X is isomorphic to the
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free nonabelian group with two generators; each one of these generators
is the homotopy class of one of the circles that form the space X. Con-
sidering a construction analogous to that of Example 12, Chapter 6, in
three dimensions, we can show that the fundamental group of the union of
three circles with one point in common is a free group with three genera-
tors. More generally, using the same method, it is possible to prove that
if X = X7 U...UX, is the union of n circles with a point xp in common,
then m1(X, o) is a free group with n generators. <

7.5 Properly Discontinuous Groups
and Regular Coverings

We have seen that if G is a properly discontinuous group of homeomor-
phisms of a topological space X, then the quotient map n: X — X/G,
onto the space of orbits of G, is a covering (Section 6.3) and when X is
pathwise connected this covering is regular. (Example 6.3 of that chap-
ter.) We now show that, conversely, every regular covering is essentially
the quotient map onto the space of orbits of a properly discontinuous group
of homeomorphisms.

Proposition 7.10. Let X be a connected space. The automorphism group of a
covering p: X — X is a properly discontinuous group of homeomorphisms
of the space X.

Proof. Given 7 € X, let U be a distinguished neighborhood of z = p(Z)
and V a neighborhood of T such that p|V is a homeomorphism onto U. If
the automorphism f: X — X is different from the identity, then f(v) # v
for every v € V. Since v and f(v) belong to the same fiber of the covering
p and p|V is injective, it follows that f(v) ¢ V. Hence, V N f(V) = @,
which proves that G(X|X) is properly discontinuous. D

Given the covering p: X = X, with X connected, consider the covering
7: X = X/G, where G = G(X|X) is the propeﬂv discontinuous group
whose elements are the automorphisms of the covering p.

Proposition 7.11. Let X be a connected and locally pathwise connected space.
If the covering p: X — X is regular, there erists a homeomorphism
&: X /G — X which makes the diagram below commutative.

X
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Proof. Given Z, j € X, we have that p(Z) = p(§) < Z,7 belong to the
same fiber of p <> there exists f € @, such that f(Z) = ¥ (because the
covering is regular if, and only if, G is transitive in the fibers) & G-7 =
G-y« 7(Z) = 7(y). Hence, the equivalence relations determined by p and

in X coincide. This gives us a continuous bijection £: X/G — X such
that &om = p. Since p is open, the same happens with £. Hence, £ is a
homeomorphism. ]

7.6 Existence of Coverings

We start with the following question: Which topological spaces have a
simply connected covering? It is easy to obtain a necessary condition. If
p: X — X is a covering with X simply connected, then X must be semi-
locally simply connected. In fact, if V' C X is a distinguished neighborhood,
then every closed path a, contained in V', has a closed lifting a. Since X
is simply connected, @ is homotopic to a constant in X and from this we
conclude that @ = p oa is also homotopic to a constant in X.

We show below (for locally pathwise connected spaces), that this condi-
tion is also sufficient for the existence of a “universal” covering p: X - X,
that is, a covering with X simply connected. Moreover, we prove that if
X is locally pathwise connected and semi-locally simply connected then,
for every subgroup H C m1(X, zg) there exists a covering p: X — X such
that p#frl()z' ,Tp) = H. This will complete the discussion we started at
the end of Section 3. Given a connected, locally pathwise connected and
semi-locally simply connected space X, we fix 2y € X. To each covering
p: X — X, with X connected, corresponds a conjugate class H(zg) of sub-
groups of m1(X, zp). Two connected coverings with base X are isomorphic
if, and only if, to them corresponds the same conjugate class. Now we
see that such correspondence between classes of isomorphic coverings with
base X and conjugate classes of subgroups of m (X, zg) is surjective and
therefore bijective, under these topological hypothesis on X.

Proposition 7.12. Let X be a connected, locally pathwise connected, and
semi-locally simply connected space. Given zg € X and a subgroup H C
m1(X, xg), there ervists a coaermg P X — X, with X connected, and a
point Ty € X such that p#ﬁl(X Zg) = H.

Proof. Let a, b be two paths in X, starting at the point 5. We say that a
and b are equivalent, and we write a = b, when a(1) = b(1) and [ab™!] € H.
We use the notation (@) to represent the equivalence class of the path a.
Let X be the set of all equivalence classes {a) of the paths a in X that
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start at the point zo. We define a map p: X — X by setting p((a)) = a(1).
In order to introduce a topology in X , we consider the basis of X formed
by all pathwise connected open sets ' C X such that every path in U is
homotopic to a constant in X. For each point {a) € X and each open set
U € U such that a(1) € U, we set

Ula)y = {{ab); b(I) C U}.

The sets Tjr(a} form the basis for a topology in )F(;, according to which
p: X — X is continuous and open. Besides this, p|5r(a) is a bijection (and
therefore, a homeomorphism) onto U/. For each U € U, the inverse image
p~Y(U) is the union of the sets ﬁ(a), where a varies among the paths in
X with origin xg and final point in U. Two of these sets either coincide
or are disjoint. It follows that p: X — X is a covering. Given a path
a: I — X, with origin xy, for each ¢ € I let a;: I — X be the path given
by a:(s) = a(st). Then a: I — X, defined by a(t) = {a;), is the lifting of
a starting at the point Tp = {ey,), where e,, is the constant path in X,

at the point zy. Note that every point (@) € X can be connected to the

point Zo by the path £+ (a;}. Hence, X is pathwise connected. We have
la] € pgmi(X,Z0) & @ is a closed path < {(a) = {(a1) = {es,) & [a] € H.
This completes the proof. O

Corollary 7.16. Every connected, locally pathwise connected, and semi-locally
simply connected topological space X admits a covering p: X — X, with X
simply connected. Any two of these coverings are isomorphic.

Example 7.17. By Corollary 7.16, the group SO(n) has a covering p: X -
SO(n), with X simply connected. Since 7;(SO)(n) = Z,, this covering
has two leaves. (See Corollary 7.7.) By Proposition 7.5, there exists a
group structure in X which turns the projection p: X = SO(n) into a
homomorphism. This group X is called the group of spinors of order n and
it is denoted by Spin(n). We have Spin(3) = S*, and Spin(4) = §* x S%.
The group structure in Spin(n), obtained by means of the requirement
that p: Spin(n) — SO(n) be an homomorphism, is unique, provided that
we choose one of the two elements that are mapped by p in the identity
matrix to be the neutral element. 4

7.7 Fundamental Group of a Compact Surface

In order to finish this chapter, we shall determine, in terms of generators
and relations, the fundamental group of a compact surface. By “surface,”
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Figure 7.2. Some identification schemes for surface construction.

we mean a topological manifold of dimension 2; that is, a Hausdorff topo-
logical space that is locally homeomorphic to the Euclidean plane R2.

It is proven in combinatorial topology (see Seifert & Threlfall (1980))
that every compact surface is the quotient space of a plane polygon by
an equivalence relation according to which the sides that make up the
boundary of the polygon are identified two by two, according to schemes
such as those illustrated in Figure 7.2.

There are three identifying schemes. The first is the one of the orientable
surface of genus zero, which is homeomorphic to the sphere S2, in which
the “polygon” has two sides, which must be glued one to the other, as
indicated in the leftmost picture in Figure 7.2(a).

The second type of scheme is that of an erientable surface of genus
g = 1. The polygon has 4g sides, labeled a;,b1,a1,b1,...,a4, by. Each of
these sides is oriented by means of an arrow. Moving along the boundary
of the polygon in the clockwise sense, the directions of the arrows provides
a “word” w = arbia; 'by tasheay 'hy ... ag_lbg_l, which represents a closed
path in the surface. This is again illustrated for ¢ = 1 and ¢ = 2 in
Figure 7.2(a). (middle and right pictures). The picture on the left in
Figure 7.3 illustrates the general scheme.

The third type of identifying scheme is that of a nonerientable surface
of genus g = h — 1. The polygon has 2h sides, labeled e, ¢y, c9,¢9,...,

¢h, cy. These sides are oriented by arrows in such a way that, by moving
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along the boundary of the polygon in the clockwise sense, the arrows point
in our direction. This gives us the word A = ¢f¢3 ...}, which represents a
closed path in the surface. This is illustrated for g =0, g =1 and g = 2 in
Figure 7.2(b). The picture on the right in Figure 7.3 illustrates the general
scheme.

Note that, both the image (by the quotient map) of the path w of the
second scheme as well as the one of the path A of the third scheme are
homotopic to constant paths in the corresponding surfaces, because w and
A are homotopic to a constant on their polygons.

a
/'“d_— T
\ .
— b
torus
a

a, — ™~

[ b

(O

double torus

Figure 7.4.
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If #: P — S is the quotient map of the polygon P onto the surface S,
the boundary of P is transformed by 7 into a union of circles with a point in
common. The number of circles is 2¢ for an orientable surface of genus g > 1
and h = g + 1 for a nonorientable surface of genus g > 1. The interior of
the polygon P is mapped by 7 homeomorphically onto the complementary
set of this union of circles on the surface. This is illustrated in Figure 7.4
for the orientable surfaces of genus 1 (torus) and genus 2 (double torus).

Proposition 7.13. The fundamental group of a compact orientable surface
of genus g = 1 has 2g generators ai, 31, az, 32,...,a4, 34 and only one
relation,

q —lg—1_ 3 —1p-1 q o —1a-1
ay oy B s fBaag G, ...agﬁgag ﬂg =1.

The fundamental group of a compact nenorientable surface of genus g has
h =g+ 1 generators v1,%a, ..., v, and only one relation,

Vy: ..k =1

The above proposition is a particular case of the following situation: we
have a space X, a closed subset A € X, and a continuous map f: D — X,
of the wnit disk D = {(z,y) € R% 2% + y? < 1} on X, satisfying the
following conditions:

1. f(SY) c 4
2. f|int. D is a homeomorphism onto X — A.

In this case, we say that X is obtained from A by the adjunction of a

two-dimensional cell. Let e = f(D), a = f|S!. We then write X = AJe.

By choosing base points u, € S! and zq = f(ug) € A, the homotopy class
[a] is an element of the fundamental group m (4, zg). When X is a compact
surface, the subset A is the union of a finite number of circles with a point
in common and [ is the quotient map.

More generally, suppose that we have a family of continuous maps
ay: St — A, A € L, all of them taking values in a topological space A,

and consider the disjoint union Z = AU( |J D,), where each D} is a copy
AeL
of the disk D. We consider in Z the “sum” topology, in which A and each

D, are open and closed. We introduce in Z the equivalence relation that
identifies each point z € S} (boundary of D)) with its image a)(z) € A.
Let X be the quotient space of Z by this equivalence relation. We set

X = AU{eA},
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where e, is the image of D)y by the quotient map f: Z — X. Let fy = f|D,
and éy = fi(S3) = axn(S}) = ex N A. We say that X is obtained from A
by the adjunction of the 2-dimensional cells ey. The following properties
hold:

1. For each A € L, f is a homeomorphism of the interior of the disk
D)y, onto the open set ey — é,, of the space X;

2. If A # p then ey — &y and e, — ¢, are disjoint;

3. The set § < X is closed (respectively open) if, and only if, for each
A € L, the intersection S M ey is closed (respectively open) in €.

In the proposition helow, which contains Proposition 7.13, we suppose
that A is pathwise connected, so that the fundamental group w(A, zy) does
not depend essentially of the base point xg.

Proposition 7.14. Given a pathwise connected and semi-locally simply con-
nected space A, let X = A|Je be the space obtained from A by the adjunc-

tion of the 2-dimensional cell e, by means of the continuous map a: S* —
A. By setting xg = alug), up € S, the fundamental group w (X, xg) is
isomorphic to the quotient group of m1(A, zo) by the normal subgroup gen-
erated by [a].

Proof. Let j: A — X be the inclusion map. We must show:
A. The induced homomorphism jg: m1(A, xo) — 7m1(X, zg) is surjective;

B. The kernel of j4 is the normal subgroup generated by [a].

Proof of A. Let y € X — A (for example, the center of the cell e). Set
U=X-Aand V = X — {y}. Then U and V are open sets in X,
U NV is homeomorphic to the open disk minus a point (and therefore it
is pathwise connected) and X = U U V. It follows from Proposition 2.11
that 7 (X, zg) is generated by the images of w1 (U) and 7, (V'), induced by
the inclusions U — X and V' — X. Now, U is contractible because it is
homeomeorphic to an open disk, and the inclusion A — V is a homotopy
equivalence: Its homotopic inverse V — A is the retraction that projects
each point of V' — A radially from the point y and leave fixed the points of
A. Hence, w1(U) is trivial and the homomorphisms (A, zg) — 71 (V, xp)
and 7w (V,zp) — m1 (X, xzg), induced by inclusions, are surjective; hence,
the composite homomorphism jy is also surjective.

Proof of B. Let N be the normal subgroup of m1(A4, zp) generated by the
class [a]. By Proposition 7.12, there exists a covering p: A — A such that

pum1(A,Ty) = N, for all Ty € p~Y(zp). Since [a] € N, the map a: S* — A4
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has a lifting @y: S1 — A, with @x(ug) = A, for each A € p~'(x). Let X be
the space obtained from A by adjunction of two-dimensional cells through
the maps @,. There exists a covering map ¢: X — X such that ¢/4 = p.
(In order to see this, note that the covering p: A Ais regular: hence,
A = A/G, where G = G(A|A). Now, every g € G extends in an evident
way to a homeomorphism of X and G becomes a properly discontinuous
group in X, with )?/G = X.) Now we take, arbitrarily, a closed path b in
A, with base at the point xy, such that b is homotopic to a constant path in
X (this means that [b] € 7y (A, zq) is in the kernel of j). Then the lifting b
of the path b, from any point A € p~*(xp), is a closed path. But b is a path
in A. Since it is closed, this means that [b] € N. (See Corollary 7.1.) Thus,
the kernel of the homomorphism jy: mi(A, o) — 71(X, z0) is contained
in the normal subgroup N, generated by [a]. But it is obvious that [a]
belongs to the kernel of ju, which is a normal subgroup; hence, such a
kernel contains N. This concludes the proof. m]

Proposition 7.13 follows from Proposition 7.14 by virtue of Example 7.16,
according to which the fundamental group of the space that consists of n
circles with a point in common is a free subgroup with n generators.

Remark. With the exception of the sphere and the projective plane, the
universal covering space of a compact surface is the plane 2. This follows
from the fact that the fundamental groups of these surfaces are infinite;
hence, their universal covering spaces are not compact. Since the covering
map is a local homeomorphism, each covering space of a surface is also a
surface. But, the only noncompact simply connected surface is the plane
R2. The proof of this fact is surprisingly nontrivial. (See Seifert & Threlfall
(1980), page 332. Another proof can be given as a consequence of the Koebe
uniformization theorem for Riemann surfaces.)

Example 7.18. Completing the discussion that we started in Example 14
of Chapter 6, we see that, with the exception of the torus, no compact
surface admits the structure of a topological group. In fact, the fundamen-
tal group of a compact surface is nonabelian, with three exceptions: the
sphere, the projective plane and the torus. We have already seen (in the
example mentioned above) that the sphere is not a topological group. By
Proposition 7.5, it follows that the projective plane also is not a topological
group, because it is covered hy the sphere. The torus is a group, so all the
cases are now covered. <

Example 7.19. As a consequence of Proposition 7.13, the fundamental group
of the Klein bottle has two generators, say ¢, d, that satisfy the unique
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relation ¢2d? = 1, which is equivalent to ¢d = ¢~ 1d~!. By setting a = ¢ and
b = dec, we see that the same group admits the generators a, b, which satisfy
the unique relation ab = b='a (because ab = cdc = ¢~ 'd~tc = b~'a). This
takes us back to the description of the same group given in Example 7.12
and illustrates the fact that the presentation of a group by using generators
and relations can, in general, be done in different ways, apparently distinct.

<

Example 7.20. By virtue of Proposition 7.8 and its Corollary 7.12, one
obtains an endomorphism f: X — X which is not an automorphism when
the covering p: X — X has the following property: there exist xg € X,
Zg € pYzo), and a@ € m(X,z) such that o' - H(Z;) -« is a proper
subgroup of H(zg). With this purpose, we take X as the space obtained
by the adjunction of a two-dimensional cell to the figure eight space through
the map aba=1b~2: 8! — figure eight, where a and b are the two canonical
closed paths in the figure eight space. By Proposition 7.14, the fundamental
group of X (with base in xg, crossing point in the figure eight) has the
generators [a] = « and [b] = 3, with the unique relation afa~! = 3°. By
Proposition 7.12, there exists a covering p: (}Z’,Eg) — (X, z) such that
H(Zy) = p#frl(j:’,'ru) is the cyclic subgroup of (X, zy) generated by .
Then o~ *-H(Zp)-« = H(T1), where T; = Zp-a. It follows that H(F1) is the
proper subgroup of H(Zy) whose elements are the powers of 3 with an even
exponent. Therefore, there exists an endomorphism f: ()? ,Ty) = (f \Tg),
which is not an automorphism. 4

7.8 Exercises

1. Let X be the figure eight space and X the subset of the upper half-
plane, formed by the horizontal axis, along with the circles of radius 1/3,
tangent to this axis at the points (n,0), n € Z. Define a covering map of
X onto X. Determine whether this covering is regular or not. Take zy =
(0,0), describe the conjugate class of w1(X, zo) defined by this covering,
and determine G(X|X).

2. In Exercise 3 of Chapter 6, show that p regular implies ¢ regular.

3. Let X bean arbitrary topological space. Given the covering : R — St
£(t) = €', prove that a continuous map f: X — S' has a lifting with
respect to £ if, and only if, it is homotopic to a constant.

4. If n > 2, then every continuous map f: P™ — S! is homotopic to a
constant.
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5. Every continuous map from the sphere $2 to the torus 72 is homotopic
to a constant. The same occurs with maps from 5?2 to S!.

6. Let M be a compact orientable surface of genus g > 1. Show that there
exists f: M — S' continuous, nonhomotopic to a constant.

7. Find a covering of the figure eight space such that H(Z) is a cyclic

group. Is this covering regular? What is the group G (f |X) of the auto-
morphisms of this covering?

8. In Exercise 15 of Chapter 6, if p: X > Xisa regular covering of n
leaves, and f = p, show that Z is the union of n disjoint copies of X.

9. Let X be the union of two circles tangent at the point xy and X
be the grid consisting of the points of the plane that have at least one
integral coordinate. Define a covering map p: X — X such that, by fixing
a point Ty € p~i(zy), H(Zy) is the commutator subgroup (generated by

the elements of the form afa='3=1) in 7 (X, z¢) and G(X|X) = Z & Z.

10.  Determine all of the connected coverings of the torus 7™ = S! x

coox S
11.  Let p: X — X be a covering with X connected, G()Z'|X) be the
automorphism group and 7: X — X/G(X|X) the quotient map. There

exists a continuous map q: X /G(X|X) — X such that o = p. Both
and ¢ are covering maps.

12. Let X = $'US? be the union of a circle and a sphere, with §* M S2% =
{zo}. Obtain the universal covering of X.

13. What is the universal covering of the space formed by the union of a
torus with a circle that has a point in common with it?

14. Let p: G —Gbea homomorphic covering. If G is simply connected,
then ; (G) is isomorphic to the kernel of p.

15. Restate, in terms of the complex integral

Fe)
Lio®

the conditions of the Examples 7.4 and 7.5, in order that the holomorphic
function f: U — C — {0} have, respectively, a branch of log f(z) and a
branch of {/f(z) defined globally in U.

16. We say that a topological space is triangulable when it is homeomor-
phic to a polyhedron. Let p: X — X be a covering. If X if triangulable,
prove that X is also triangulable.
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17. Let a; be the number of simplices of dimension ¢ of the polyhedron
P. If X is a space homeomorphic to P, the number

X(X) =) (1)

i=0

is called the Fuler characteristic of X. If p: X 3 Xisa covering with n
leaves of the triangulable space X, prove that y(X) = n-x(X). By taking
into account that y(S?") = 2, show that a covering p: S?" — X has at
most two leaves. Therefore, if the universal covering of X is 52", then X
is homeomorphic to §2" or 71 (X) = Zz. Conclude also that the only finite
group that acts freely on 52" is Z,.

18. Let p: M —+ M be a differentiable covering (by this we mean, in
particular, that p is a local diffeomorphism between the manifolds M and
M). If M admits a continuous non-null tangent vector field, the same
happens to M.

19.  Use the first part of Exercise 15 to prove the converse of Exercise
16 in the case where M is compact. (Admit the theorem from differential
topology that relates x(M) with the existence of continuous and non-null
tangent vector fields to M.)

20. Let w be a closed differential form of degree 1 and class €' in the man-
ifold M and zg a point of M. Consider the subgroup H C (M, zo) whose
elements are the homotopy classes a = [a] of the paths a: (I,81) — (M, xg)
such that fa w = 0 and the covering p: M — M such that ppm(M,To) = H
for some Ty € p~1(zg). Prove that there exists a function f: M — R, of
class €™, such that p*w = df.

21. In Exercise 20, show that the covering p: M s M is regular and that
its automorphism group G{M|M) is isomorphic to the group of “periods” of
w; that is, the additive group of real numbers fa w, where [a] € 71 (M, xg).

22. Let Z be the simply connected (but not locally connected) space
defined in Exercise 16 of Chapter 2, and ¥ C Z the arc there mentioned.
Denote by X' the interval [0, 1/7] of the horizontal axis and let W = X'UY".
Define a continuous bijection ¢: Z — W by setting ¢(z, sen(1/z)) = x if
z € [0,1/x], and ¢(z,y) = (z,y) if (z,y) € Y. Show that ¢™1: W — Z is
not continuous. Consider a homeomorphism h: W — S! and show that the
continuous bijection g = ho ¢: Z — S does not have a continuous lifting
§: Z — R with respect to the universal covering £: B — S!. Conclude
that g: Z — S' is not homotopic to a constant. (See Exercise 2, above.)







Chapter 8
Oriented Double Covering

In this chapter, we study an example of covering that has applications to
topology and geometry. Since we will treat this topic in detail, we decided
to include it as a separate chapter, which justifies itself because there are
few comprehensive expositions of this subject in the literature.

8.1 Orientation of a Vector Space

Let E be a vector space of dimension m over the field of real numbers.

A basis in E is an ordered list £ = (eq, ..., ey ) of m linearly independent
vectors. If F = (f1,..., fm) is another basis in E, there exists a unique
m % m invertible real matrix, A = (a,-j) such that

m
fi= E Qij€q
i=1

for every 5 = 1,2,...,m. A is called the fransition matriz from the basis
£ to the basis F.

Given two bases £ and F in E, we say that £ and F are equally oriented,
and we denote this by £ = F, when the transition matrix from £ to F has
a positive determinant. The relation £ = F is an equivalence relation in
the set of bases of the space E. Since a transition matrix has either a
positive or a negative determinant, this equivalence relation has precisely
two equivalence classes.

Each one of these equivalence classes is called an orientation of the
vector space E.

Thus, an orientation in the vector space E is a set (O of bases of E with
the following property: if a basis £ belongs to @ and F is any basis in F,
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then F € @ if, and only if, the transition matrix from £ to F has a positive
determinant.

Given an orientation @ in the vector space E, the other orientation of
E' is called the opposite orientation of @ and it will be denoted by —O.

Every basis £ in E defines an orientation O in the space E. O consists
of the bases of E that are equally oriented with respect to the basis £.

In order that two bases £ = (e1,...,em) and F = (f1,..., fm) be
equally oriented it is necessary and sufficient that there exist m paths
hj: I — E such that, for every t € I the list H(t) = (hi(t),... hm(t))
is a basis of E, with H(0) = & and H(1) = F. To prove this, we should
recall that the set of m x m matrices with positive determinant is pathwise
connected. If we have

fi= Zaij—ei, j=1,...,m, with det(a;) >0,
i=1

then we take a matrix path A(t) = (a;;(t)), satisfying det A(t) > 0 for all
t €I, A(0) = m x m identity matrix, A(1) = (a;;), and we set

."Lj(t} = Z Qij (t)&,‘,.
i=1

Thus, two bases of E are equally oriented if, and only if, one of them can be
continuously deformed onto the other, in such a way that at each instant
of the deformation we have a basis of E. (For topological facts in F, we
take an arbitrary norm of the space. It is well known that all norms in a
finite dimensional vector space define the same topology.)

An oriented vector space is a pair (E, O), where F is a vector space of
finite dimension over the field of real numbers and O is an orientation of
E. 1t is very common to refer to such a space by using only the vector
space notation F'; that is, the orientation does not appear explicitly.

The vector space R™ will always be considered with the orientation
defined by the canonical basis £ = (ey, ..., €, ), where e; = (1,0,...,0),
es = (0,1,0,...,0).

In an oriented vector space (E, @), the bases that belong to O are called
positive and the other bases are called negative.

Let E, F be oriented vector spaces with the same dimension m. An iso-
morphism f: F — F is said to be positive when it transforms any positive
basis of I onto a positive basis of F. In order that this occur, it suffices
for f to transform one positive basis of E onto a positive basis of . When
an isomorphism from E onto F' is not positive, we say that it is negative.

A linear transformation T: R™ — R™ is a positive isomorphism if, and
only if, its matrix with respect to the canonical basis of R™ has determinant
= 0.
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When an isomorphism f: E — F, between two oriented vector spaces,
is positive, we say that f is orientation preserving. If only one the these
vector spaces is oriented, the requirement that the isomorphism f: E — F
be positive determines in a unique way an orientation in the other space.

8.2 Orientable Manifolds

By “manifold,” we mean differentiable manifold (Hausdorff with countable
basis), of a certain class C* which we specify when it is necessary. The
differentiable maps will belong to this class C*.

Let M, N be manifolds of the same dimension. For each z € M and each
y € N we choose, arbitrarily, an orientation O, in T M (the vector space
tangent to M at the point x) and an orientation C),; inTyN. Let f: M - N
be a local diffeomorphism. We say that f is positive (with respect to
the chosen orientations) when, for each z € M, the linear isomorphism
f'(x): ToM — Tp(,yN is positive. Analogously, we define a negative local
diffeomorphism; in this case, we must require that, for all x € M, the
linear isomorphism f'(z): T, M — TN reverses the orientation. We
must observe that there may exist local diffeomorphisms which are neither
positive nor negative.

Evidently, it is not interesting to choose, in a random way, an orientation
in each tangent vector space of a manifold without any correlation with one
another. We impose now that this choice be, in a certain sense, continuous.

An orientation O in a differentiable manifold M is a correspondence
that associates to each point z € M an orientation O, in the tangent vector
space T, M, in such a way that every point = € M belongs to the domain
U of a positive coordinate system ¢: U — R™. (That is, for each x € U,
the derivative ¢'(z): (T, M,O,) — R™ preserves orientation.)

An oriented manifold is a pair (M,Q), where M is a differentiable
manifold and @ is an orientation in M.

A manifold is said to be erientable when it is possible to define some
orientation in it.

Let O be an orientation in a manifold M. We denote by —O the cor-
respondence that associates to each x € M the orientation —O, in T, M,
opposite to O,. It is easy to see that —( is an orientation of M, called
opposite orientation of O.

Example 8.1. The Euclidean space R™ is orientable. In fact, R™ is oriented:
We always consider it with its natural orientation. More generally, every
Lie group G is orientable: We choose an arbitrary orientation in the tangent
space T. G (e is the neutral element of G) and we extend it to each tangent
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space TG by requiring that the linear isomorphism Lg: T.G — T,G, the
derivative of the left translation h +» gh, be positive at the point e. <

Example 8.2. Every open subset 7 of an orientable manifold M is an ori-
entable manifold. In fact, for each x € U, we have T, U = T,M. An
orientation of M determines, in a natural way, an orientation in U, called
the induced orientation. This example is a particular case of the next one.

<

Example 8.3. Let f: M — N be a local diffeomorphism. An orientation ¢’
in N determines, by means of f, an orientation © in M, characterized by
the property of turning f: (M,Q) — (N, ') into a positive map; that is,
for each = € M, the linear isomorphism f'(x): ToM — Ty, N preserves
orientation. In fact, this condition defines the correspondence z + O,. In
order to obtain a positive coordinate system : U — R™ around the point
x € M, we just have to take a positive coordinate system ¢: V — R™
around the point y = f(z) € N, an open set U 3 x in M that it is mapped
diffeomorphically by f onto a subset of V', and we set ¢ = ¥ o f. The
orientation O is said to be induced by f. In particular, if N is orientable
and there exists a local diffeomorphism f: M — N, then M is orientable.

<

Soon we will present examples of nonorientable manifolds.

Two coordinate systems, p: U — R™ and ¢: V' — R™, in a manifold
M are said to be compatible when U NV = &, or when U NV # @ and
the change of coordinates ¢ o ™1 (U N V) — (U N V) has a positive
Jacobian determinant at every point of (U N V). An atlas in M is said to
be coherent when any two of its coordinate systems are compatible.

In an oriented manifold M, the set of positive coordinate systems is a
coherent atlas. Since we are taking all of the positive systems, this is a
mazimal coherent atlas; that is, it is not a proper subset of any coherent
atlas on M.

Conversely, if there exists a coherent atlas .4 in the manifold M, we
define an orientation .. in each tangent space T,.M by taking a coordinate
system p: U — R™ that belongs to A and requiring that ¢'(z): T,M —
R™ preserve orientation. The orientation of each tangent space T, M is
well defined because of the compatibility of the systems in .A. Note that
the way that we defined O, shows that we obtain an orientation of M.

Every coherent atlas in a manifold M is contained in a unique maximal
coherent atlas. We could have defined, equivalently, an orientation of M as
a maximal coherent atlas. The definition we gave has a better geometric
flavor.
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We say that an atlas A, in an oriented manifold M, is positive when any
coordinate systems belonging to 4 is positive relatively to the orientation
of M. This means that 4 is contained in the maximal coherent atlas of M.

Proposition 8.1. Let M, N be two oriented manifolds with the same dimen-
sion and f: M — N be a local diffeomorphism. The set of points x € M
at which the derivative f'(x): ToM — Ty, N is positive is an open subset
of M.

Proof. Given z € M and y = f(z) € N, let o: U — R™ and ¢: V —
K™ he coordinate systems in M and N respectively, with z € U, y € V
and f(U) ¢ V. Then f'(z): T,M — T,N is positive if, and only if,
(Vofop™ 1) (p(x)): R™ — R™ has a positive Jacobian. Since this Jacobian
is a continuous function of z, this concludes the proof of the proposition.

O

Corollary 8.1. Let M and N be oriented manifolds. If M is connected, then
a local diffeomorphism f: M — N is either positive or negative.

In fact, the set of all points x € M at which the derivative f'(x): T, M —
Ty N reverses the orientation is also open. Since this set and the set of
Proposition 8.1 are disjoint, one of them is empty by virtue of the connect-
edness of M.

Corollary 8.2. Let w: U — R™ be a coordinate system in an oriented mani-
fold M. If the domain U is connected, then p is either positive or negative.

Corollary 8.3. In a connected oriented manifold, there are two possible ori-
entations.

In fact, consider the orientations @ and @' in a connected manifold M.
The identity map f: (M,Q) — (M, Q') is a local diffeomorphism. Hence,
either f is positive (and in this case, @ = ') or f is negative (and then

o' =-0).

Corollary 8.4. Suppose that, in a manifold M, there exist coordinate systems
w: U = R™, ¢: V= R™, with connected domains U, V', such that at two
points of p(UNV) the change of coordinates Yop™: o(UNV) — w(UNV)
has Jacobian determinants with distinet signs. Then M is nonerientable.

Remark. In the case of Corollary 8.4, the intersection U NV is necessarily
disconnected.
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Example 8.4. If M and N are orientable manifolds, the same happens
with their product M x N. In fact, let A and B be the coherent atlas,
respectively, in M and N, defining the orientations of these manifolds.
The atlas A x B is coherent because if ¢y, @2 € A e ¢y, 9 € B, then
(wax1ba)o(prxn) ™t = (w007 ') x (Yoo ") has as Jacobian determinant
the product of the (positive) Jacobians of ¢z o fpl_l and ¢ o wl_l.

The orientation defined in M x N by the atlas A x B is called product of
the orientations of M and N (in this order). If (w1, ... 4 ) and (v1, ..., vpm)
are positive bases in T, M and T, N respectively, then (uy,... tpm 1. .. Um)
is a positive basis in T{, (M x N).

Conversely, if the product M x N is an orientable manifold, then each
of the manifolds M, N is orientable. In fact, fix an orientation in M x N
and a coordinate system ¢: V — R™ in N, whose domain V is connected.
For each = € M, take a coordinate system p: U — R™ in M, with z € U,
such that ¢ x 1 is positive in M x N. The systems thus obtained form an
atlas A in M. We claim that A is coherent. In fact, if ¢, @2 € U then the
Jacobian of

(2 x D)o (g1 x ) = (P09 ) x (B0 ) = (p209yY) xid

is positive at each point (yp,(x),%(y)). But this equals the Jacobian of
P OLpl_l at the point ¢;(z). In a similar way, we prove that N is orientable.

5]
Consider a fixed point b € N and a basis (v1,...,v,) in T,N. For each
x € M, a basis (u1,...,U%,) in T,M is positive if, and only if, the basis

(Ui .. U, V1, ..., Uy ) B8 positive in T, p) (M x N).

Example 8.5. The map f: §™ xR — R™"' — {0}, defined by f(z,t) = €' -z,
is a diffeomorphism of the product ™ x R onto the open subset R™ ! —{0}
of the Euclidean space. Hence, S™ x R is orientable. It follows from the
previous example that the sphere S™ is orientable. Given xz £ 5™, a basis
(v1,-..,0,) of T, S™ is positive if, and only if det[z, vy,...,v,,] = 0. 4

Example 8.6. Let A = (0,5) x (0,1) be the open rectangle with base 5
and height 1. Given two integers i < j in the interval [0, 5], we let A;; =
(7,7) % (0,1) be a rectangle with base j — i and height 1.

The Moebius band M is the quotient space of A by the equivalence
relation that identifies each point (s,t) € Ag; with (s +4,1—1) € Ays (see
Figure 8.1). Let m: A — M be the quotient map. The restrictions 7| Aoz
e | Ags are, respectively, homeomorphisms onto open sets U and V in M.
We denote by p: U — Agg and 9: V' — Ags their inverses. We see that
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Figure 8.1. The Moebius band.

p(UNV) = Ap UAss and Y(UNV) = Ass U Ag5. Moreover, the change
of coordinates
Yo Tt Ag U Apg — Aoy U Ayg

is the identity in 4,3 and it is given by (s,t) = (s+4,1—¢) in A, . It follows
from Corollary 8.4 that the Moebius band is a nonorientable manifold. <

Example 8.7. The antipodal map a: S™ — S™, a(z) = —z is a diffeomor-
phism, with o' = a. Let us check whether o preserves or reverses the
orientation of S™. Given x € S™, we set £, =T, 5™. We have E, = E__.
A basis (v1,...,v,) em E, is positive if, and only if, det[z, vy, ..., vy] > 0.
It results from this that, although the nonoriented vector spaces E. and
FE_ . are the same, we have O_, = —(@,; that is, the orientations of F,
and E_, do not coincide. The derivative o'(z): E, — E_, is given by
the multiplication by —1. With respect to the orientations O, and O_,
adopted in these spaces, o’(z) is a positive isomorphism if, and only if, m
is odd. Thus, the antipodal map a: 8™ — S™ preserves orientation when
m is odd and reverses it when m is even. 4

Example 8.8. We prove now that the real projective space P™ is orientable
when m is odd and that it is nonorientable when m is even. With this
in mind, consider the canonical projection w: S™ — P™, which is a local
diffeomorphism, and the antipodal map a: 8™ — S™. We have mroa = 7.
If m is odd, we define an orientation in each tangent space T, P™, y = 7(z),
by requiring that the linear isomorphism «’(z): T,,S™ — T, P be positive.
It seems that there is an ambiguity, because we also have y = w(—z). But,
since 7'(—z) o o'(z) = 7'(z) and o' (x) is positive, the isomorphism 7' (—z)
would induce the same orientation in 7, P™. This defines an orientation in
P

Conversely, assume that P™ is orientable. Since S™ is connected, we
can (see Corollary 8.1) choose the orientation of P™ in such a way that
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m: §™ — P™ is positive. Now we fix z € §™. Since the isomorphisms
7'(—z) and «'(z) are both positive, it follows that a'(z) = 7'(—z) " ton'(z)
is positive and therefore m is odd, according to the previous example. <

8.3 Properly Discontinuous Groups of Diffeomorphisms

Let f: M — N he a local diffeomorphism. When N is orientable, we know
that f induces an orientation in M. Consider now the inverse situation:
Supposing that M is orientable, is it possible to define, by using f, an orien-
tation in N7 The particular case 7: §™ — P™ was solved in Example 8.8.
The hypothesis that f is surjective is, evidently, necessary.

Proposition 8.2. Let f: M — N be a surjective local diffeomorphism, defined
on a connected oriented manifold. In order that N be orientable, it is
necessary and sufficient that, for any x, y € M with f(z) = f(y), the
linear isomorphism f'(y)~' o f'(z): T.M — T,M be positive.

Proof. If the condition holds, we define an orientation in N by taking, for
each b € N, a point x € f~1(b) and imposing that the linear isomorphism
f(z): TuM — TyN be positive. The admitted condition means that the
orientation thus defined in each T, N does not depend on the choice of the
point z in f~1(b). Moreover, if we take in M a positive coordinate system
w: U — R™, defined in an open set /'  z which is mapped diffeomorphi-
cally onto an open set V 3 b, the composite map ¢y = o f~1: V — R™
is a positive coordinate system in N. This shows that we have indeed an
orientation in N.

Conversely, let M, N be oriented manifolds. (Here we use the con-
nectedness of M.) Then f: M — N is either positive or negative. By
changing, if necessary, the orientation of N, we may suppose that f is
positive. Then, for any z, y € M with f(z) = f(y), the linear isomor-
phisms f'(z): T.M — Ty N, f'(y) = Ty,M — Ty, N are positive and
consequently the isomorphism f/(y)~! o f/(x) is also positive. O

A frequent situation where Proposition 8.2 applies is that of a properly
discontinuous group of diffeomorphisms, as we explain now.

Proposition 8.3. Let M be a connected manifold of class C* and G be a
properly discontinuous group of diffeomorphisms of elass C* in M. If the
quotient space M /G is Hausdorff then there exists a unique manifold struc-
ture of class C* in M/G such that the quotient map m: M — M/G is a
local diffeomorphism of class C*. Suppose that M is oriented. In order that
M/G be orientable, it is necessary and sufficient that each diffeomorphism
belonging to G preserve orientation.
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Proof. Consider an open covering of M such that each open set contains at
most one point of each orbit of G. Let U, V' be two of these open sets. Then
7w |U and w|V are homeomorphisms onto open sets Uy, Vy € M/G. Suppose
that UgNVy # @. Let A = (x|U)"Y(Uy NVp) and B = (x|V)~ YUy N V).
We claim that the homeomorphism ¢ = (#|V)~!o (x|U): A — B is of
class C*. In order to prove this, we remark that if 2 € A, then &z) =
y = 7w(z) = w(y) = y = a(z) for some a € G. That is, for all z € A,
there exists & € & such that &(z) = a(z). By fixing # € A, let Z be
an open set such that z € Z C A and £(Z) C a(A). We know that
8 #a= p(A)Na(d) =@. Thus, £(Z)NB(Z) = & for all 3 # a. This
shows that £(y) # 3(y) for all y € Z and therefore, {|Z = «|Z. It follows
that £ € C*in Z. Since Z is a neighborhood of an arbitrary point x € A, we
conclude that £: A — B is of class C*. Thus, the topological space M/G
is covered by open domains of homeomorphisms ¢ = (#|U)~1: Uy — U,
which take values in open subsets of M, in such a way that, when the
domain of ¢»: Vi — V intersects that of ¢, then the change of coordinates
£=vop i pUyn Vy) = v(UyN V) is of class C*. Since ¢ is open,
M/@G inherits from M a countable basis. Thus the homeomorphisms ¢
define a manifold structure of class C* in M/G. Evidently, the quotient
map m: M — M/G is a local diffeomorphism. The uniqueness of the
structure in M/G follows easily from this property. Suppose now that M
is oriented and each o € (G is a positive diffeomorphism of M. Then the
local diffeomorphism n: M — M/G satisfies w(z) = w(y) = y = a(z),
with & € G. Since 7 o @ = 7, we conclude that #'(y) o a'(z) = n'(z);
that is, 7'(y)~! o 7n'(x) = o/(z), which is a positive linear isomorphism. It
follows from Proposition 8.2 that M /G is orientable.

Conversely, if M /G is orientable, we take arbitrarily o € G and z € M.
Let y = a(z). Then w(z) = a(y). By Proposition 8.2, the isomorphism
'(y)~t o w'(x) is positive. But this isomorphism coincides with o'(z). It
follows that « is positive, which completes the proof. O

Example 8.9. Now we will see that the orientability of the projective space
(P™ is orientable if, and only if, m is odd) is explained more generally by
Proposition 8.3. In Example 7.8, where we have the group of translations
of B™ by vectors with integral coordinates, the quotient space is the n-
dimensional torus R"/Z" = S x...x S (n factors). Since each translation
z +— = + v is a positive diffeomorphism of BR™, we conclude that the n-
dimensional torus is orientable, a fact that we already knew, because it is
the product of n orientable manifolds, or because it is a Lie group. <

Example 8.10. Let M = S' x R. The diffeomorphism h: M — M, defined
by h(z,y,z) = (x, —y, z + 1), generates a cyclic group G = {h™;n € Z} of
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/

Figure 8.2.

diffeomorphisms of M, which is properly discontinuous. We can imagine M
as a vertical cylinder in R*. The diffeomorphism h maps each horizontal
circle of M onto the circle located one unity above it but, when doing
this, it also reflects the circle around a diameter. The n-th iterate h™ is a
positive diffeomorphism of M if n is even and it is negative when n is odd.
It follows that the quotient space M /G is a nonorientable manifold. It is
called the Kliein bottle. <

Example 8.11. In the example above, let p: M — M/G be the canonical
covering map of the cylinder M onto the Klein bottle M/G. The funda-
mental group of the cylinder is cyclic infinite, generated by the homotopy
class of the path A(s) = (cos2ws,sin2ms,0). Consider now the paths
A'(s) = (cos2ms, —sin2ws, 1), B(s) = (1,0, s), in the cylinder, and their
images a = poA = po A’ and b = po B in the Klein bottle (see Figure 8.2).
Both a and b are closed paths, with base at the point x4 = p(Zs) = p(Z1),
where #p = (1,0,0) and #; = (1,0,1). We claim that we do not have
ab = ba in the Klein bottle. In fact, by taking liftings starting at the
point Zy, we have ab = AB ~ A and ba = BA' ~ A’ ~ A~! (free ho-
motopies). Since A and A~! are not freely homotopic in the cylinder, it
follows that ab is not homotopic to ba in this cylinder. Consequently, we
do not have ab = ba in the Klein bottle. (See Proposition 6.10.) Thus, we
have proved, once more, that the fundamental group of the Klein bottle is
not commutative. <

8.4 Oriented Double Covering

An oriented double covering is a map p: M — M, of class C*, with the
following properties:
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1. M is a connected manifold, M is an oriented manifold, and p is a
local diffeomorphism;

2. For each y € M, the inverse image p~!(y) contains exactly two points;

3. If p(x1) = plz2) with z; ?é 2, then the linear isomorphism
(zg) L p/(2y): Ty, M — T, M is negative.

By virtue of Proposition 6.5, an oriented double covering p: M — M is
a proper covering map. -

Sometimes we say, rather incorrectly, that M (not p) is an oriented
double covering of M.

Example 8.12. When m is even, the quotient map w: ™ — P™ is an
oriented double covering of the projective space P™. When m is odd, «
does not satisfy the Condition 3. ahove. <

Example 8.13. Let a: M — M be a negative involution (o« = id), of class
C* without fixed points, on a connected oriented manifold. Then {a,id}
is a_properly discontinuous group of diffeomorphisms of M. We indicate
by M /a the quotient manifold. (See Proposition 8.3.) The quotient map
7 M — M / a is an oriented double covering. An example of this situation
is M = S* x S! = the two-dimensional torus. We define a: M — M by
setting oz, w) = (Z, —w), where Z is the complex conjugate of z. Then «
is a negative involution without fixed points in the torus M. The quotient
manifold M/« is diffeomorphic to the Klein bottle. The canonical projec-
tion m: M — jf/ a shows that the torus is an oriented double covering of
the Klein bottle. Later, we will show that every oriented double covering
is essentially obtained in this way. <

Example 8.14. (Product covering) Let M be a connected oriented manifold.
Take My = M x {1} and My = M x {2}. Then M = M, UM, is a
manifold, the disjoint union of two diffeomorphic copies of M. Now define
p: M — M by setting p(z,1) = p(x,2) = x. Let's choose an orientation of
M by requiring that p|M; be positive and p|Ms negative. Then p: M— M
is an oriented double covering, called the product covering. <

More generally, we say that an oriented double covering p: M — M
is trivial when M = M; U 1 M’g is the disjoint union of two open subsets,
such that each one of them is mapped by p diffeomorphically onto M. We
now show that this is essentially the only possible oriented double covering
when the base space M is orientable.
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It is important to note that if M is connected, then the base M of the
oriented double covering p: M — M must be a nonorientable manifold,
according to Proposition 8.2, Observe also that p: St — S1, p(z) = 22 is

a covering with two leaves, but it is not an oriented double covering.

Proposition 8.4. Let p: M — M be an oriented double covering. If U C M
is an oriented open set, then p~*(U) = Uy U Uz, is the disjoint union of
two open sets, such that p maps each one of them diffeomorphically onto
U. In ﬁl, p is positive and in Tjrg, it is negative.

Proof. Let Uy = {z € p~Y(U);p/(z) < 0} and Uy = {x € p~Y(U);p/(z) >
0}. Evidently, p~Y(U/) = U, U Us,, the union of two disjoint open sets. In
each U;, p is injective because p(z1) = p(xs) with 7 # x2 would force
p'(z1) and p'(z2) to have opposite signs. Moreover, each point y € U is the
image of two points x1, To € p~}(U); in one of them, the derivative of p is
positive and in the other, it is negative. Hence, p(ﬁl) = p(ﬁg) =U. We
conclude that p|ﬁl and p|5"2 are bijections (and therefore, diffeomorphisms)
onto U. O

Proposition 8.5. Let p: M — M be an oriented double covering. The fol-
lowing statements are equivalent:

1. M is orientable;
2. M is disconnected;

3. The covering p: M — M is trivial.

Proof. 1 =-2: This follows from Proposition 8.2.

2 = 3: Suppose that M is disconnected and take a connected compo-
nent €' of M. Since p is a proper local diffeomorphism, the image p(C)
of the open-closed set ' is open and closed in the connected manifold M.
Hence, p(C') = M. Thus, p maps each connected component of M onto M.
Since the inverse image by p of each point of M has two points, we con-
clude that Mr cannot have more than two components. As a consequence,
M = fifl U f'.fz has precisely two connected components and p is injective
in each one of them. Thus, p|M; and p|M; are diffeomorphisms onto M;
that is, p is trivial.

3 = 1: Obvious. O

Corollary 8.5. Let p: M — M be an oriented double covering. M is con-
nected if, and only if, M is nonorientable.
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Now we prove the uniqueness of the oriented double covering,.

Proposition 8.6. Let pi: ifl — M and ps: ﬁ:fg — M be oriented double
coverings of the same manifold M. There exists a unique positive diffeo-
morphism f: My, — Ms such that ps o f = py. This is illustrated by the
commutative diagram below.

ﬂ"‘f]_ * ;":‘fz

j 4l P2

M

Proof. The conditions that f be positive and satisfy p; o f = p; already
define a bijection f: flfl M, For each point = € M,, f(z) = y is the
point of ﬂ?fz, which is mapped by ps onto the point z = p;(x) in such a
way that p5(y) ! o p{(x) becomes a positive linear isomorphism. (There
exist two points of My which are mapped by pz onto the point z, but only
one of them satisfies the last condition.) Now we just have to prove that
f e CFif p; and ps are of class CF. We fix v € My. Let U 3 z = m(z)
be a domain of a coordinate system in M; we orient U in such a way that

_I(U) U, UV, with z € U; and p1|Ul be a positive diffeomorphism onto
U. Then p; '(U) = Uy U Va, where p2|U2 is a positive dlffeomorphlsm onto
U. It follows that y = f(z) € Uy and f|U; = (po|Us) ™" o (p1|U1). O

The corollary below shows that every oriented double covering is essen-
tially obtained by taking the quotient space of a manifold by a negative
involution without fixed points.

Corollary 8.6. Let p: M — M be an oriented double covering. There exists
a unigue negative involution o M — M’ of class C*, such that po a =
p- The involution o does not have fired points. There erists a_unique
diffeomorphism §£: M’/a — M such that p = £ ox, where «: M — M’/a is
the quotient map.

In fact, let ﬁl and ﬁ}z be the same manifold M with two oppo-
site orientations. The map p determines two oriented double coverings
pi: M; — M (i = 1,2), that differ from the original one only by the orien-
tation of their domains. By Proposition 8.6, there exists a unique positive
diffeomorphism a: M; — My such that ps o @ = p;. Going back to the
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original notation, a: M Misa diffeomorphism that reverses the orien-
tation of M' this, along with the equality p o a = p, shows that, for each
z € M, a(z) = y is the other point of M such that p(z) = p(y) Thus,
a does not have fixed points and a o a = id; that is, a is an involution.
The fact that a € Q"ﬁ was proved in Proposition 8.6. Finally, considering
the quotient space M /a, since the equivalence relation defined by p in M
is the same defined by : M~ M Ja, it follows that there exists a con-
tinuous bijection £: M /o — M such that £ o m = p, as illustrated by the
commutative diagram below.

M

M/a ¢ - M

Since p is a local diffeomorphism of class C¥, it follows that £ is a
diffeomorphism of class C*.

Proposition 8.7. Every connected manifold M of class C* has an oriented
double covering.

Proof. Let M be the set of ordered pairs (z,0;) where x € M and O, is
an orientation in the tangent space T, M. We define a map p: MM by
setting p(x, @,) = x. Clearly, for each € M, the inverse image p~*(x)
contains exactly two points: (z,0 ) and (z,—0,). We introduce now
a manifold structure of class C* in M in such a way that p becomes an
oriented double covering of class C*. For each oriented open set U C M, let
U be the set of pairs (z, 0, ) such that € U, and .. is the orientation of U
at the point z. The map i : U — U, defined by YU = p|U isa leECtIOI’l
The domains U of these bijections ¢y cover the set M. Given YU U—U
and oy V 5 V, ifUNV #£ & then 'LP{'|(UHV) v |(Uﬂ V); hence
the “change of coordinates” @y o ;" : eu(UNV) = oy (UNV) is simply
the identity map. Therefore, the atlas constituted by the bijections s
determines in M a manifold structure of class C*, and p: M — M is alocal
diffeomorphism with respect to this structure. Such structure is defined by
the condition that each ¢y be a diffeomorphism. In order to show that
M is orientable, we remark that M has a natural orientation, imposed by
its definition: in each point # = (z,0,) € M consider the orientation
O; which makes the linear isomorphism p'(Z): (TIM' ,Oz) — (T M,0,)
positive. The map p: M — M is an oriented double covering,. m]
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Corollary 8.7. Every simply connected manifold is orientable.

In fact, let M be a simply connected manifold. Every covering of M
with connected domain is a homeomorphism. Hence, the oriented double
covering of M is disconnected; therefore, M is orientable.

8.5 Relations with the Fundamental Group

Let p: M — M be _an oriented double covering. Given a path a: I — M
and a point # € M such that p(Z) = a(0), there exists a unique path
@: 1 — M such that pod = a and @(0) = #. If we adopt for M the model
presented in the proof of Proposition 8.7, we have & = (z,0,) and the
path @ can be interpreted as the continuation of the orientation O, by
continuity, along the path a. In fact, we have a(s) = (a(s), Oy(s)) for all
s € I. Since a(s) depends continuously on s, it is natural to say that the
orientation Oy, also depends continuously on the parameter s.

Let b: I — M be another path in M with the same endpoints as a. If
a = b (that is, if @ and b are homotopic with the endpoints fixed in M),
then their liftings @ and b starting from the same point & are also homotopic
with fixed endpoints in M. In particular, @(1) = b(1). This means that,
starting from an orientation @, in T, M and extending it by continuity
along the two homotopic paths with fixed endpoints, we obtain in the final
the same orientation. In particular, if the manifold M is simply connected,
it is possible to orient it by choosing an orientation O, at a fixed point
zg € M and, given any point x € M, we connect z to xg using a path
in M and we extend (0,, continuously along this path. The orientation
O, thus obtained does not depend on the path chosen in order to connect
g to x because, since M is simply connected, any two of these paths are
homotopic with fixed endpoints.

Consider now closed paths in M, with base at a point xy. Given the
oriented double covering p: M — M, the lifting of a closed path may
be closed or open. In terms of the model of Proposition 8.7: extending
continuously an orientation O, along the path a, with a(0) = a(1) = zo,
it is possible to obtain, in the final, the orientation ., or the opposite
orientation —Q,,. This fact depends only on the path a, but not on the
orientation @_,. In the first case, we say that a is an orienting path. In
the second case (in which, by extending O, along a, we obtain in the end
the opposite orientation —@,,) we say that a is a disorienting path.

A manifold M is orientable if, and only if, every closed path in M is an
orienting path. In the projective plane P2, a projective line (image of half
a great circle by the projection 7: S? — P2) is a disorienting path.
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Every closed path homotopic to a constant is an orienting path. In
particular, if ¢: U — R™ is a coordinate system in M, and o(U) is the
Euclidean ball, then every closed path contained in U is an orienting path.
(We say then: Every sufficiently small closed path is an orienting path.)

The central circle of a Mdbius ban is a disorienting path.

An interesting conjecture in cosmology states that the universe is an
orientable manifold. Otherwise, a person who took a trip along a disori-
enting path would return mirrored: with the heart on the right side, writing
everything in the opposite order and with the other hand. The arrows of
his clock would move in the opposite sense and any books he carried with
him would be illegible for us. On the other hand, he would think that
everything here had changed while he was travelling.

Consider a nonorientable connected manifold M. Let a, b be two closed
paths in M, with base in xg. If a = b, then a is an orienting path if,
and only if, b is also an orienting path. If two closed paths are orienting
paths, their product is also an orienting path and so are their inverses.
Thus, the homotopy classes of the orienting paths constitute a subgroup
H C m(M,xg). H is the image of the fundamental group of M by the
induced homomorphism p : :'Tl(fﬁ';'f, Zo) = m (M, zp). (It does not matter
which is the chosen point ¥4 over oy, because every covering with two leaves
is regular.)

In particular, we conclude that the fundamental group of a nonori-
entable manifold always has a subgroup of index 2.

8.6 Exercises

1. Let a: S' x B — S x R be defined by a(z,1) = (—z,—t). Show
that a is a negative diffeomorphism, with o o o = id, that G = {id, o} is
a properly discontinuous group and that M = (S! x R)/G is the Mébius
band. Conclude again that M is nonorientable.

2. In a differentiable manifold M, the domain of a coordinate system is
an orientable submanifold, even when M is nonorientable.

3. Ewvery complex analytic manifold is orientable.

4. If the fundamental group of a connected manifold has seven or nine
elements, the manifold is orientable.

5. If, for each point of a spherical surface, there exists a straight line that
varies continuously with the point, prove that at least one of these lines
passes through the center of the sphere.
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In the following exercises we use the notation below:
e M C R™ denotes a surface of dimension m and class €.

o TM = {(z,v) e R™" x R";jz €¢ M,ve T,M} = tangent bundle of M.

T'M = {(z,u) € TM;|u| = 1} = unit tangent bundle of M.

AM = {(z,[u]); (z,u) € T'M,[u] = {u,—u}} = tangent direction
bundle of M.

6. Prove that TM and T'M are surfaces of class C* in R® x R", with
dimensions 2m and 2m — 1, respectively, both of them orientable.

7. Prove that the maps w: TM — M and n! = #|TTM: T'M — M are
locally trivial fibrations with typical fiber R™ and S™~! respectively.

8. Prove that the fibrations 7!: T1S% — S% and #: SO(3) — S? (this
last one was considered in Chapter 3) are equivalent; that is, there exists
a diffeomorphism ¢: T*S? — SO(3) such that 7 o ¢ = x'. In particular,
the fundamental group of T1S? is Z,.

9. Prove that AM is the quotient space of T1M by the involution (z,u)
(z, —u); hence, it is a differentiable manifold and the map (z,u) ~» (z, [u])
establishes T' M as a covering of AM with two leaves. Conclude that the
map 7: AM — M, where 7(z, [u]) = z, is a locally trivial fibration, with
typical fiber P™~1,

10. If M is connected, the same happens with TM and AM, and also with
T'M when m > 2. If M is compact, 7'M and AM are also compact.

11. TM and T'M are orientable, independent of the orientability of M.
AM is orientable if, and only if, m is odd.

12. A continuous direction field in the surface M is a correspondence
d: x +» d(x) such that the map d: M — AM, given by d(z) = (x,d(x)), is
continuous (a section). The direction field § is said to be orientable when
there exists a continuous unit tangent vector field = + wu(z) (that is, a
continuous section x + (z,u(z)) of the unit tangent bundle T1M — M)
such that §(z) = {u(x), —u(z)} for all & € M. If the surface M is simply
connected, every continuous direction field is orientable. Conclude from
this that the sphere S? (and, more generally, any sphere of even dimension)
does not admit a continuous direction field.

13. Give an example of a continuous nonorientable direction field in
R2 — {0}.
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14.  Consider G = {+1,+¢} as a properly discontinuous group of home-
omorphisms in $®. Prove that the orbit space S*/G is homeomorphic to
AS?. Conclude that the fundamental group of AS? is Z,.

15. Let w: E — B be a locally trivial fibration whose typical fiber is
simply connected. Prove that my: m(E,z) — m(B,y). y = w(z), is an
isomorphism. Conclude that, if dimM > 3, T'M and M have isomorphic
fundamental groups. If, moreover, M is simply connected, then w1 (AM) =
ZQ.

16. The homomorphism of the fundamental groups induced by the fibra-
tion T: AM — M is surjective. If dimM > 3, its kernel is Zs,.

17. Consider a continuous direction field 4, tangent to the surface M, and
let M = {(z,u) € T'M;[u] = d(x)}. Show that p: M — M, defined by
plx, u) = u, is a covering with two leaves and that there exists a continuous
unit vector field % tangent to M such that [p/(Z)-%(F)] = 6(x), where
x = p(T).

18.  With the notation of Exercise 17, show that the field of directions §
is orientable if, and only if, M is the union of two disjoint open sets, and
the restriction of p to each one of them is a diffeomorphism onto M.

19. Use Exercise 17 from Chapter 7 in order to conclude that a compact
surface admits a continuous tangent field of directions if, and only if, it
admits a continuous, non-null tangent vector field.




Appendix
Proper Maps

A map f: X — Y between two topological spaces is said to be closed when,
for every closed subset F' C X, its image f(F) is closed in Y. The following
proposition characterizes closed maps. Note that it somehow expresses the
continuity of the “inverse map” y — f~1(y), whose values are sets.

Proposition A.1. In order that f: X — Y be closed, it is necessary and
sufficient that, given arbitrarily y € Y and an open set U O f~(y) in X,
there exists an open set V C Y such thaty € V and f~Y(y) Cc f~YV) c U.

Proof. (Necessary.) If f is closed then f(X —U) is closed in Y and, since it
does not contains y, there exists V' > y openset in Y, with VN f(X - U) =
@. This means that f~(y) c f~4(V) C U.

(Sufficient.) Suppose that the condition is satisfied, and take the closed
set F C X. If y ¢ f(F) then F N f~'(y) = @; hence the open set U =
X — F contains f~'(y). Then there exists an open set V 3 y in Y, with
f~HV) € U, which means that V N f(F) = @. Therefore f(F) is closed
inY. O

A map f: X — Y, between two topological spaces, is called proper
when it is continuous, closed and the inverse image f~!(y) of each point
y € Y is a compact subset of X.

For example, if X is compact and Y is Hausdorff, every continuous map
f: X =Y is proper.

The inverse image f~'(y) by the inclusion map f: (0,1) — R is a
compact set, for each y € R, but f is not closed, therefore it is not a proper
map. A constant map f: X — ¢ € Y, defined on a non-compact space

201
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X and taking values in a Hausdorff space Y, is closed but it is not proper
because f~1(c) = X is not compact.

Proposition A.2. Let f: X — Y be a proper map. If K C Y is compact then
F~UK) is also compact.

Proof.  Let U a covering of f~1(K) by open sets U C X. For every
y € K, we can find a finite subcollection {U{, U, ... yUY } of U covering
the compact set f~!(y) and, by Proposition A.1, an open set V,, 3 y in Y’
such that

fYv,)cufuufu...u Us,-

‘We can also find points y1,. .., yr € K such that K CV,, U.. .UV, . Then

kM
) gy
G=1li=1
which proves the proposition. O

Without imposing some restrictions, the converse of Proposition A.2 is
false. But it is valid for most of the reasonable spaces. For example, we
have the

Proposition A.3. Let Y be a space whose topology has the following property:
if A CY is such that AN K is compact for every compact set K C Y then
Ads closed in'Y. Let f: X =Y a continuous map such that the inverse
image f~(K) of each compact set K CY is compact. Then f is closed.
IfY is Hausdorff, then f is proper.

Proof. Let F C X be a closed set. For every compact set K C Y,
Fnf~Y(K) is compact and therefore f(FNf~'(K)) = f(F)NK is compact.
Thus f(F) intersects each compact set K C Y in a compact, hence f(F)
is closed in Y. O

Corollary A.1. Let Y be a metrizable, or a Hausdor{f locally compact space.
A continuous map f: X — Y is proper if, and only if, for all compact set
K CY the inverse image f~1(K) is compact.

In fact, the topology of a Hausdorff locally compact space or of a metriz-
able space satisfies the condition of Proposition A.3.

Intuitively, the fact that a map f: X — Y is proper means that if
approaches the boundary of the set X then f(x) approaches the boundary
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of Y. The precise formulation of this statement is given by the proposition
below.

Proposition A.4. Let X, Y be metrizable spaces. A continuous map f: X —
Y is proper if. and only if, the image (f(x,)) of every sequence in X without
convergent subsequences is a sequence in Y that dees not have convergent
subsequences.

Proof. Let f be a proper map. If (f(z,)) has a convergent subsequence,
say f(z!) — y € Y, then the set K formed by the elements f(z!) and the
limit y is compact. All of the elements x!, belong to the compact set f~1(K)
and thus they have a convergent subsequence, which is a subsequence of
(zn)-

Conversely, suppose that the condition is satisfied and let X C Y be a
compact set. Then f~1(K) is closed; if it is not compact, there exists a
sequence (z,,) in f~!(K) without convergent subsequences in X. From the
condition, (f(z,)) does not have convergent subsequences in Y, and this
violates the compactness of K, because f(zn) € K for every n. O

Proposition A.5. Let X, Y be Hausdorff locally compact, but non-compact
spaces and denote by X= XUu{a}, Y = Y U{3} their Alezandrov compact-
ifications. A continuous map f: X — Y s proper if, and only if, the map
f: X > Y, given by flz) = f(z) ifz € X and f(a) = 3, is continuous.

Proof. We leave the proof as an exercise. O

Proposition A.6. Let X, Y be two metric spaces without isolated points. If a
continuous and locally injective map [+ X =Y is closed then the inverse
image f'(y) of each point y € Y is finite and, as a consequence, f is
proper.

Proof. Suppose, by contradiction, that the inverse image f~1(y) of some
point y € Y is infinite. Since f~!(y) is a discrete subset of the metric space
X, we can find for each of its points =, an open set U, containing x, such
that these open sets are pairwise disjoint. Moreover, we may suppose that f
is injective in each one of these open sets. Now we select a countable infinite
family Uy, ...,U,,... among the open sets U, and we set T,, = f(U,,). For
each n, y is an accumulation point of T;,. Hence there exist z, € U, and

€ T, such that 0 < d(yn,y) < 1/n and f(z,) = y,. Thus the set
F = {z,;n € N} is closed in X but f(F) is not closed in Y, which is a
contradiction. D
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SO(n), 73, 74, 77
SU(n), 82, 84
Sp(n), 91

U(n), 82

action

of a group, 154

orbit of an, 154

transitive, 154
analytic continuation, 124
angle element, 109

base point, 20, 33

change of variable formula, 110
circle eversion, 104
coherent atlas, 186
complex projective space, 67
as a locally trivial fibration, 69
fundamental group of, 71
convenient neighborhood, 130
covering, 125
automorphism, 162
base of a, 125
distinguished neighborhood, 125
endomorphism, 162
fiber of a, 125
homomorphic, 160
homomorphism, 161

isomorphism, 162
number of leaves of a, 126
oriented double, 192
product, 193
regular, 153
transformation, 162
translation, 162
universal, 67, 165

curve
eversion of a, 103, 104
normal vector field to a, 103,

104

orientation of a, 103
Peano, 42
rotation number of a, 99, 103
simple, 103
Space filling, 42
winding number of a, 95

deformation retraction, 22, 23
degree

local, 111

of a closed path, 98

of a map S* — S, 58
differential form, 105

closed, 107

exact, 106
differential of a function, 106
direction field, 199
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distinguished neighborhood, 63, 68,
125

equivalence relation, 28
Euler characteristic, 180
eversion

circle, 104

curve, 103

sphere, 104

fibration, see locally trivial fibration
fundamental group, 25, 33
of SO(n), 74, 77
of SU(n), 84
of U(n), 84
abelian, 34, 37, 39, 49
induced homomorphism, 34
of a polyhedron, 49
of a surface, 176
of the circle, 53, 57
of the complex projective space,
Tl
of the cylinder, 58
of the real projective space, 66
of the torus, 57
fundamental grupoid, 32

graph, 17
circuit of a, 18
connected, 18

edge of a, 17
edge path, 18
finite, 18

free vertex of a, 18
maximal tree of a, 23
subgraph, 18
tree, 17
vertex of a, 17

group, 28
action of a, 154
conjugation of a, 151
isotropy, 155
monodromy, 156
of homeomorphisms, 129
of spinors, 173
properly discontinuous, 130

Index

rotation, 73
simplectic, 91
special unitary, 82
topological, 76
unitary, 82, 84

hermitian inner product, 82
homotopic
maps, 3
paths, 26
homotopy, 3
class, 6, 28
equivalence, 10
free, 28
inverse, 10
linear, 4
map extension and, 13
of pairs, 20
one-parameter family and, 6
path, 25, 26
regular, 99, 100
relative, 26
relative to a subspace, 20
type, 10
hopf fibration, 78

immersion, 99
isomorphic coverings, 162
isomorphism
orientation preserving, 184
positive, 184
isotopy, 21

Klein bottle, 169, 192

lifting, 55, 64, 122

local
homeomorphism, 119
homomorphism, 143

locally trivial fibration, 68
complex projective space, 69
distinguished neighborhood, 68
global trivialization, 69
hopf fibration, 78
local trivialization, 68
path lifting, T0
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product fibration, 69
trivial fibration, 69

manifold
Banach, 147
coherent atlas, 186

compatible coordinate systems,

186
differentiable, 185
induced orientation, 186
maximal atlas, 186
opposite orientation of a, 185
orientable, 185
orientation of a, 185
oriented, 185
Riemannian, 146
map
k-th root of a, 159
analytic continuation of a, 124
closed, 127, 201
covering, 125
exponential, 53
extension, 13
inclusion, 10
lifting of a, 122
logarithm of a, 158
odd, 61, 72
passing to the quotient, 62
proper, 127, 201
quotient, 119
retraction, 14
section of a, 123
stereographic projection, 41
Moebius band, 188

normalizer, 167

one-parameter family, 3
opposite points, 65
orbit of a point, 130
orientation
induced, 186
of a manifold, 185
of a plane curve, 103
product, 188
orthogonal couple, 114
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pair of topological spaces, 20
parametrization
negative, 31
positive, 31
trivial, 31
path, 25
angle function of a, 55
closed, 26
decomposition, 32
degree of a, 53, 55
disorienting, 197
inverse of a, 29
lifting, 64, 70
lifting of a, 63
lifting property, 55
orienting, 197
parametrization, 25
partial, 32
piecewise C'', 106
product of, 28
rectilinear, 145
regular, 99
reparametrization, 25
winding number of a, 96
path lifting property, 134
paths
homotopic, 26
operation with, 28
Peano curve, 42

quaternion, 75
conjugate of a, 75
modulus of a, 75
orthogonal, 91
unit, 75
quotient space
fundamental property, 62, 68

radial projection, 7, 8, 10, 96
real projective space
fundamental group of, 66
metric on the, 64
orientation of, 189
regular
curve, 99
homotopy, 99
path, 99
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regular homotopy, 100
reparametrization

of a regular curve, 99
retract, 14

Euclidean neighborhood, 15
rotation number, 99, 103

second homotopy group, 92
simplectic group, 91
simply connected space, 40
solid torus, 57
space

contractible, 11

convex, 12

covering, 125

covering of a, 125

figure &, 99, 103, 114, 139, 153,

154, 170, 179, 180
lens, 170
of type ENR, 15
real projective, 62, 189

semi-locally simply connected,

142

star, 12, 47
Space filling curve, 42
special unitary group, 82
sphere eversion, 104
stabilizer, 155
stereographic projection, 41
subgroup

conjugate, 151

normal, 151

theorem
Borsuk, 16
Borsuk-Ulam, 61
Brower fixed point, 60

Fundamental theorem of Alge-

bra, 98

Gram-Schmidt orthonormaliza-

tion, 23, 81, 83

Graustein-Whitney, 98, 101, 104

Hahn-Mazurkiewickz, 42
Hopf, 103
Implicit function, 73
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Koebe uniformization, 178
Mean Value Theorem, 146
Poincaré, 80
Poincaré-Bendixon, 61
Poincaré-Bohl, 4

rank, 77

Rouché, 96, 98

Sard’s, 43, 86

Seifert-Van Kampen, 46
Tietze-Urisohn, 13
Umlaufsatz, 103

topological group, 48
topological space

base point of a, 33
multiplication in a, 47
simply connected, 40

topology

compact-open, 6
quotient, 62, 67
uniform convergence, 6

torus, 10, 28
tree, see graph
typical fiber, 68

unique path lifting property, 55, 135
unitary group, 82, 84
Urysohn function, 17

vector field

index of a, 115
on spheres, 8
singularity of a, 115

vector space

basis of a, 183

equally oriented bases, 183
negative basis of a, 184
negative isomorphism of a, 184
opposite orientation, 184
orientation of a, 183

oriented, 184

positive basis of a, 184
positive isomorphism of a, 184
transition matrix, 183

winding number, 105

Zorn Lemma, 23




