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Complete Manifolds

Definition

A Riemannian manifold M is (geodesically) complete if for all p € M the
exponential map exp,, is defined for all v € T, M, i.e. any geodesic 7(t)
starting at p is defined for all t € R.
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Riemannian Manifolds as metric spaces

Proposition

If M is a Riemannian manifold and p,q € M, then define du(p, q) as the
infimum of the lengths of all piece-wise differentiable curves in M joining p
to q. Then (M, dy) is a metric space.
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Riemannian Manifolds as metric spaces

Proposition

If M is a Riemannian manifold and p,q € M, then define du(p, q) as the
infimum of the lengths of all piece-wise differentiable curves in M joining p
to q. Then (M, dy) is a metric space.

The (metric) topology induced by dy on M coincides with the original
topology on M.
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Hopf Rinow Thm

Theorem (Hopf-Rinow part |)

Let M be a Riemannian manifold. Then M is geodesically complete if and
only if the metric space (M, dy) is a complete metric space.
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Hopf Rinow Thm

Theorem (Hopf-Rinow part |)

Let M be a Riemannian manifold. Then M is geodesically complete if and
only if the metric space (M, dy) is a complete metric space.

Let us first prove that any closed and bounded set K in M is compact in
M.
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Hopf Rinow Thm

Theorem (Hopf-Rinow part |)

Let M be a Riemannian manifold. Then M is geodesically complete if and
only if the metric space (M, dy) is a complete metric space.

Let us first prove that any closed and bounded set K in M is compact in
M.

Then, since any Cauchy sequence in a metric space is bounded, its closure
is compact.
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Hopf Rinow Thm

Theorem (Hopf-Rinow part |)

Let M be a Riemannian manifold. Then M is geodesically complete if and
only if the metric space (M, dy) is a complete metric space.

Let us first prove that any closed and bounded set K in M is compact in
M.

Then, since any Cauchy sequence in a metric space is bounded, its closure
is compact. Thus from any Cauchy sequence in the metric space (M, dy),
one can extract a convergent subsequence.
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Hopf Rinow Thm

Theorem (Hopf-Rinow part |)

Let M be a Riemannian manifold. Then M is geodesically complete if and
only if the metric space (M, dy) is a complete metric space.

Let us first prove that any closed and bounded set K in M is compact in
M.

Then, since any Cauchy sequence in a metric space is bounded, its closure
is compact. Thus from any Cauchy sequence in the metric space (M, dy),
one can extract a convergent subsequence. Hence, the Cauchy sequence is
convergent. L]

Fabio Vlacci MIGe Universita di Trieste Introduction to Complete Manifolds Academic Year 2025-26 4/19



Hopf Rinow Thm

Theorem (Hopf-Rinow part II)

Let M be a Riemannian manifold. Then M is complete if and only if there
exists an exhaustion by compact sets of M ( i.e. an (ascending) chain of
compacta in M, that is a sequence of compact sets in M {K,}nen such
that K, CC Knt1, whose union is M) such that, if one picks g, € M\ K,
for any n € N, then, for the sequence of points {qn}nen in M it turns out
that for any p € M dym(p, gn) — +00 as n — +oo.
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Hopf Rinow - conseq

Any compact manifold is complete.
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Hopf Rinow - consequences

Any compact manifold is complete.

Any closed submanifold of a complete Riemannian manifold in the induced
metric is complete.
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Hopf Rinow - consequences
Any compact manifold is complete.

Any closed submanifold of a complete Riemannian manifold in the induced
metric is complete.

If M is a complete manifold, then for any p € M there exists a geodesic
Joining p to q such that L(v) = du(p, q).

Fabio Vlacci MIGe Universita di Trieste Introduction to Complete Manifolds Academic Year 2025-26 6/19



Ambrose Thm

Proposition

Let (M,g) be a complete Riemannian manifold, and m : M — M be a
smooth covering map. Then M (with the metric induced by g, i.e. the
pull-back of g via 7) is a complete Riemannian manifold.
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Ambrose Thm

Proposition

Let (M,g) be a complete Riemannian manifold, and m : M — M be a
smooth covering map. Then M (with the metric induced by g, i.e. the
pull-back of g via 7) is a complete Riemannian manifold.

Theorem (Ambrose)

Let (M, gm) and (N, gn) be two (connected) Riemannian manifolds. If
¢ : M — N is a local isometry and M is complete, then ¢ is a smooth
covering map and (N, gn) is a complete manifold.
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Ambrose Thm

Proposition

Let (M,g) be a complete Riemannian manifold, and m : M — M be a
smooth covering map. Then M (with the metric induced by g, i.e. the
pull-back of g via 7) is a complete Riemannian manifold.

Theorem (Ambrose)

Let (M, gpm) and (N, gn) be two (connected) Riemannian manifolds. If
¢ : M — N is a local isometry and M is complete, then ¢ is a smooth
covering map and (N, gn) is a complete manifold.

Let M be a (connected) Riemannian manifold. If for p € M
exp, : TpM — M is a local diffeomorphism, then exp,, is a covering map.
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Hadamard Thm

Theorem (Hadamard)

Let M be a complete Riemannian manifold of dimension n, simply
connected and with sectional curvature K,(c) < 0 for all p € M and for
all two-dimensional subspaces o of T,M. Then exp,: T,M — M is a
diffeomorphism, or — equivalently — M is diffeomorphic to R".
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Hadamard Thm

Theorem (Hadamard)

Let M be a complete Riemannian manifold of dimension n, simply
connected and with sectional curvature K,(c) < 0 for all p € M and for
all two-dimensional subspaces o of T,M. Then exp,: T,M — M is a
diffeomorphism, or — equivalently — M is diffeomorphic to R".

Let M be a complete Riemannian manifold and let ¢ : M — N be a local
diffeomorphism onto a Riemannian manifold N. If for all p € M and for all

v € ToM it turns out that dip(v)| > |v

, then v is a covering map.
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Bonnet-Myers Thm

Theorem (Bonnet-Myers)

Let M be a complete Riemannian manifold. Suppose that the Ricci
curvature of M satisfies

1
RiCp(V) Z r—2 > 0

for all p € M and for all v € T,M. Then M is compact and
diam(M) < rr.
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Bonnet-Myers Thm

Theorem (Bonnet-Myers)

Let M be a complete Riemannian manifold. Suppose that the Ricci
curvature of M satisfies

. 1
Ricp(v) > 2 >0

for all p € M and for all v € T,M. Then M is compact and
diam(M) < rr.

Let M be a complete Riemannian manifold with Ric,(v) > 6 > 0 for all
p € M and for all v € T,M. Then the universal cover of M is compact
and hence the fundamental group m1(M) of M is finite.
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Let M be a complete Riemannian manifold with sectional curvature

1
K > — > 0. Then M is compact, diam(M) < wr and its fundamental
group 7r1(M) is finite.
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Let M be a complete Riemannian manifold with sectional curvature

1

K > — > 0. Then M is compact, diam(M) < wr and its fundamental
r

group w1(M) is finite.

Corollary (Synge)

Let M be a compact Riemannian manifold with positive sectional
curvature.

If M is orientable and n = dim(M) is even, then M is simply connected.
If n = dim(M) is odd, then M is orientable.
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Comparison Theorems

Theorem (Rauch)

Lety:[0,a] = M and 7 : [0,a] — M be geodesics where
dim M = dim M + k (k > 0) such that |'(t)| = |7 (t)| for any t € [0, a].
Let J and J be Jacobi fields along v and 4 respectively, such that:

J(0) = J(0) =0, (JS(0),7(0)) = (J(0),7'(0)) |T(0) =|S(0)I-

Assume that 4y doesnot have conjugate points on (0, a] and that for all
X € T’Y(t)M' X € T’y(t)M X € T:y(t)/\/l K&(t)(&) > Kv(t)(a) where
o =span{x,~/(t)} and & =span{X,7'(t)}. Then
[l < 4]
in (0, a.
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Comparison Theorems

Theorem (Rauch)

Lety:[0,a] = M and 7 : [0,a] — M be geodesics where
dim M = dim M + k (k > 0) such that |'(t)| = |7 (t)| for any t € [0, a].
Let J and J be Jacobi fields along v and 4 respectively, such that:

J(0) = J(0) =0, (JS(0),7(0)) = (J(0),7'(0)) |T(0) =|S(0)I-

Assume that 4y doesnot have conjugate points on (0, a] and that for all
X € T’Y(t)M' X € T’y(t)M X € T:y(t)/\/l K&(t)(&) > Kv(t)(a) where
o =span{x,~/(t)} and & =span{X,7'(t)}. Then

< ]
in (0,a]. In addition, if for some to € (0, a] we have |J(to)| < |J(to)], then
Ks1)(S) = Ky()(S) for all t € [0, to], where S =span{J(t),~'(t)} and

$ =span{J(t). 7/(t)}.
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Cartan Thm

Let M and M be two Riemmanian manifolds of dimension n. Consider
pe Mandpe M.
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Let M and M be two Riemmanian manifolds of dimension n. Consider
p€ Mand pe M. Take p : ToM — T,M a linear isometry and let
p 2> V C M be a normal neighborhood of p such that expj is defined at

po exp;l(V).
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Let M and M be two Riemmanian manifolds of dimension n. Consider

p€ Mand pe M. Take p : ToM — T,M a linear isometry and let

p 2> V C M be a normal neighborhood of p such that expj is defined at
1 . .

@ oexp, (V). Consider in V the map

P 1= expsop o exp;1 .
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Let M and M be two Riemmanian manifolds of dimension n. Consider
p€ Mand pe M. Take p : ToM — T,M a linear isometry and let
p 2> V C M be a normal neighborhood of p such that expj is defined at
1 . .
@ oexp, (V). Consider in V the map
— -1
¢ = expzop oexp, .

For any g € V there exists a unique (normalized) geodesic ~y joining p to g.
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Let M and M be two Riemmanian manifolds of dimension n. Consider

p€ Mand pe M. Take p : ToM — T,M a linear isometry and let

p 2> V C M be a normal neighborhood of p such that expj is defined at
1 . .

@ oexp, (V). Consider in V the map

P 1= expsop o exp;1 .

For any g € V there exists a unique (normalized) geodesic ~y joining p to g.
Consider the (normalized) geodesic 4 in M uniquely determined by

7(0) = £ and ¥'(0) = ©(7'(0)).
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Let P; and P; be the parallel transports along ~ and 4 respectively and
define

Pe(v) = Progo P7Y(v)
forve T4M.
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Let P; and P; be the parallel transports along ~ and 4 respectively and
define

Pe(v) = Progo P7Y(v)
forve T4M.

Vet TyM — To)M
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Cartan Thm

Theorem (Cartan)

Denote by R and R the curvatures in M and M respectively; if for all
g€ Vandallx,y,z,w € TqM we have

R(x,y,z,w) = ﬁ(wt(X),wt(y),wt(Z),wt(W))
then®: VCM— o(V) C M is a local isometry and d®, = .
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Cartan Thm - proof

Let v : [0,¢] — M be a normalized geodesic with v(0) = p and ~(¢) = g.
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Cartan Thm - proof

Let v : [0,¢] — M be a normalized geodesic with v(0) = p and ~(¢) = g.
Take w € T,M and let J be the Jacobi field along v with J(0) = 0,
J(0) = w.
Write
J(t) = vi(t)ei(t)

where {e;(t)} is a parallel orthonormal frame with e,(0) = ~/(0).
Then

V() + > (R(en, &)en, gvi(t) =0 j=1,...,n.

1
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Cartan Thm - proof

Let v : [0,¢] — M be a normalized geodesic with v(0) = p and ~(¢) = g.
Take w € T,M and let J be the Jacobi field along v with J(0) = 0,
J(0) = w.
Write
J(t) = vi(t)ei(t)

where {e;(t)} is a parallel orthonormal frame with e,(0) = ~/(0).
Then

V() + > (R(en, &)en, gvi(t) =0 j=1,...,n.

1

Let 5[0, 4] — M be a normalized geodesic in M such that 5(0) = 5 and
A(0) = ¢(7/(0)) and define along 4 the vector field

J(t) = ¢ (J(2)).

[
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Cartan Thm - proof

In coordinates, if &(t) = y+(ej(t)), it turns out that, from the linearity of

Pt
J(£) =) vi(t)&(t)

i
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Cartan Thm - proof

In coordinates, if &(t) = y+(ej(t)), it turns out that, from the linearity of

Pt .
J5) = 3" w(va(e)

Since, by hypothesis,

(R(em ei)em ej> = <k(én7 éi)én7 éJ)

we have that

Z (En,€)én,6) =0 j=1,...,n
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Cartan Thm - proof

In coordinates, if &(t) = y+(ej(t)), it turns out that, from the linearity of

Pt _
J5) = 3" w(va(e)

Since, by hypothesis,

(R(em ei)em ej> = <’é(’én7 éi)én7 éJ)

we have that

Z (En,€)én,6) =0 j=1,...,n

that is J is a Jacobi field along 5 with J(0) = 0.
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Cartan Thm - proof

Furthermore since the parallel transport is an isometry
[J(O)] = [J(0)]

and, from the definition, J'(0) = ¢(J/(0)) since ¢ : T,M — T,M a linear
isometry.
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Cartan Thm - proof

Furthermore since the parallel transport is an isometry
[J(O)] = [J(0)]

and, from the definition, J'(0) = ¢(J/(0)) since ¢ : T,M — T,M a linear
isometry. Finally, as J and J are Jacobi fields which vanish at t = 0, then

J(t) = (d expp)ey(0)(tJ'(0))

J(t) = (d expp)ez(0)(tJ(0))
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Cartan Thm - proof

Furthermore since the parallel transport is an isometry

(0] = (o)

and, from the definition, J'(0) = ¢(J/(0)) since ¢ : T,M — T,M a linear
isometry. Finally, as J and J are Jacobi fields which vanish at t = 0, then

J(t) = (d expp)ey(0)(tJ'(0))

J(t) = (d expp)ez(0)(tJ(0))

hence
J(t) (d expp)es(0) (t(J(0))) =
(d expp)ez(0) © @ © ((d expp)eyr(0)) ~H(J(1)) = dPy () (J(2)).
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Constant Sectional Curvature

The simplest Riemannian manifolds are those with constant sectional
curvature K.
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Constant Sectional Curvature

The simplest Riemannian manifolds are those with constant sectional
curvature K.

Up to scaling, K € {—1,0,1} and then
e K =0: R" (with the Euclidean metric)
e K =1: S" (with the induced metric since S” C R"*1)

e K=-1: H" :2{(x1, ...y Xn) © Xp >0} (with the hyperbolic metric
>t 9%
ds? = ==L
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Hopf-Killing Thm

A complete, simply connected manifold with constant sectional curvature
K is isometric (up to scaling) to one of the three models
R S"  or H".
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